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1 Introduction
Let A, denote the class of functions of the form

fl2) =2+ Zap+kzp*k 1.1)

k=1

which are analytic in the open unit disk U = {z € C: |z| < 1}. We write A; = A.

Suppose that f and g are analytic in U. We say that the function f is subordinate to g in
U, and we write f < g or f(z) < g(2) (z € U), if there exists an analytic function w in U with
(0) = 0 and |w(z)| <1 for all z € U such that f(z) = g(w(z)) in U. If g is univalent in U, then
the following equivalence relationship holds true:

fl2) <glz) <= f(0)=g(0) and f(U)cCg(U).

For functions f given by (1.1) and g(z) =22 + > 1, bp+kzp+", the Hadamard product (or
convolution) of f and g is defined by

(f*9)@) =f@) xg@) =2" + Y _ apsbpuz’™.
k=1

For fixed parameters A, B (-1 < B < A <1),let P(A, B) be the class of functions of the form

0@)=1+cz+cz® +--- 1.2)
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which are analytic in U and satisfy the condition

1+Az

<
¢(2) 1+Bz

(z€U).

The class P(A, B) was investigated in [1]. We denote by S;(A,B) the class of functions
f € A, such that zf'/pf € P(A, B). Analogously, K(A,B) is the class of functions f € A,
such that (zf")' /pf’ € P(A, B). It is easily seen that

2 2
S (1 - ?",—1> =S:p) and K, (1 - ?p,—1) - Ky(p) (0<p<p),

the subclasses of A, which are respectively, p-valently starlike of order p and p-valently
convex of order p in U. We also note that

S () S S0 =8; and K,(p) S0 =K, O=p<p)

where Sy and K, are the subclasses of A, consisting of functions that are p-valently star-
like and p-valently convex in U, respectively.

In the present investigation, we shall make use of the Gauss hypergeometric function o Fy
defined in U by

2Fi(a,b;c;z) = Z (azi)(k L %

k=0

(a,b,ce Cic ¢t Zy ={0,-1,-2,...}), (1.3)

where (x),, denotes the Pochhammer symbol (or shifted factorial) given by

xx+1)x+2)---(x+n-1) (meN),
1 (n=0).

(x)n =

We note that the series defined by (1.3) converges absolutely for all z € U and hence rep-
resents an analytic function in U [2, Chapter 14].

Motivated by the multiplier transformation introduced in [3] on A, we introduce an
operator ¢,(n, 1) on A, by

> k+ A
¢p(n,l)(z)=2p+z<%>zp+k (A>-pneZ={0,£1,%2,..};z€).
p
k-1

The operator ¢,(n, A) is related to the multiplier transformation studied in [4].
Corresponding to the function ¢,(#, 1), we define a new function ¢l(,ﬂ(n, A) in terms of
the Hadamard product by

$p(m,1)(2) % ¢ (1, 2)(2) = (u>-p;zel). (1.4)

(1 = z)p*m

We now introduce the operator II’,‘(A, w): A, — A, by

D, )f (2) = ¢ (m M)(@) #f(2)  (n € Zi > —p). (L5)
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If the function f is given by (1.1), then from (1.4) and (1.5) we deduce that

+ +2 )"
I (A w)f zp+2(p l:)k (pik+)»> awkzp*k (zeU).

In view of (1.5), it follows that

2(I; (0 1)f) (&) = (0 + I wf (@) = A (1) () (f € Apiz € D). (L6)
In particular, we note that for z € U,

L0,1-p)f(2) =f(2),

L,8,1-p)f(2) = <(p +6) /0 ’ 27 () dt) / 2 (8>-p) [cf Eqn. (3.10)],

L'(L1-p)f(2) = (2f'(2) + A (2) /(p + 1),
11;2(0, 1-p)f(2) = (2f"(2) +zf'(2))/p* and
13(0,1-p)f(2) = (2" (2) + 32" (2) + o' (2)) I

The operator Ij(A,1 - p) (n € Z;) is closely related to the Saldgean derivative operator
[5]. The operator I} = I}(A, 0) was recently studied in [3, 6, 7]. For any n € Z, the operator
I, =I}'(1,0) was studied in [8].

