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Abstract

By using the definition of geometric-arithmetically s-convex functions in (Analysis
33:197-208, 2013) and first-order fractional integral identities in (Math. Comput.
Model. 57:2403-2407, 2013; J. Appl. Math. Stat. Inform. 8:21-28, 2012; Comput. Math.
Appl. 63:1147-1154, 2012), we present some interesting Riemann-Liouville fractional
Hermite-Hadamard inequalities for differentiable geometric-arithmetically s-convex
functions. Both beta function and incomplete beta function are used in the desired
estimations.
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1 Introduction

Fractional integrals and derivatives arise in many engineering and scientific disciplines as
the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of a complex medium. In particular, the subject of frac-
tional calculus has become a rapidly growing area and has found applications in diverse
fields ranging from physical sciences and engineering to biological sciences and economics
[1-8].

Fractional Hermite-Hadamard inequalities involving all kinds of fractional integrals
have attracted by many researchers. Many authors paid attention to the study of fractional
Hermite-Hadamard inequalities according to the first-order integral equalities and con-
vex functions of different classes. For instance, the readers can refer to [9-11] for convex
functions and [12] for nondecreasing functions, [13-15] for m-convex functions and [16]
for (s, m)-convex functions, [17, 18] for functions satisfying s-e-condition, [19] for (c, m)-
logarithmically convex functions and the references therein.

Very recently, the authors [20] introduced the new concept of geometric-arithmetically
s-convex functions and established some interesting Hermite-Hadamard type inequalities
for integer integrals of such functions. However, to our knowledge, fractional Hermite-
Hadamard inequalities for geometric-arithmetically s-convex functions have not been
reported. Motivated by [9, 10, 13, 20], we study Riemann-Liouville fractional Hermite-
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Hadamard type inequalities for geometric-arithmetically s-convex functions by means of
first-order fractional integral equalities.

2 Preliminaries
In this section, we introduce notations, definitions and preliminary facts.

Definition 2.1 (see [3]) Let f € L[a,b]. The symbols J7.f and J; f denote the left-sided
and right-sided Riemann-Liouville fractional integrals of the order « € R* and are defined
by

(J%.f)x) = ﬁ /ﬂx(x— D f@)dt (0<a<x<b)

and

o _ ! ’ “lLe\dt O0<a<x<b
(fb—f)(x)—m/x (t—x O dt (0<a<x<b)

respectively, here I'(-) is the gamma function.

Definition 2.2 (see [20]) Let f:1 C R* — R* and s € (0,1]. A function f(x) is said to be
geometric-arithmetically s-convex on [ if for every x,y € I and ¢ € [0,1], we have

FEY) <E(FW) + Q- 0F ().

Definition 2.3 (see [21]) The incomplete beta function is defined as follows:
X
B.(a,b) = / 11 -0V dt,
0

where x € [0,1], 4,b > 0.
The following inequality will be used in the sequel.

Lemma 2.4 (see [19]) Fort € [0,1], we have

Q-0 <2 " fornel0,1],

A-t)"=2"" " forne[l,o00).

The following elementary inequality was used in the proof directly in [20]. Here, we
revisit this inequality from the point of our view and give a proof.

Lemma 2.5 Fort € [0,1], x,y > 0, we have
tx+ (1 —t)y > y"al.

Proof If x > y, then we consider the function f(z) = tz+1 -t -z, z > 1. If y > x, then we
consider the function g(z) = £ + (1 — £)z — z!"%, z > 1. Clearly f(-) and g(-) are increasing
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functions for all z > 1, then f(z) > f(1) = 0 and g(z) > g(1) = 0. So,f(’y—‘) >0 and g(%) >0

i.e., the statement holds.
We collect the following first-order fractional integrals identities.

Lemma 2.6 ([9, Lemma 2]) Let f : [a,b] — R be a differentiable mapping on (a,b) with
a<b. Iff' € Lla,b], then the following equality for fractional integrals holds:

fl@)+fb) T(x+1)
2 T 2(b-

_ b-a

1
5 fo[(l—t) —t“]f (ta+ (1 - t)b) dt

[]"‘ f(b) + i -f (a)]

Lemma 2.7 ([10, Lemma 2.1]) Let f : [a,b] — R be a differentiable mapping on (a,b). If
f' € Lla, b), then the following equality for fractional integrals holds:

Ma+1) a+b
s+ e - (457
:b2 /[h(t) (=0 + £<1f (ta + (1 - 0)b) dt
where
1, 0<t<%,
() =
-1, %<t<1‘

