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Abstract

In the paper, some new upper bounds for the spectral radius of the Hadamard
product of nonnegative matrices, and the low bounds for the minimum eigenvalue
of the Fan product of nonsingular M-matrices are given. These new bounds improve
existing results, and the estimating formulas are easier to calculate since they only
depend on the entries of matrices. Finally, some examples are also given to show that
the bounds are better than some previous results.
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1 Introduction
In this paper, for a positive integer #, N denotes the set {1,2,...,n}. R"*" (C"*") denotes
the set of all # x # real (complex) matrices. Let A = (a;;) and B = (b;) be two real n x n
matrices. We write A > B (A > B) if a;; > b;; (a;; > by) forall i,j e N.If A > 0 (A > 0), we say
A is a nonnegative (positive) matrix. The spectral radius of A is denoted by p(A). If A is
a nonnegative matrix, the Perron-Frobenius theorem guarantees that p(A) € 0 (A), where
o (A) is the set of all eigenvalues of A throughout this paper (see [1]).

For n > 2, an n x n matrix A is said to be reducible if there exists a permutation matrix
P such that

PTAP= B C,
0 D

where B and D are square matrices of order at least one. If no such permutation matrix
exists, then A is called irreducible. If A is a 1 x 1 complex matrix, then A is irreducible if
and only if its single entry is nonzero (see [2]).

According to Ref. [3], a matrix A is called an M-matrix if there exists an # x n nonneg-
ative real matrix P and a nonnegative real number « such that A = «f — P and o > p(P),
where [ is the identity matrix. Moreover, if « > p(P), A is called a nonsingular M-matrix;
if o = p(P), we call A a singular M-matrix.

In addition, a matrix A = (a;) € R"*" is called Z-matrix if all of it off-diagonal entries are
negative and denoted by A € Z,,. For convenience, the following simple facts are needed
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(see Problems 16, 19 and 28 in Section 2.5 of [3]), where 7(A4) £ min{\|A € 6 (A)}, and M,,
is denoted by the set of all nonsingular M-matrices (see [1]):

1. t(A) € o (A);

2. If A,Be M, and A > B, then t(A) > ©(B);

3. If A € M, then p(A™!) is the Perron eigenvalue of the nonnegative matrix A1, and

T(A) = m is a positive real eigenvalue of A.

Let A be an irreducible nonnegative matrix. It is well known that there exist positive
vectors u and v such that Au = p(A)u and vI A = p(A)vT, where u and v are right and left
Perron eigenvectors of A, respectively.

The Hadamard product of A = (a;;) € C**” and B = (b;) € C"*" is defined by A o B =
(aijby) € C"™",

For two real matrices A, B € M, the Fan product of A and B is denoted by AxB=C =
[cj] € M, and is defined by

_aijbij if i 7{],
Ci]‘ =
ﬂiib”‘ if i =j.

Obviously, if A, B € M, then A x B is also an M-matrix (see [2]).

We define
R; )
Ri=Y lagl, di=—=, ieN;
e |l
|
Ty

=——— [ r; = max{ry; ieN;
lau| =Y g 1o’ 7 = maxtrud, '

rj ifr; #0, .
s = |ajilm;,  m; = s; =max{s;;}, i,j€N,
1 ifr;=0; J#

throughout the paper.

The paper is organized as follows. Firstly, for two nonnegative matrices A and B, we
exhibit some new upper bounds for p(A o B) in Section 2. In Section 3, some new lower
bounds for t(A x B) of M-matrices are presented. Finally, some examples are given to il-

lustrate our results.
2 Some upper bounds for the spectral radius of the Hadamard product of two
nonnegative matrices
Firstly, in ([3], p.358), there is a simple estimate for p(A o B): if A,B € R"*", A > 0, and
B> 0, then
p(A o B) < p(A)p(B). (2.1)
Recently, Fang [4] gave an upper bound for p(A o B), that is,

p(AoB) < {E?;’;{Zﬂiibii +p(A)p(B) - bip(A) - a;ip(B)}, (2.2)

which is smaller than the bound p(A)p(B) in ([3], p.358).
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Liu and Chen [2] improved (2.2) and gave the following result:

1
,O(A o B) < max E {ﬂiibii + Ll/'jb]'j + [(aiibii - Llj/'bj]')z

1<i<n

ST

+4(p(A) — a;i) (p(B) - bii) (p(A) — ay) (p(B) - by) | }. (2.3)
Recently, some elaborate new bounds were also presented in [5], which in some cases
give better estimates for the spectral radius of the Hadamard product of two nonnegative
matrices.
In this section, based on the idea of [5], we present some new upper bounds on p(A o B)
for nonnegative matrices A and B which improve the above results. The new estimating
formulae also only depend on the entries of matrices A and B.