By using the operator I; (A, ), we introduce the subclass of .4, as follows.

Definition For fixed parameters A, B (—1 <B<AZ1),n€eZ rpu>-panda =0, wesay

that a function f € A,, is in the class S i (oA, B) if

1-a) LOwfz) L7, ,u)f(Z) 1+Az

D0 wf @ BOanf@ | 1+Bz (el

It is readily seen that

(LA,B)=S5;(A,B) and S,5, ,(1,A,B) = K,(A,B).

pOl—p

For the sake of convenience, we write

(4,B) =S, (1;A,B):{feA LOnf@) 144z U}'

,ZE
Spin v I, ;L)f(z) 1+Bz

The object of the present paper is to investigate some inclusion properties of the class
n
Sp Al
erator [ ;‘(A, 1) are also considered. Relevant connections of the results presented here with

(o; A, B). Integral-preserving and convolution properties in connection with the op-

those obtained in the earlier works are pointed out.

2 Preliminaries
We denote by H the class of all analytic functions in U and by B the class of functions
Q € H such that w(0) = 0 and |2(z)| <1 for z € U.

We shall need the following lemmas to prove our results.
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Lemma 1 ([9], see also [10, p.71]) Let h be analytic and convex (univalent) in U with
h(0) = 1. Suppose also that the function ¢ defined by (1.2) is analytic in U. If

z¢'(z)

o(z) + < h(z) (/c 7‘0,%(/{)20;261@,

then
K z
0(z) < Y(z) = s / () dt < h(z) (zel) (2.1)
0
and ) is the best dominant of (2.1).
Lemma 2 [10, p.35] Suppose that the function ¥ : C* x U — C satisfies the condition
W(ix,y;2) S ¢

fore>0,real x,y < —(1 +x?)/2 and all z € U. If the function ¢, given by (1.2) is analytic in
U and

Re(¥(¢(2),2¢'(2);2)) > ¢,
then Re(p(z)) >0 in U.
Lemma 3 [11] Let 0 <y, <y <1 and © € H satisfy
O(z) <1+ y1z, 0(0) =1.
(i) If g € H, 9(0) = 1 and satisfies
O@)(B+1-BeR) <1+yz (ze),

where

1-
o O<y+y =1,
B = 1-(y2+y?)

20-y2)

(2.2)

VE+y <1< yi+y),

then Re(p(z)) >0 in U.
(ii) If @ € H with »(0) = 0 satisfies

@(z)(l + w(z)) <1l+yz (zel),
then, for 0 <2y, +y < 1, we have

(o] < 22

(z e ). (2.3)

The value of B in (2.2) and the bound in (2.3) are best possible.

Page 4 of 18
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Lemma 4 [11] Ifw € B and

1+yw(z)
1+ 8 [y 9" lo(tz) dt

(z) = (0<y<1,8’>0,zeU),

then Re(p(z)) > B (0 £ B <1) in U, where

1y < 1
) e 0<y = 15)
/3 - 1—y2(1+612) (L < < 1 )
W2y b =Y =7

and 8 = 8'/(1 + §'). Further, for 0 <y < 1/(1 + 28,), we have

< V(l + 81)

vy (ze ).

lp(2) 1| =
The value of B in (2.4) and the bound in (2.5) are best possible.

3 Inclusion relationships for the class ng M(oc;A, B)
Unless otherwise mentioned, we assume throughout the sequel that

nez, AU > —p, a>0 and -1<B<AZ<1.
Theorem 1 We have

S,u(A,B) CSy; (A, B).

y 2
Further, forf € S, (a;A, B), we also have
Ly, n)f (2) o
S R - ),
i@ 19 peam €Y
where
1 ’L)‘—l 1+tBz ( —4)
Q(Z) 1+Bz dt (B _7/ 0)’

f £% Lexp(LRDA Ly g (B = 0)
and q is the best dominant of (3.1). Moreover, if A < — ( 1< B<0), then

