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Abstract

We prove the Hyers-Ulam stability of the Cauchy functional inequality and the
Cauchy-Jensen functional inequality in 2-Banach spaces.

Moreover, we prove the superstability of the Cauchy functional inequality and the
Cauchy-Jensen functional inequality in 2-Banach spaces under some conditions.
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1 Introduction and preliminaries

In 1940, Ulam [1] suggested the stability problem of functional equations concerning the
stability of group homomorphisms as follows: Let (G, o) be a group and let (H,*,d) be a
metric group with the metric d(-,-). Given ¢ > 0, does there exist a § = 5(g) > 0 such that if
a mapping f : G — H satisfies the inequality

d(f(xoy),f(x) *f(y)) <8

forall x,y € G, then a homomorphism F : G — H exists with
d(f(x),F(x)) <&

forallxeG?

In 1941, Hyers [2] gave a first (partial) affirmative answer to the question of Ulam for
Banach spaces. Thereafter, we call that type the Hyers-Ulam stability.

Hyers’ theorem was generalized by Aoki [3] for additive mappings and by Rassias [4]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Rassias theorem was obtained by Gévruta [5] by replacing the unbounded Cauchy
difference by a general control function.

Gibhler [6, 7] introduced the concept of linear 2-normed spaces.

Definition 1.1 Let X" be a real linear space with dim&’ > 1, and let ||-,-|| : ¥ x X — Ry¢
be a function satisfying the following properties:

(@) |lx,y|l = 0 if and only if x and y are linearly dependent,

() 1%yl =1y I,
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(©) llox,yll = lelllx ¥1l,
@) %y +zll < llxyll + ll%, 2]

for all x,7,z € X and o € R. Then the function ||, -| is called 2-norm on X and the pair
(X, |I-,-1) is called a linear 2-normed space. Sometimes condition (d) is called the triangle
inequality.

See [8] for examples and properties of linear 2-normed spaces.
White [9, 10] introduced the concept of 2-Banach spaces. In order to define complete-
ness, the concepts of Cauchy sequences and convergence are required.

Definition 1.2 A sequence {x,} in a linear 2-normed space &’ is called a Cauchy sequence
if

im_ [}, — &,y = 0
forally e X.

Definition 1.3 A sequence {x,} in a linear 2-normed space X is called a convergent se-
quence if there is an x € X’ such that

lim [, —x,y] = 0
n—o0

for all y € X. If {x,} converges to x, write x,, — x as n — 0o and call x the limit of {x,}. In

this case, we also write lim,,_, o, X, = x.
The triangle inequality implies the following lemma.

Lemma 1.4 [11] For a convergent sequence {x,} in a linear 2-normed space X,

tim [,y = | 1im x|
n—0o0 n—0o0
forallye X.

Definition 1.5 A linear 2-normed space, in which every Cauchy sequence is a convergent
sequence, is called a 2-Banach space.

Eskandani and Gavruta [12] proved the Hyers-Ulam stability of a functional equation in
2-Banach spaces.
In [13], Gilanyi showed that if f satisfies the functional inequality

|2F () + 2F ) - f(ay™) | < |f Gxy)

) (1.1)
then f satisfies the Jordan-von Neumann functional equation

2 (%) + 2f () =f(xy) + f (2y7).

See also [14]. Gilanyi [15] and Fechner [16] proved the Hyers-Ulam stability of functional
inequality (1.1).
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Park et al. [17] proved the Hyers-Ulam stability of the following functional inequalities:

lf @) +f0) +f@)| < |[fx+y+2)], 1.2)

2f(% +z)

In this paper, we prove the Hyers-Ulam stability of Cauchy functional inequality (1.2)
and Cauchy-Jensen functional inequality (1.3) in 2-Banach spaces.

[f ) +f ) +2f(2) | <

‘. 1.3)

Moreover, we prove the superstability of Cauchy functional inequality (1.2) and Cauchy-
Jensen functional inequality (1.3) in 2-Banach spaces under some conditions.

Throughout this paper, let X be a normed linear space, and let )V be a 2-Banach
space.

2 Hyers-Ulam stability of Cauchy functional inequality (1.2) in 2-Banach spaces
In this section, we prove the Hyers-Ulam stability of Cauchy functional inequality (1.2) in
2-Banach spaces.