Lemma 2.1 [6] Let A = (a;;) be an arbitrary complex matrix, and let x1,%,,...,%, be posi-
tive real numbers, then all the eigenvalues of A lie in the region

G(A):U{ze(C:lz—am§xiZ%|aﬁ|,ieN}. (2.4)

j#i

Lemma 2.2 [7] Let A = (ay) € C"™", and let x,, %y, ...,%, be positive real numbers, then all
the eigenvalues of A lie in the region

n

BA)= {zecwz—aﬁnz—a,ns(xiZ%|a,<i|>(x,Z$|akj|)}. (2.5)

ij=Lis ke K k%

Next, we present a new estimating formula of the upper bounds of p(A o B) which is
easier to calculate.

Theorem 2.1 IfA = (a;) and B = (b;) are nonnegative matrices, then

b
0(A o B) < max {ﬂiib[i +8; Z e } (2.6)

1<i<n m;j
i

Proof It is evident that inequality (2.6) holds with equality for # = 1. Therefore, we assume
that # > 2 and give two cases to prove this problem.
Case 1. Suppose that C = A o B is irreducible. Obviously A and B are also irreducible. By
Lemma 2.1, there exists iy (1 < iy < n) such that
Akig bkio
|p(A 0 B) = iy bigio | < sio Z —_—,

k#io Sk

dkiobkio
IO(A OB) = aioiobioio + Siy § -
kdig K

#io

Akiy bkio
= aioiobi()io + Sig E ﬁ
k+io kio "tk
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Z by
0

= aioiobioio +Si0 m

k+#ig k

by
< max{a,»,»bﬁ +8; Z = .
i

m
kK

Thus, we have that

by
oA oB)fmax{ai,»biﬁsi E —k}
i “ Mg
ki

So, conclusion (2.6) holds.
Case 2.If C = Ao Bis reducible. We may denote by P = (p;;) the  x n permutation matrix
(pij) with

Pr2=pP3="""=Puin=Pn1 =1,

the remaining p;; being zero, then both A + ¢P and B + P are nonnegative irreducible
matrices for any sufficiently small positive real number . Now we substitute A + ¢P and
B + ¢P for A and B, respectively, in the previous Case 1, and then letting ¢ — 0, the result
(2.6) follows by continuity. O

Theorem 2.2 IfA = (a;) and B = (b;) are nonnegative matrices, then

1
p(AoB) < n}gx 2 {ﬂiibii +a;bj + [(aiibii - a,jb,»,-)z

(g2}

m
kri K Ny

Proof Similarly, inequality (2.7) holds with equality for # = 1. Therefore, we assume that
n > 2 and give two cases to prove this problem.
Case 1. Suppose that C = A o B is irreducible. Obviously, A and B are also irreducible. By

Lemma 2.2, there exists a pair (i,j) of positive integers with i #; (1 < i,j < n) such that

ﬂk-bk' al*bl'
|,0(A oB) - aiibii| |,O(A oB) - (lj]'bjj| < (Si Z d l> (Sj Z #)
i Sk 7
akibk,' dljblj
<[s: s
- ( ZZ ﬂkimk) (1§ aym;

ez e

m
N

From inequality (2.8) and p(A o B) > a;;b;; (see [8]), for any i € N, we have

by by
(p(A o B) — aybi;) (0(A o B) — ajby) < (si > —k) <s, > ;”1) (2.9)

i Tk [

Page 4 of 11
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Thus, by solving quadratic inequality (2.9), we have that

1
1 by, b;i\1?
p(A o B) < E {aiibii + “/jbjj + [(ﬂiibii - djjbjj)z + 4Sl'S]'< E —k) < E ;i)} }

o )N

1
! by b[ 2
= Hil;%x 2 {d”b” + ajibj + [(ﬂiibii - a,;b,;)z + 4sis]«( E m_k) (§ : mi)] }’

k+i 14

i.e., conclusion (2.7) holds.
Case 2.If C = Ao Bis reducible. We may denote by P = (p;;) the  x n permutation matrix

(pij) with
Pr2=pP3="""=Puin=Pn1 =1,

the remaining p;; being zero, then both A + eP and B + &P are nonnegative irreducible
matrices for any sufficiently small positive real number ¢. Now we substitute A + ¢P and
B + ¢P for A and B, respectively, in the previous Case 1, and then letting ¢ — 0, the result
(2.7) follows by continuity. O

Remark 2.1 Next, we give a comparison between inequality (2.6) and inequality (2.7).
Without loss of generality, for i #j, we assume that

by by
a;ib; —s; Z m—k < ﬂjjbj/ —§j Z ;l (210)
k#i 1
Thus, we can rewrite (2.10) as
by by
Sj Z ;jl < ﬂ/’}'bjj —a;ib; +s; m—; (211)