S}’l

p,A,M(a;A,B) C S]:I,)L,M(]‘ — 2[0, _1),

where p = [,F (1, %, ALY P %)]‘1. The bound p is best possible.

o

Proof Letf € SV,  (a;A, B). Suppose that

p/\u

I;;l+1 ()\, M)f(Z) 1/(p+1)
s E02)

(2.4)

(3.2)

(3.3)

(3.4)

Page 5 of 18
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and r; = sup{r: g(z) #0,0 < |z| < r < 1}. Choosing the principal branch of g, we note that g
is single-valued and analytic in U,, = {z: |z| < r}. Taking the logarithmic differentiation in
(3.4) and using identity (1.6) in the resulting equation, we get that

Czg(d) L0, p)f(2)
AR AN)

¢(2) (3.5)

is of the form (1.2) and is analytic in U,,. Again, carrying out logarithmic differentiation
in (3.5) and using (1.6), we deduce that

L; (0, n)f (2) 1;'_1()», w)f () ~ a z¢'(z) 1+Az

(l_a)l,;’”(/\,u)f(Z) i L}, n)f (2) ST i el 1+Bz

(zeU,). (3.6)

Hence, by applying the result [12, Corollary 3.2], we obtain

o 1+Az
(p+21)Q(2) = 1+Bz

0(2) <q(2) = (zeU,,),

where g is the best dominant of (3.1) and Q is given by (3.2).

The proof of the remaining part can now be deduced along the same lines as in [13,
Theorem 1]. The bound p in (3.3) is best possible as ¢ is the best dominant of (3.1). This
evidently completes the proof of the theorem. g

Setting n = -1, A =0 and 0 =1 — p in Theorem 1, we get the following corollary.

Corollary1 IfA < —aB/p (-1 £ B<0) and f € A, satisfies

(1-a)

(zel),

zf'(z) zf"(z) p(1+Az)
f(2) +oz(1+ f(2) ) = 1+Bz

then

2f'(2) pB-4) p . B\
Re(f(z) >>p[2F1 (1, B o +1,B_1>i| (ze ).

The result is best possible.

In the special casewhenn=0,u =1-p,A=1-2(n+2ra)/(p+1)) (0<n<1l)and B=-1,
Theorem 1 gives the following.

Corollary 2 Ifmax{-Xio,(p+A -2 o —)/2} <n<p+Ar— Ao and f € A, satisfies

2f(2) zf'(2)
Re((l —a)foz ) +a e ) >n (zel),
then
) a1
Re(%) > (p+x)[zF1 (1, 20””;”"7),”? +1;%)] (zeU).
0

The result is best possible.
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Remarks 1. Putting A =1 and B = -1 in Corollary 1, we find that foro =2 pand z € U,

zf'(2) zf" (2) L L1+ (2pla))
Re<(1_a)f(z) +a<1+f/(z) >)>° = fesp(ﬁr(u(p/a)))’

which in turn implies that

pla -1 Q1+ (2p/a))
Je ’C”< Jral(L+ (pla) )

For p =1, this result is contained in [14].
2. Settinga =1, A=1-(2n/p) (0 < n<p)and B=-1in Corollary 1 and & =1 in Corol-
lary 2, we get the corresponding result obtained in [15].

Theorem 2 For 0 < 5 < p, we have

2 2
fesglk,ﬂ<o;1—?",—1) = fesgw(a;l—;",—l) (12l <R),

where
P+ (p+R)(p—n)—+/ (pec+ (p+2) (p—n))2—p(p+1)(p—21) (n42)
R= . (p+2)(p~2n) ; ’ (3.7)
PHA+2a (77 = 5)'
The bound R is best possible.
Proof Setting
I;(%, w)f (2)
BT AR D PR R (3.8)
D wf(z)  p p

we see that u is of the form (1.2), analytic and has a positive real part in U. Taking the
logarithmic differentiation in (3.8) and using identity (1.6), we deduce that

L@ o{I;"l(k, H«)f(Z)) R
Ao,uwf@) Lowu)fe ) p

~(;_n _ pa|zu'(2)| }
‘(1 p)[Re(”(Z)) G+ G—nu@D ) (3.9)