Proposition 2.1 Letf: X — Y be a mapping satisfying

Hf(x) +f(y) +f(2), w|| < Hf(x +y+2), w|| (2.1)
forallx,y,z€ X and allw € Y. Then the mapping f : X — Y is additive.
Proof Letting x = y =z = 0 in (2.1), we get 3||f(0), w|| < ||f(0), w|| and so ||f(0), w|| = O for
all w e Y. Hence f(0) = 0.
Letting y = —x and z = 0 in (2.1), we get ||f (%) +f(—x), w| < ||f(0), w| = 0 and so |f(x) +

f(—x),w|| =0 forallx € X and all w € Y. Hence f(x) + f(—x) =0 for all x € X.
Letting z = —x — y in (2.1), we get

[f @) +£ ) +f(~x =), w| < [£©O),w] =0
and so
[f@) +£G) +f(=x =), w] =0
for all x,y € X and all w € . Hence
0 =f(x) +f() +f(=x =) =f(x) + () —f(x +7)
forallx,y € X. So, f : X — Y is additive. 0

Theorem 2.2 Let 6 € [0,00), p,q,r € (0,00) withp+q+r<1l,andletf:X — Y bea
mapping satisfying

lf @) +£) +f@w| < | +y+2),w| + 0112 Iy17lIz] | wl (2.2)
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forallx,y,z € X and all w € ). Then there is a unique additive mapping A : X — Y such
that

270
If(x) - A@), w| < g I Wl (2.3)
forallxe X andallwe ).

Proof Letting x =y =z = 0 in (2.2), we get 3|/ (0), w|| < |f(0), w| and so ||f(0),w|| = O for
all w € Y. Hence f(0) = 0.

Letting y = —x and z = 0 in (2.2), we get |[f(x) + f(—x), w|| < ||f(0),w| = 0 and so |f(x) +
f(=x),w||=0forall x e X and all w € Y. Hence f(x) + f(—x) =0 for all x € X.

Putting y = x and z = —2x in (2.2), we get

If (2x) = 2f (), w| < [£(0), w]| + 270 1Ix 1”7 [|wil = 276 ||+ 7*" | w| (2.4)

forallx € X and all w € Y. So, we get

r

2'6
= — Il liwl (2.5)

H/(x) - %f (2x), w

for all x € X’ and all w € ). Replacing x by 2/x in (2.5) and dividing by 2/, we obtain
H 2/f 2] 2/+1 ) H < 2(p+q+r—1)j+r—19||x||p+q+r”W||

forallx € X, all w € Y and all integers j > 0. For all integers [, m with 0 <[ < m, we get

forallx € X and all w € ). So, we get

1 m-1

—f(zmx),wH < )20 U P w) (2.6)

2m
=l

1

5 f (2lx) -

lim
l—o00

1 1
(2 - 2—mf(2”‘x),wH 0

for all x € X and all w € ). Thus the sequence {%f(zfx)} is a Cauchy sequence in ) for
each x € X. Since ) is a 2-Banach space, the sequence {% f(2x)} converges for each x € X.
So, one can define the mapping A: X — ) by

A(x) := lim f(2} )

}~>OO

for all x € X. That is,

lim H —f(2’ ) Ax), WH =0

j—o0

forallx e X andallwe ).

Page 4 of 10
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By (2.2), we get

Jim H @) () +1(2), w“

J—> 00

2p+q+r)j

< lim (% “f(fo +2y+ 2jz), w|| +

j— 00

9lellpllylquIZII’IIWII)

< lim —|[f(2’x+2]y+2’ ), wl

]—>oo
forallx,y,z€ X and all w € Y. So,
||A(x) +A(®y) +A(z),w|| < ||A(x+y+z),w||

for all x,5,z € X and all w € Y. By Proposition 2.1, A : X — Y is additive.
By Lemma 1.4 and (2.6), we have

1 20
() = AGo), w]| = V}ET;O‘W - z—mf(z’”x),wH < ey P w
forallx e X andallwe ).