Lemma 2.8 ([13, Lemma 2]) Let f : [a,b] — R be a differentiable mapping on (a, b) with
a<b. Iff' € Lla,b), then the following equality for fractional integrals holds:

(x—a) +(b-x)* I +1)
W) - e f @) + T f )]
~ (x—a)‘“l
b-a
(b—x)‘“l

1
S /0 °f (tx + (1 - 0)b) dt

1
/ t°f (tx + (1 - t)a) dt
0

3 Main results
In this section, we use Lemmas 2.6, 2.7 and 2.8 via geometric-arithmetically s-convex func-

tions to derive the main results in this paper.

3.1 The first results

By using Lemma 2.6, we can obtain the main results in this section.

Theorem 3.1 Let f : [0,b] — R be a differentiable mapping. If |f'| is measurable and ||

is decreasing and geometric-arithmetically s-convex on [0,b] for some fixed o € (0,00),
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s€(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

fla)+f() Tla+l) .,
T ARG

_ 0=a)*" ) B) - [f' (@] - ' (B))

- (0 + s +1)20+s+1

+(b-a) [f/(a){[O.SB(s +1L,a+1)-Bys(a+1,s+ 1)]

+(b- a)[f’(b)’[BoAs(s +1La+1)-05B(s+1,0+ 1)],
where
1
B(s+1l,a+1)= / (1 -t)* dt,
0

and

0.5

Bos(s+1,a+1) = £ -1t)*dt.
0

Proof By using Definition 2.2, Definition 2.3, Lemma 2.5 and Lemma 2.6, we have

f(a) +f(b) [+ 1)
2(b -

< i/ (=0 — 2| |f'(ta + (1 - )b) | dt

b a

== /(t ~(1-0%)|f (ta+ A -1)b)|dt

[ 2 (b) +Ji-f (@)]

+ b_—“ /7((14)“ _ | (ta+ (- 0)b)| de

b a

< / (¢ = (L= )| (a6 dit

+ b;a/‘i((l_t)a _ta)lf/(atbl—tﬂdt

el (-0l @] 0ol

+—/ (l—t)"‘ tS[f(a)|+(1 t)S[f(b)H
_b-a)lf' @) wts (b-a)f' () ('
_G-ar@) /%t - O [,

4 1 ! !
w/ (1_t>a+sm+w& -ty de

b-a)f @ (7 ... G-adf@ [ .
_braital /Ot a =W /Om—r) dt

Page 4 of 13
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- aw(bnf s g 0= ambnf S
<(b-a)f @ /1 £ dt - (b-a)|f (@) f1 £ -0 dt

1 1
—(b-a){f/(b)% (1—t)°‘”dt+(b—a)[f’(b)|f1 (1 - ) dt

! a+s (b - tl) If/(ﬂ)l !
a)|/0 ¢ dt+f/(; £
(b-a)lf'®) [* ws g, B=alf'®) [, S
+f/o(l—t) dt—f/()t(l—t) dt

1
(o +5+1)20+s+1

-(b-a)|f' (@

+(b-a)|f (a)| ~(b-a)|f'(@)|Bos(a +1,s+1)

a+s+1
1
(o + s+ 1)20+s+1

b_ !
-alf] L ez @)
+(b—az)[f/(b)| 1L (e-a)lf'(®)]

2 a+s+1 2

(b a)2**f'(6)| - |f'(@)| - If'()])

(o + 5 +1)20+s+1

- -a)|f' ()| +(b-a)|f'(b)|Bos(s + Lo +1)

B(s+1,a+1)

B(s+1,a+1)

+ (b -a)|f'(@)|[0.5B(s + 1, +1) = Bos(a + 1,5+ 1)]

+(b-a) [f’(b)‘ [30‘5(5 +1La+1)-05B(s+ 1,0+ 1)].
The proof is done. O

Theorem 3.2 Let f : [0,b] — R be a differentiable mapping and 1 < g < 0. If |f'| is mea-
surable and |f'|? is decreasing and geometric-arithmetically s-convex on [0,b] for some
fixed o € (0,00), s € (0,1], 0 < a < b, then the following inequality for fractional integrals
holds:

‘f(a) ) Tlas 1) []“ f(b)+J5-f(@)]