Re<(1 -a)

Now, by using the well-known [16] estimates

1-—
1+r

~

|21 (2)] < N 2r Re(u(z)) and Re(u(z)) = (Il =r<1)

_r2

in (3.9), we obtain

Luwf@) L7, M)f(z)) R
p

R —_
(0 V0@ R @

> on ~ 2par ]
= (l p)Re(”(Z)) [l G-+ == |

which is certainly positive if r < R, where R is given by (3.7).
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To show that the bound R is best possible, we consider the function f € A, defined by

Ly, n)f (2) 7 n\1+z

oy ()i e
Noting that

- a) (3, wf (2) 1” "o wf(@)

@ L@ p

_(1 n)1+z|:1 2paz ]_0
- p P+MmA-22)+p-nl-2?)]

for z = —R, we complete the proof of Theorem 2. O

Remark Forn=-1,1=0, u=1-pand« =1, Theorem 2 yields the corresponding result

contained in [15].

For a function f € A,, the generalized Bernardi-Libera-Livingston integral operator
Fsp: Ay — A, is defined by (cf,, e.g., [17])

8 =3
FalP@ = —2 | e @de = (zp oy %z’”k) +f@)
=2/oF(L,8+p;8+p+L;2) % f(2) (8§ >-p;zeU). (3.10)

For convenience, we write Fs,(f)(2) = Fs,(2), z € U. It readily follows from (3.10) that
feA,= Fspe A,

Theorem 3 Let § be a real number satisfying
(-2)A-B)+(p+r)(1-A)=0. (3.11)

(W) Iff € S,,,,(A, B), then

I (0 1) Fsp(2) 1 1 1+Az
m Q(z)=m<m—8+)\)<l+Bz (ze ), (3.12)
where
ol - f()l t5+p—l(%)(p+k)(B—A)/B dt (B+#0),

[y 8 exp{(p + VAt - 1)z} dt (B =0)

and q is the best dominant of (3.12). Consequently, the operator Fs, maps the class
p,\ u(A B) into itself.
(ii) If -1 £ B< 0 and § = max{— (p+>1»l(]13—A) + A, (””)éB_A) —p—1}, then

fes,, AB) = Fsye (1-27,-1), (3.13)

pku
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where

1 A(B-A B \\"
r:m[(5+p)(2Fl (1,%;8+p+1;ﬁ>) —8+Aj|.

The bound 7 is best possible.

Proof From (1.5) and (3.10), it follows that
2(I (0, ) Fsp) (@) = (8 + p)L (0 )f (2) = S0 (0, ) Fs p(2) (2 € V). (3.14)

We put

(3.15)

I;H()\’M)]:B,p(z) 1/(p+1)
=)

g2) = Z(

and r; = sup{r:g(z) 70,0 < |z| < r < 1}. Choosing the principal branch of g, it follows that
g is a single-valued and is analytic in U,,. Taking the logarithmic differentiation in (3.15)
and using identity (1.6) for F;,, we deduce that the function

Czg(z) L) F5p(2)

(z) = = (3.16)
Y@ T 0T
is analytic in U,, and ¢(0) = 1. Using identity (3.14) in (3.16), we obtain
I (5, wf (2) L3, 1) Fs p(2)
S+p)—L—— —(p+A) (5 zeU,). (3.17
( p)I;;H.l()‘: M)]:s,p(z) I;Hl()‘q M)]:S,p(z) p) ( 1) )

Since f € 8;’,A,M(A,B), it is clear that Il’j*l(k, w)f(z) #0 in 0 < |z| < 1. So, by (3.17), we get

L 00 1) Fspla) §+p
D0, wf () (p+Mez) + (6 -2)

(zeU,). (3.18)
Again, by taking the logarithmic differentiation in (3.18) followed by the use of identity

(1.6) in the resulting equation, we get

5,0, 1)f(2) @ 2¢'(2) 1+Az
0 f@ T e ne@+ G-2)  1+Bz

(z e U,).