14 ki

From (2.11), we have that

by by
ibi — ajby)® + 4 s Yy — |5 ) =
-t +1(n 2 ) (2 2)

ki Tk 1%
2 bki bki
< (aubi — ajiby)” + 4s; Z — | ajbj — aiibii +si Z —
i Tk oz Tk
9 by bii \*
< (aubi — ajiby)” + 4s; Z — (abjj — aitbi) + 4| s; Z —
iz Tk iz Tk
b\
= (ajjbjj — ﬂ”’bu‘ + ZS,' Z —l> .
i
Thus, from (2.7) and the above inequality, we can obtain
1
p(A o B) < max — ﬂiibii + d]’jbjj
i 2
1
by LK
2 i U
+ |:(aiibii - ﬂ]‘jb]‘j) + 4SiSj (Z Wl_k) (Z ?1

ki 14
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1 by
< max E {ﬂiibz’i + djl'bjl' + d]jbjj —aiib; + 2s; Z — }

7 ki Tk
< max {a;b; +siZ @ . (2.12)
T 1<i<n my

ki

Hence, the bound in (2.7) is sharper than the bound in (2.6).

Example 2.1 [1] Let

4 1 1 1 1100
2 5 1 1 1 3 20

A =(a;) = , B=(by) =
(@;) 0 2 4 1 (by) 01 4 3
111 4 0015

If we apply (2.1), we have
o(A o B) < p(A)p(B) = 50.1274.
If we apply (2.2), we have
p(AoB) < max {2a:ibii + p(A)p(B) — aiip(B) — biip(A)} = 25.5364.
If we apply (2.3), we have

1 2
p(AoB) < max > {aibi + ajbj + [ (aibi — a;by)

[T

+4(p(A) — ai) (0(B) - bii) (p(A) — aj) (p(B) - by)]
= 25.3644.

}

If we apply Theorem 2.1, we get

b
,O(A o B) < max {aiibii +S; Z l} =24.
I<i<n m;
j#
If we apply Theorem 2.2, we obtain that

1
1 bk‘ bl‘ 2
p(A o B) < max E {aiibii + a]’jbjj + [(aiibii - (ljjbjj)z + 4S,'Sj E = E =
& ki T T

= 22.1633.

In fact, p(A o B) = 20.7439. The example shows that the bounds in Theorem 2.1 and
Theorem 2.2 are better than the existing bounds.


http://www.journalofinequalitiesandapplications.com/content/2013/1/433

Guo et al. Journal of Inequalities and Applications 2013, 2013:433
http://www.journalofinequalitiesandapplications.com/content/2013/1/433

3 Inequalities for the Fan product of two M-matrices
Firstly, let us recall some results. It is known (p.359, [3]) that the following classical result

is given. If A, B € R"*” are M-matrices, then
7(A * B) > t(A)t(B). (3.1)

In 2007, Fang improved (3.1) in Remark 3 of Ref. [4] and gave a new lower bound for
7(A x B), that is,

7(A % B) > min {biit(A) +a;Tt(B) - ‘L’(A)'((B)}. (3.2)

1<i<nm

Subsequently, Liu and Chen [2] gave a sharper bound than (3.2), i.e.,

1
‘L’(A *B) > max 5 {aﬁbii + a]»jb/j - [(ﬂ”’bu’ — (ljjbjj)z

1<i<nm

+ 4(61,‘,‘ - ‘L'(A)) (bii - ‘L'(B)) (61,‘1‘ - ‘L’(A)) (bj/ - T(B))]

D=

}. (3.3)

Next, we exhibit a new lower bound on the minimum eigenvalue 7(A x B) of the Fan prod-

uct of nonsingular M-matrices.

Theorem 3.1 IfA = (a;) and B = (b;) are nonsingular M-matrices, then

b
7(A%B) > min {aiibii—siz 1% } (3.4)
1<i<n 7 m

Proof Itis evident that inequality (3.4) holds with equality for # = 1. Therefore, we assume
that » > 2 and give two cases to prove this problem.

Case 1. Suppose that C = A x B is irreducible. Obviously, A and B are also irreducible. By
Lemma 2.1, there exists i (1 < i < x) such that

|f(A*B)—lln'bii|S&ZMS&ZM‘S;‘Z|bki|- (3.5)

s axi|m m
7 Sk pr ||y 7 "k

From inequality (3.5) and 0 < (A x B) < a;;b;; (see [8]), for any i € N, we have

by
aih; —t(AxB) <s; E x| |- (3.6)
Y Mg
ki

Thus, we can obtain that

7(A*B) > min {ﬂﬁbﬁ —s Y @},

L<i<n m
ki Tk

i.e., the conclusion (3.4) holds.
Case 2. If C = A » B is reducible. It is well known that a matrix in Z, is a nonsingular
M-matrix if and only if all its leading principal minors are positive (see Condition (E17) of