2(b
_b-a([f@\+|f®B) i ool
N 2 < s+1 > <[JO{+1 ) ’

where L +1=1.
rq

Proof By using Definition 2.2, Lemma 2.5, Holder’s inequality and Lemma 2.6, we have

f(a) +f(b) (o +1)
2(b a)

b- !
57“/0 Q-0 - ¢*||f'(ta+ (1 - 1)b)| dt

Vaef ®) + Jy-f(@)]

Page 50of 13
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1
EbT“<O |a-2*- t“|”dt> </[f (ta+(1-1) )|th>
1
fb—ﬂ< (l_t)a ta|1’ t) < lf tb1t|th>
2 0
1
Sh_“</ —0 Pt ( tst(a)|q+(1 t)ﬂf(b)l]dt)
2 0
_bma (@I O Y
<t (e )(folﬂ ) f'd'f)
_b-a(lf@I"+ /') “) : o« _ jo\p v
() [ o -ers
_b @) + [ (B . . : o ooy 1)’
R R
<b—a( I’f+lf’b)|q) (2 21”’“)
- 2 s+1 po+1 ’

The proof is done. O

3.2 The second results
By using Lemma 2.7, we can obtain the main results in this section.

Theorem 3.3 Let f : [0,b] — R be a differentiable mapping. If |f'| is measurable and |f"|
is decreasing and geometric-arithmetically s-convex on [0,b] for some fixed o € (0,00),
s€(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

F(a+1) o o a+b
2(19 []a+f(b ]bff(a)] _f( 2 )

<050 -a)(|f' (@) +|f'(®)|)

—a-1 1
X | Bos(a +1,8+1) —Bos(s + 1, +1) + +—.
a+s+1 s+1

Proof By using Definition 2.2, Lemma 2.5 and Lemma 2.7, we have

‘F(a+ 1)

35—y Ve ) + TS (@)] f(d;rb)‘

5%“/0 (e - (1 - )% + 2] (ta + (1 - 1)b) | det
1
_“ﬁ |-1- A=) +*||[f (ta + A - )b)|dt
b—a [? ,
+T“f0 1= (=0 + 2| |f (ta + (1 - 0)b) |

1
< b—;”ﬁ (1+ A= — )| (ta + (1 - £)b) | dt

2
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/7(1— A=) +¢*)|f (ta+ (1 - )b)| dt
0

1
< b_Tﬂ (1+ (l_t)a _toz)lf/(dtbl—t”dt

1
2

b

+

;“ /07(1—(1—1,‘)"‘ +t°)|f (a'b')| dt

b-a (!

=5 [ @+ a=or =) el @] + -7l )] de

1
2

b—a (3
2“[ (1- A= +e)[E]f @] + 1 - 7| )] dt
0

, 1 , 1 ’ 1
<_(b—a)lf(a)|/ tu+sdt+(b—a>v<a>|/ MHW/ B0 dt
2 ! 2 1 2 3

+

X (b—u;lf’(b)l /;(1_ B it (b—a;u”(bn /; (1= 0 dt
+(b—agfdﬁ{énl_tydt+(b—agfhﬂyl%twmdt
_w—a¥%m|A%fu_ﬂaﬂ+(hﬂ?fmnﬂifdt
—7(b_ﬂ;lf/(b)| /O%(l—t)‘“sdnWfo%t“(l—t)sdt

b-af'®) (7,
+f/0 1-¢t)idt

__-a)lf@1-27"" N (b-a)lf@1-27"

- 2 a+s+1 2 s+1
+ 7(19 — a)lf/(d)lBo,s(a +1,s+1)+ (b-alf )] 277
2 2 a+s+1
) ) PP G )
2 2 s+1
L b-a)lf (@) 2!
2 a+s+1
_ —(b ~ a)lf/(a)|Bo‘5(s +Loa+1)+ 7“9 —alf @) 2
2 2 s+1
(b-a)lf'(b)|1-275"
B 2 a+s+1
+ (b-a)lf' ) 1277 + (b- a)lf/(b)|Bo,5(oz +1,s+1)
2 s+1 2
< (b-alf@] 277 -1 + (b-a)f (@) [30_5(a +1,s+1)—Bgs(s+ 1, + 1)]
2 a+s+1 2
. (b-a)lf'(a)| . (b-a)lf'(b)| 277 -1
2(s+1) 2 a+s+1
+ 7(]9 -~ ®)l [Bo.s(ol +1,s+1)—Bos(s+1,a + 1)] + 7(b —a)lf )

2 2(s+1)
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<050 -a)(|f (@) +|f'(®)|)

2-o-1 1
X | Bos(a +1,8+1) —Bos(s +1,a +1) + +—.

a+s+1 s+1

The proof is done.