The proof of the remaining part is the same as that of [13, Theorem 1], and we choose to
omit the details. The result is best possible as g is the best dominant of (3.12). d

Remark Lettingn=-1,1=0,u=1-p,A=1-(2n/p) (0 < n<p)and B=-1in Theo-
rem 3, we have the following implications [15, Corollary 3.4 and Remark 3.2]:

Fip(Si) € Sio) and Ty, (Ky(n) € Ko,
where § > max{-n,p —2n -1} and o = (§ + p)(oF; (1,2(p — n);§ + p + 1;1/2))™' — 8. The

containment relations are best possible, and they improve the corresponding work in [18]
for suitable values of the parameters p, n and é.
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4 Properties involving the operator Ig(k, J73)
Theorem 4 Iff € A, satisfies

L O, wf (2) N al;f()\,ﬂ)f(Z) 1+Az

1 , 4.1
(1-a) 7 2 <1+B:z zel) (1
then
1n+1 A, z

Re(%) >0 (zel), (4.2)
where

.- d40-4 (1_B)‘12F1(1,1;’%A+1;%) (B#0),

1_ (A (B=0).

pita

The result is best possible.
Proof Setting

n+l
0(2) = I”(Az,w (zeU), (4.3)

we note that ¢ is of the form (1.2) and is analytic in U. On differentiating (4.3) and using
identity (1.6) in the resulting equation, we deduce that

0, uw)f(e) LN p)f (2) 1+A
(1-a)Z zPMfZ +al Z/;:fz =<p(z)+pi}\z<p’(z)<1:Bz

(zeU). (4.4)

The proof of the remaining part of the theorem follows by using Lemma 1 and the tech-
niques that proved Theorem 4 in [13].

With a view to stating a well-known result, we denote by P(y) the class of functions ¢
of the form (1.2) which are analytic in U and satisfy the inequality

Re(p(2) >y (0=<y<1Lzel).
It is known [19] that if ¢; € P(y)) (0 < y; <1;j=1,2), then

(91 % @2) € P(ys), (4.5)
where Y3 =1-2(1 - 1)(1 — ). The bound y3 is best possible. O

Theorem 5 Ifthe functions I}Z’(A,u)ﬁ/zp €P(A;,B) (-1<Bj<A;=1,fe A,;j=1,2), then
the function Y defined in U by

h(z) = "' (4, )(fi # £2)(2) (4-6)

satisfies

(G, 1)h(2)
Re(m) >0 (el
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provided

(A1 - B1)(Ay - By) Py 2+ 1) +1
1-B)(1-By)  2[(:F QL,Lp+Ai+151/2)=22+2(p+ )]

Proof We have

I (% wf
2

ePy) (y=ij=12
W n=1g7=12)

Hence, by using (4.5), we deduce that
Re(@',’(%u)h&) . ? (Ig(k,u)b(Z))/)
/4 p+A /4

. (1;(A,u)f1(z) ) I;(k,u)fz(Z)) GBI By
2P 2P (1-B1)1-By)

(ze ), (4.8)

which, in view of Lemma 1 for

Ay —B;)(Ay - B
K=p+2, A=—1+4( 1= B>~ By) and B=-1,
(1-B))(1-By)

yields

Re(I;’(/\,u)h(Z)) 1s (A1 - B1)(A3 — By)

1
2 (1= B)(1 - B)) [ZH (1’1;’” P 5) ‘2} (zel). (49)

From (4.9), by using Theorem 4 for

(A - By)(A; - By)

o=l A=A R - By

1
|:2F1<1,1;p+k+1;§> —2:| and B=-1,

we deduce that

(A1 —B1)(A2 — By)

Re(6(z)) >1-2 1-B)1_B,)

1 2
|:2F1 (1, Lp+Ai+1; 5) - 21| (ze ), (4.10)
where 0(z) = I;’(k, w)h(z)/27. If we put

Iy (%, 11)b(2)

S Abidania U),
9= o0 “Y

then ¢ is of the form (1.2) analytic in U, and a simple computation shows that

L0o,wb@)  z (Lub)\ 2
= +p+k< p )—9(2)[(<p(2))+

P /\290/(2)}

= V(¢(2),2¢/(2); 2), (4.11)
where W (u,v;z) = 6(2)(u? + (v/(p + 1))). Thus, by using (4.8) in (4.11), we conclude that

N (A1 - B1)(A2 - By)
Re(\IJ(<p(z),z<p (z),z)) >1-2 1-B)(_5) (ze ).