Now, let B: X — ) be another additive mapping satisfying (2.3). Then we have
1 , ,
|46) - B ] = 1| A(2%) - B2, w]

< 5 L1A@H) @) w] + |7 (25) - B(2).w]]

. 2(p+q+n)j
< s P Il - —;
2 _2p+q+r 2/

’

which tends to zeroasj — oo forallx € X and all w € ). By Definition 1.1, we can conclude
that A(x) = B(x) for all x € X'. This proves the uniqueness of A. O

Theorem 2.3 Let 6 € [0,00), p,q,r € (0,00) withp+q+r>1,andletf: X — ) bea
mapping satisfying (2.2). Then there is a unique additive mapping A : X — Y such that

2’6
pHq+T
£ - AG)wl = S Il wi
forallxe X andallwe ).

Proof 1t follows from (2.4) that

H/(x) Zf() H 2MIIJCII‘“‘“’IIWII 2.7)

forallx € X and all w € ). Replacing x by - in (2.7) and multiplying by 2/, we obtain

A x ) x 26
27(5) —2]+1f<ﬁ)’WH = WWHPWHHWH
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forallx € X and all w € ) and all integers j > 0. For all integers /, m with 0 </ < m, we get

m-1 ;
X X 20
27(?) - (27>W” =2 gy P

J=1

forallx € X and all w € ). So, we get

5(5) ()]

for all x € X and all w € ). Thus the sequence {2’)’(%)} is a Cauchy sequence in ). Since

lim
-0

Y is a 2-Banach space, the sequence {2/f (37)} converges. So, one can define the mapping
A:X — )by

. i X
A(x) ::11_1)% 2’}’(5)

for all x € X. That is,

lim 2’f<£) —A(x),w” =0
forallx e X andallwe ).
The further part of the proof is similar to the proof of Theorem 2.2. d

Now we prove the superstability of the Cauchy functional inequality in 2-Banach spaces.

Theorem 2.4 Let 6 € [0,00), p,q,r,t € (0,00) witht #1, and let f : X — Y be a mapping
satisfying

lf @) +fO) +f @, w| < [fx+y+2),w| +01x1” 171721 Iwll* (2.8)
forallx,y,ze X andallwe Y. Then f: X — )Y is an additive mapping.

Proof Replacing w by sw in (2.8) for s € R\ {0}, we get

If @) +£) +f(2),sw| < |fx +y+2),sw| +0lx? [y lIz]l" Iswl*

and so

, Is|*
[f @)+ ) +f (@) w| < [fx+y+2),w| +0]x”yl]lz] IIWIItH (2.9)
forallx,y,ze X,allwe Y and alls e R\ {0}.

If £ > 1, then the right-hand side of (2.9) tends to |f(x + y + 2z), w| as s — 0.

If £ <1, then the right-hand side of (2.9) tends to |f(x + y + 2), w| as s > +oc.

Thus

|[f(x) +f(y) +f(z),w|| < |[f(x +y+z),w||

forall x,y,z € X and all w € ). By Proposition 2.1, f : ¥ — ) is additive. O

Page 6 of 10
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3 Hyers-Ulam stability of Cauchy-Jensen functional inequality (1.3) in
2-Banach spaces

In this section, we prove the Hyers-Ulam stability of Cauchy-Jensen functional inequality
(1.3) in 2-Banach spaces.

Proposition 3.1 Let f: X — Y be a mapping satisfying

|V(x) +f(y) + 2f(z),w|| < HZf(a% + z),wH (3.1)
forallx,y,z€ X and allw € Y. Then the mapping f : X — Y is additive.
Proof Letting x =y =z =0 in (3.1), we get 4||f(0), w|| < 2||f(0), w| and so ||f(0), w| = O for
all w € Y. Hence f(0) = 0.

Letting y = —x and z = 0 in (3.1), we get ||f (x) +f(—x), w|| <2||f(0),w|| = 0 and so ||f(x) +
f(—=x),w|| =0 forallx € X and all w € Y. Hence f(x) + f(—x) = 0 for all x € X.