O

Theorem 3.4 Letf:[0,b] — R be a differentiable mapping and 1 < q < co. If |f'|1 is mea-

surable and |f'|1 is decreasing and geometric-arithmetically s-convex on [0,D] for some

fixed o € (0,00), s € (0,1], 0 < a < b, then the following inequality for fractional integrals

holds:

Ma+1) . uib
‘M[fwf (b) +J5 f(@)] - f< : ) ‘

< max
s+1

- <Uw(“ 7+ [f(b)|q> <2 . 219(1_217011))1%},
s+1 pa+1
where }7 + % =1.

Proof To achieve our aim, we divide our proof into two cases.

—a/(|f' (@)1 +|f'(b)1 i (1429 2p(1—27P%)
( ) ( 2  (pa+1)

Case 1: o € (0,1). By using Definition 2.2, Lemma 2.4, Lemma 2.5, Holder’s inequality

and Lemma 2.7, we have

’ Mo +1)

o a+b
20 )[Ja+f(b)+]bf( a)] f( ) )‘

/]h — A=+ || (ta + 1 - 1)b)| dt

< b;a(/l|h(t)—(1—t)“ +t"]"dt>p</1[f’(m+(1—t)b)]"dt>q

h(t) (1- t)"‘+t"‘|pdt> (f[f (a'b1)|" d)q

/\
&

-2

b-
2

&

=

h

&

N

b a

ERiA
(
(V’ 'Zl’”b)'q) (/ (6 - (1 - )" + |”dt>
(

lf(a)lq+lf’(b)lq> (/ (1-+ (-0 dt

s+1

\&}

1

_ o a\P b
+/0 (1-@-9 +t)dt)

f 5 (V(d)lz:if,(b”q) (/ [1 £ +21 a _ g a]l’dt

1 ! i
/ |h(e) - (1 - t)°‘+t°‘|pdt> ( / [tst’(a)|q+(1—t)‘lf/(b)|q]dt>
0

Page 8 of 13
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1

PR
+/(; [1+2%) - (1-¢%)] t>
S b;a(lf’(u)lq + lf’(b)lq) ‘ ( / s / Forg dt)l;

s+1 0

@17+ [F BT\ T ((A+20p 221 =27\
) ( s+1 ) ( 2 (pa +1) )

Case 2: & € [1,00). By using Definition 2.2, Lemma 2.4 and Lemma 2.7, we have

| Mo +1)
2(b—

_ ’ ! ;I 1
Eb;(wﬂ»j;ywq) (['o-r va-erya

2

e 1 @) - (¢ ;b)‘

2 _ _ A\ an>p
+/0 (1-@-0)*+¢)dt
<b- <lf/(“|q+lf/(b > < (1-¢*+1- t)dt)

< (b <[f/(6l |q+[f/(b |q> < tpa)dt)l;

s+1
/ q q —pa—1
<o L@ O +lf(b)|> (- 202 )) |
s+1 pa+1
The proof is done. d

3.3 The third results

By using Lemma 2.8, we can obtain the main results in this section.

Theorem 3.5 Let f : [0,b] — R be a differentiable mapping. If |f'| is measurable and ||

is decreasing and geometric-arithmetically s-convex on [0,b] for some fixed o € (0,00),

s€(0,1], 0 < a<x < b, then the following inequality for fractional integrals holds:

—_ g\ b— x)®
Wf () = F(‘“ )[/“f() +f(b)]'
l(x—a>““—<b—x)“+l| '@\
- b-a [Ot+s+1+lf(b)|3(“+1’5+1)],

where

1
Bis+La+1) :/ £(1-1)* dt.
0

Page9of 13
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Proof By using Definition 2.2, Lemma 2.5 and Lemma 2.8, we have

x—a)*+(b-x)"~ F(oe+1) N o
Tf(x) b [Jef(a) + ]S f(b)]

o+l (

_lz-a)
- b-a

|(x él)a+1—(b x)a+l| ‘o1t
= - tV( )|at

o+l

(- a) 9 .
e /t [£1F/ (@) + (- 0|7 ()] ] e

- I(x—ol)‘“l _ (b_x)oz+l|

a+1
|/ C|f (tx+ (1 - t)a)| dt

0 [tw I/ (@)] + (1 - £ |f ()] dit

- b-a
(@ —a)*" = (-2 |f (@) ,
b)|B 1,s+1)|.
= b-a a+s+l+v( )| (@+Ls+l)
The proof is done. 0