Page 11 0of 18
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Now, for all real x,y < —(1 + x2)/2, we have

Re (W (ix, y;2)) = < J —xz) Re(6(2))

[1+(2(p+ 1) +1)x*]|Re(0(2))

(A1 - B1)(Ay — By)
Re(0(2)) £1-2 1=B)1_B,) (zeD)

A

“2(p+ )

by (4.7) and (4.10). Hence, by making use of Lemma 2, we get Re(¢(z)) > 0 in U. This
completes the proof of Theorem 5. d

Theorem 6 If the functions I;(A, n)fj/z" € P(A;, B)) (-1 SBj<Aj=1,feAy;j=1273),
then the function H defined in U by

H(z) = I (0, )(fi #fo % £5)(2)

satisfies
I2"(h, w)H(2)
»
() ° €<V
provided
(A1 - B1)(Ay — By)(A3 — B3) 2p+2)+1

(1-B1)1-By)(1-Bs) < 4[F L Lp+A+11/2) =22 +2(p + 1))

Proof From the definition of the function H, it is easily seen that

/4 p+A /4
) Re<1§(k,u)ﬁ(2) . Iy (%, n)fa(2) . I;f(k,u)ﬁ)(Z))
zr zr zr
B (A1 = B1)(Ay — B)(As — B3)
(1-By)1-By)(1-B3)

Re(]j"(A,M)H(z)+ z <1§"(K,M)H(Z))')

>1 (ze )

and the proof of the theorem is completed similarly to Theorem 5. d

Theorem 7 Letf; € A, (j =1,2). If the function b defined in U by (4.6) satisfies

Re<1§()‘»u)h(z)> > SUARDEE (ze D),

2 C2[GE ML Lp+ A+ 151/2) =22 +2(p + A)]
then

(4%uww

£ [U B
gﬂwuwwo>° eet)
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where

Glz) = ’%A / ) # @) dt (ze ).

0

Proof Using the fact that

Re(@i’(hu)h(@) ) Re(@ﬁ’(hu)Q(Z) L ? (I,’Z(A,M)Q(Z)))
v/d 2 p+A v/
2+ A1) +1

1-
T 2GR LLp+Ar+11/2)-2)% +2(p + 1))

(ze )

and by following the same lines of proof as in Theorem 5, we get the required result. [

Remark Putting n=-1, 2 =0 and u =1 in Theorems 5, 6 and 7, respectively, we obtain
the corresponding results contained in [20].

Theorem 8 Let § >0 and 0 <y S (1+68(p + A))/\/1+28(p+k) +2(8(p+ 1) Iffe A,
satisfies

10, /@) (Ig(k,u)f(Z)

5-1
o p ) <1l+yz (zel), (4.12)

thenf € 83! (125, -1), where

1+8(p+1) < 1+5(p+)»))
1+8(p+1)(1+y) = 1+28(p+r)”?

1d(p+d) < ., < 1+8(p+1)
Mp()\q 81 V) (1+25(P+)\) = V = \/1+28(p+}\)+2(8(p+)\))2 ’

(O<y
(4.13)

and

M8,y = OB+ M= [1+25(p + 1) + 28(p + )Py ?
p(%,8,7) = 201+ 8(p +2)* = (6 + M)y

Further, for 0 <y < (1+8(p + 1))/ +38(p + 1)),

n-1
b Goplfe) ’ U250 My (o, (4.14)

LOnf@ | Trspr -y

The bound given by (4.13) and the estimate in (4.14) are best possible.

Proof Setting

n P
O(2) = <W) (zeU) (4.15)

and choosing the principal branch in (4.15), we note that © is analytic in U with ©(0) = 1.
A simple computation shows that (4.12) is equivalent to

z0'(z)

®(z)+8(p+)\)

<1+yz (zel).
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Now, by applying Lemma 1 (with « =8(p + 1), A = y and B = -1), we get

Oz) <1+ yz <y1 = Sp+ 2y IU).