Letting z = —=2 in (3.1), we get

H/(x) +f0) + zf(-¥),wH <2[f©,w] =0
and so

oot (23]

forallx,y € X and all w € ). Hence

0-16 4500+ 2 (<52 ) 1 4500 - (552
forall x,y € X. Since f(0) =0, f : X — ) is additive. O

Theorem 3.2 Let 6 € [0,00), p,q,r € (0,00) withp+q+r<1l,andletf: X — Y be a
mapping satisfying

If@) +£0) + 2 @), w|| < H%(’% " z), wl + 0PIy 1zl wl (3.2)

forallx,y,z€ X and all w € ). Then there is a unique additive mapping A : X — Y such
that

0
_ T gy prarr
@) - A, w] = s I 1w
forallxe X andallwe ).
Proof Lettingx =y =z=01in(3.2), we get 4|/ (0), w|| <2||f(0),w| and so |f(0),w| =0 for
all w € Y. Hence f(0) = 0.

Letting y = —x and z = 0 in (3.2), we get ||f(x) +f(—x), w|| <2|f(0),w|| = 0 and so ||f(x) +
f(=x),w||=0forall x e X and all w € Y. Hence f(x) + f(—x) =0 forall x € X.

Page 7 of 10
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Letting y = x and z = —x in (3.2), we get
121 () — £ (2x), w|| < |2/ (0), w]| + O 1IxIP* T [|w] = O]|x[|P**" || (3.3)

for all x € X and all w € V. Replacing x by 2x in (3.3) and dividing by 3/, we obtain

Lo 1 j+1 ey pra+r
gf(zx)—ﬁf(Z x),w| < 5 Il vl

forallx € X and all w € ) and all integers j > 0. For all integers /, m with 0 < [ < m, we get

forallx € X and all w € ). So, we get

—f(2'x) - —f (2"x) SOl lwl

1 m-1 2(p+q+r
. "

j=l

1 1
%)~ )] o

lim
l—o00

for all x € X and all w € ). Thus the sequence {%f (2/x)} is a Cauchy sequence in ) for
eachx € X. Since ) is a 2-Banach space, the sequence {%f(ij)} converges for eachx € X.
So, one can define the mapping A: X — ) by

A(x) := lim l (2x) = lim f(2’x)

Jj—00 1»00

for all x € X. That is,
1 .
-] e

forallx e X and allwe ).
The further part of the proof is similar to the proof of Theorem 2.2. g

Theorem 3.3 Let 6 € [0,00), p,q,r € (0,00) withp+q+r>1,andletf: X — Y bea
mapping satisfying (3.2). Then there is a unique additive mapping A : X — Y such that

0
Hf(x) _A(x)rW” < m”x”mqﬂﬂwﬂ
forallxe X andallwe ).

Proof 1t follows from (3.3) that

H/(x) 2f() H 2W,a||x||f“”f*"||w|| (3.4)

forallx € X and all w € ). Replacing x by 7 in (3.4) and multiplying by 2/, we obtain

() =2 () ow] < s alalr
2 2j+1 )’ = 2p+q+)(j+1)
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forallx € X and all w € ) and all integers j > 0. For all integers /, m with 0 </ < m, we get

m-1

x x 2
27(;) - 2’”f(2—,,,>,wH =2 S I I

j=l

forallx € & and all w € ). So, we get

(z) o)

for all x € X and all w € ). Thus the sequence {2/f (%)} is a Cauchy sequence in Y for each

lim
-0

x € X. Since ) is a 2-Banach space, the sequence {2’)’(%)} converges for each x € X. So,
one can define the mapping A : X — ) by

(x
A = 1 2] -
(%) ,—1>rcr>lo f(?/)
for all x € X. That is,

() e

forallx e X andallwe ).
The further part of the proof is similar to the proof of Theorem 2.2. g

lim
j—o00

Now we prove the superstability of the Jensen functional equation in 2-Banach spaces.

Theorem 3.4 Let 6 € [0,00), p,q,r,t € (0,00) witht #1, and let f : X — Y be a mapping
satisfying

lF@ +£0)+ 2 @w] < Hzf(’% +z),w + Ol Iy 1zl i) (35)

forallx,y,ze X andallwe Y. Thenf : X — Y is an additive mapping.
Proof Replacing w by swin (3.5) for s € R\ {0}, we get
2f (xzi + z) ,SW

t
+ 01l ly 7Nzl llsw

f @) +£ ) + 2 (2),sw] <

and so
X+ . |s|®
@) +76) + 2/ @) w]| < ”%(Ty +z),w + 0l Iy Nl Il T
forallx,y,z€ X,allwe Yandalls € R\ {0}.
The rest of the proof is similar to the proof of Theorem 2.4. O
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