Theorem 3.6 Let f : [0,b] — R be a differentiable mapping and 1 < q < co. If |f'|1 is mea-
surable and |f'|? is decreasing and geometric-arithmetically s-convex on [0,b] for some
fixed o € (0,00), s € (0,1], 0 < a < b, then the following inequality for fractional integrals
holds:

(x— a)"‘+(b x)* F(ot+1)

e - @+ 0]

b-a (lf’(a)l“lf’(b)lq);
~ 2(pa +1) s+1 '

Proof By using Definition 2.2, Lemma 2.5, Holder’s inequality and Lemma 2.8, we have

o O iy - Dt D)« +f(b)]'
|( _ )0”1—(19— )ot+1|
e - z i t If'(tx + (1 - t)a) | dt

—bia(f 'f”“d’f) (fV (ta+ (-0 )\th)l
z@aﬂ) / [f'(ta + —r)b)|th)

i
2<pa+1)</ f(er) 'th>
S0

/ q s| gt q %
2(pa+1) [l @[*+ -2l ®)] ]df)

b-a ([f’(a)|q + [f’(b)|q>}1
T 2(pa +1) s+1 ’

where }7 + é = 1. The proof is done. d
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4 Applications to special means
Consider the following special means (see Pearce and Pecari¢ [22]) for arbitrary real num-
bers «, B, a # B as follows:
() He p)= T, 0. f € R\{0);
(ii) A(e, B) = “*f’ o, BER;
(iii) Lo, f) = b, loel #1B1, o #0;

ﬂn+1_an+1

(iv) Ly(er, B) = [m]ﬂl neZ\{-1,0},a,B R, a #B.
Next, we apply the obtained results to give some applications to special means of real

numbers.

Theorem 4.1 For some s € (0,1], n € Z \ {-1,0}, 0 < a < b, the following inequality for
fractional integrals holds:

1 1
) - (e < O (T ) (B2
’ n\me - 2 s+1 p+1 ’

where

1 1
—+-=1, l<g<oo.
P q

Proof Applying Theorem 3.2 for f(x) = ", = 1, one can obtain the result immediately.
O

Theorem 4.2 For some s € (0,1], n € Z \ {-1,0}, 0 < a < b, the following inequality for
fractional integrals holds:

L2 (", b") - A™(a, )|

a4 4 pr-Da\ 4 21 _05\7 ?_05\7
<p-a) 7 ) max] (222 - 22 (2 - ,
s+1 p+1 p+1

where

1 1
—-+—-=1, 1l<g<oo.
p

Proof Applying Theorem 3.4 for f(x) = ", « = 1, one can obtain the result immediately.
O

Theorem 4.3 For some s € (0,1], n € Z \ {-1,0}, 1 <g <00, 0 < a < x < b, the following
inequality for fractional integrals holds:

’LZ (ﬂn’bn) If/((l)lq + V,(b)|q>

|_2(p+1( s+1

Proof Applying Theorem 3.6 for f(x) = x”, @ = 1, one can obtain the result immediately.
O

Page 11 0f 13
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Theorem 4.4 Forsomes € (0,1],0 < a < b, the following inequality for fractional integrals
holds:

1 1 |_b-a a¥sb %(2—2”’%
H(a,b) Lab)|~ 2 \(s+1)a2bx p+1 )’

where

1 1
—+-=1, l<g<oo.
p 4q

Proof Applying Theorem 3.2 for f(x) = x™}, & = 1, one can obtain the result immediately.
O

Theorem 4.5 Forsomes € (0,1],0 < a < b, the following inequality for fractional integrals
holds:

o1
H(a,b) ~ Aab)
a4 b4\ 7 (L+20p 21 (1—27%)\»
(s + Dazap2a ) 4 pa+) )

o ZA=27D)
pa+1 ’

5@—@(

where

1 1
- +-=1, l<g<oo.
p 4q

Proof Applying Theorem 3.4 for f(x) = x7!, o = 1, one can obtain the result immediately.
O

Theorem 4.6 For some s € (0,1], 0 < a < x < b, the following inequality for fractional in-

tegrals holds:
1 1 _ b-a @244 b4\
H(a,b) x|~ 2(p+1)\(s+1)a2b2 )’
where

1 1
—-+—-=1, 1l<g<oo.
V4

Proof Applying Theorem 3.6 for f(x) = x™!, & = 1, one can obtain the result immediately.
O
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