— " :z€
1+8(p+2)
‘We further observe that

L1 0@ LT
Sp+n) Ok) (LS

Hence, assertion (4.13) follows by using part (i) of Lemma 3. If we put

L7 (0, w)f (2)

FOnfe e ebzel)

then we obtain (4.14) from part (ii) of Lemma 3.

To show that the estimates are best possible, we consider the function f € A, defined in

U by

(I;Z (4, n)f (2)
Iz

From this, we obtain

Ig‘l(k, w)f (z) 1+yw(z)

(ze ).

) 1
) =1+8(p+A)y / PO (tz)dt (8> 0,0 € Bize ).
0

(% w)f (2) 1+ S(p+A)y fol Be+N-1¢)(tz) dt
and the sharpness follows from Lemma 4 (for 8’ = §(p + 1)).

Puttingn =X =0, u =1-p and § =1 in Theorem 8, we get the following.

Corollary 3 If0<y S (p+1)//1+2p+2p? and f € A, satisfies

4
z
% -1l<y (zel),
=
then
(p+1)(1-y)
WEAC Roew) O<y =5
¢ f2) 7 ) e+ -pls2p2p?)y? (2L <

2+ 07=pr)) 2l =

Further, for0<y < (p+1)/(3p +1),

(zeU).

#'(2) _1‘ . pCp+1y
f@) 1+p(1-y)

The estimates are best possible.
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Theorem 9 Ify >0 and f € A, satisfies

M@ G ()
+
¥ zr

In
(1-a)L <1+yz (¢>0;z€l), (4.16)

then f € S;’l;,lﬂ(l — 21, -1), where

a((p+2)1+y)+a—y)-2(p+A)y (0 <y < pHit+a )

a((p+r)(1+y)+a) 2(p+A)+a
U= Np(ha,y)—(1-a) ( prite o < ptita ) (417)
o 2Ap+r)ra = V= N +0)2 +(prr+a)?
and
pPrr+a)?—((p+rr+a)?+@+1)2)y?
Ny(h,a,y) = 5 o)
2+ 2 +a)?—(p+Ar)2y?)
ForO<y S (p+i+a)/(3(p+ 1) +a), we have
"0, wf (2) 2(p + A
Q _1l < M (ze ). (4.18)
Loaf@ | -7y +a

Further, f € S,; (1 - 23¢,-1), where 3 is obtained from  (given in (4.13)) for § =1 and
upon replacing y by (p + M)y /(p + A + a). Moreover, for 0 <y < ((p+ A +a)(p + A + 1))/
[p+2)A+2(p+2)],

I w)f (2) 4l p+AM)A+2(p+2)y
L, wf (2) @+ri+a)+@p+r)a+(@+r)1-y))

(ze ). (4.19)

The estimates are best possible.
Proof Since f € A, satisfies (4.16), by Theorem 4 (for A = y and B = —1) we obtain

M<1+V1Z (Vlz—(p+k)y;Z€U>- (4.20)
pPHAi+a

Again, on writing (4.16) in the form

L(%, w)f (2) (1 s L7 0o wf (2)

p” o Ig(k,pc)f(z) ><1+yz (zel)

and using part (ii) of Lemma 3, we deduce that

L7 (5, wf (2)
Re <1 —-a+ aifg(l, 0@ >

(p+it+a)(l-y) prita
> (p+2)(1+y)+a (O <Y § 2(p+A)+a )’
= Np()»,Ol,M) ( prita S % é prita

2pri)ra = m)’
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which implies assertion (4.17). By using part (ii) of Lemma 3 with

7 G, wf (2)
‘”‘Z’”(m*)

we obtain (4.18). That f € S;”;,lu(l — 2%,-1) and (4.19) now follow from Theorem 8 and
(4.20).
To show the sharpness of the estimates, we consider the function f defined in U by

" 1 5
]p()», w)f (z) 14 @+ Ay / t’%—lw(tz) dt (weB;zel).
/4 o 0

Hence, by using identity (1.6), we get

I;’l(k,u)f(z) B 1+ yw(z)

o -
LOWf ) 1y iy £ Lo(tz) dt

(zel),

and the sharpness follows from Lemma 4. The fact that f € S;’) = 23z,-1) is sharp fol-
lows from (4.20) and the sharpness of Theorem 8. O

Putting n =—-1, A =0 and # =1 — p in Theorem 9, we have the following.

Corollary 4 Iff € A, satisfies

(1_a+g)f/(2) +af”(z) <1l+yz (y>0,a>0;z€l),

P pzﬂ—l pZZp—Z
then
) pa(pra+(p-Dy)-2p’y pra
Rel1+ Zf/ (Z) a(p(l+y)+a) (O <Y é 2p+a )’
@) Pre)*—p((pra)*+p*)y? Cp(le) (2 <y <
2a((p+a)2-p2y2) o ra =0 = [ pra)?

andfor0<y < (p+a)/(Bp +a),

‘1 zf"(2) ‘< p2p+a)y (ze).

e P apa-y) va)

The result is sharp.

Remark For p =1 in Corollary 3 and Corollary 4, we get the corresponding results ob-
tained in [11].

Theorem 10 Iff € A, satisfies

L wfz) |7

Do, pf )

A-B\"** 1 B
(m) (o) e @2y

for some real numbers B and y such that B 20,y 20,8 +y >0, thenf € S}’Z,)\,M(A’B)’

L0 wf) r
L0, wf @
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Proof If we set

I, wf (2) 1+ Aw(2)
910, w)f ()~ 1+ Bo(2)

(ze ), (4.22)

then w is analytic in U. Differentiating (4.22) logarithmically and using identity (1.6) in the

resulting equation, we get

L7 u)f@) 1+Aw() (A - B)zw'(2) zeU)

EOf@  1+Bo@) ' (p+ N1+ Aw@)1+Bo@)

Now, we have

RO @ | @) r

(0, wf (2) L}, n)f (2)

A pyres| @@ v

=A-By 1+ Bw(z)

/ B
’ 1wl 1 ’ (zel). (4.23)

p+i oz 1+Aw(z)
We claim that |w(z)| < 1 for z € U. Otherwise, there exists a point zy € U such that

Max ;) <z |w(z)] = |w(zo)| = 1. By using Jack’s lemma [21], we write w(zo) = e?,0<0<2rm
and zw/(z¢) = mw(zy), m 2 1. Thus, from (4.23), it follows that

Lo u)f(zo) P (A-B\"P m (1 A
1y, 1w)f (z0) _1‘ z<1+|B|) <1+p+km(l+Aei">>

A-B\"" 1 P
(580 ot
1+|B| (p+ 1)L+ |A])

This contradicts the hypothesis (4.21) and hence |w(z)| < 1 for z € U. This proves the the-

1;1()\” /'L)f(ZO) B 4

I;HI()\! M)f(z())

orem. O

Taking A =1- 27’7,3 =-1,u=1-p,A=0,n=-1and y =1- B in Theorem 10, we get the
following interesting criterion for starlikeness for multivalent functions, which improves

the corresponding work in [22] for p = 1.

Corollary5 Let 8 2 0and 0 < p <p. Iff € A, satisfies

zf'(2)

p @-P 1+ 35" (
f(2)

0=
p-p)1+L)f (&<

- b L9

B
f,(z) _p’ < g(pf 10»13) =

forallze U, then f € S;(p).

Similarly, by setting A =1 — 217”, B=-1,u=1-p,A=0,n=-2and y =1 - 8 in Theo-
rem 10, we obtain the following sufficient condition for convexity of multivalent functions.
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Corollary 6 Let 2 0and 0 < p <p. Iff € A, satisfies

lﬁ‘<1+ Z2f///(z)+2z ”(Z)

B
@) +/'(@) )"”‘ <t@.p.f) (el

zf"(2)
|<1+ f(@) ) P

where &(p, p, B) is defined as in Corollary 5, then f € K,(p).
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