Page 7 of 11
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Theorem 6.2.3 of [8]). If we denote by P = (p;) the n x n permutation matrix (p;) with

Pr2=pP1="""=Puin=Pn1=1,

the remaining p;; being zero, then both A — ¢P and B — ¢P are irreducible nonsingular
M-matrices for any sufficiently small positive real number ¢ such that all the leading prin-
cipal minors of both A — ¢P and B — ¢P are positive. Now we substitute A — ¢P and B — ¢P
for A and B, respectively, in the previous Case 1, and then letting ¢ — 0, the result (3.4)
follows by continuity. O

Theorem 3.2 If A = (a;) and B = (b;) are nonsingular M-matrices, then

1 .
T(AxB) > 5 nlfl;]n{ﬂiibii + (ljl'bj/' - |:(a,~,-bii - “17’17/7')2

()R]

m m
Kt K [

Proof Obviously, inequality (3.7) holds with equality for # = 1. Therefore, we assume that
n > 2 and give two cases to prove this problem.

Case 1. Suppose that C = A x B is irreducible, then A and B are also irreducible. By Lem-
ma 2.2, there exists a pair (i,/) of positive integers with i #j (1 < i,j < n) such that

|T(A % B) — ayby| |[t(A » B) - ajby| < <SiZ |ﬂkibki|><sjz |6t;;-j?1/|)

o Sk 14
|axibiil > ( |aybyl )
=\ NS 2
< kg; |axi |k 124,: |a|my
D] |y
=1s; S; — . 3.8
<’Z My ’Z my (3:8)
k#i I#

From inequality (3.8) and 0 < t(A % B) < a;;b;; (see [8]), for any i € N, we have

(T(A *B) — aiibii) (T (A *B) — ﬂjjbjj) < <Si Z |bki| > (Sj Z |}i’[_l]l|) . (39)

oz Tk [

Thus, by solving quadratic inequality (3.9), we have that

1
i || 1651\ 12
T(AxB) > 3 mln{ﬂiibii + a;bj — |:(6liibii —a;b;)* + 451‘51‘( E m;( E S )

7 7 m

i.e., conclusion (3.7) holds.

Case 2. Similarly, if C = A x B is reducible. It is well known that a matrix in Z,, is a non-
singular M-matrix if and only if all its leading principal minors are positive (see Condition
(E17) of Theorem 6.2.3 of [8]). If we denote by P = (p;) the n x n permutation matrix (p;;)
with

Pr2=pP3="""=Puin=Pn1 =1,
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the remaining p;; being zero, then both A — ¢P and B — &P are irreducible nonsingular
M-matrices for any sufficiently small positive real number ¢ such that all the leading prin-
cipal minors of both A — ¢P and B — ¢P are positive. Now we substitute A — eP and B — ¢P
for A and B, respectively, in the previous Case 1, and then letting ¢ — 0, the result (3.7)
follows by continuity. O

Remark 3.1 Similarly, by solving quadratic inequality (3.9) and the same proof as Theo-
rem 3.2, one can also obtain an upper bound on the t(A x B):

1
T(A*B) < — ij{diibii +ajibjj
i

+ [(ﬂu‘bii — ajb;)” + 4sis; <Z |ZZ| ) <Z %)] 7 }

ki I

Remark 3.2 Next, we give a comparison between inequality (3.4) and inequality (3.7).
Without loss of generality, for i #j, we assume that

1Bl |byl
aiibii — si Z ml <ajbj s Z ?j (3.10)
Kt K 1

Thus, we can rewrite (3.10) as
|by]

Sj E — < ajjbjj —a;b; +s; E
my

1% ki

D]
my ’

(3.11)

From (3.11), we have that

2 || by
(aiibii — ajby)* + 4<s,- > - > (s/ > o

k+i I

il |yl
< (aiibii - Iljjbj}v)2 + 4s; Z m—kk ﬂjjbjj - diibii +8; Z Pkil

ki oz Tk

|l |biil \*
< (aibi — ajby)* +4s; Z m—i(ﬂjybﬁ —a;b;;) + 4<Si Z k )

ki iz Tk

b\
= I/l]'jb]'j — diibl’,’ + 251‘ Z .

iz Tk

Thus, from (3.7) and the above inequality, we can obtain

1
i 3 bl 3 1651\ 12
'L'(A *B) > 5 ml,n{aiibii + a]'jbjj - |:(aﬁbi,- — ﬂjjbj/)z + 4S,'Sj( d ?ll

) o Tk 1
1 |bil
> r?;]n 5 {ﬂiibii + a]'jbjj — djjbjj + ﬂiibii - 255 kzﬁ m;i
> min allbvv—s-zw—ki' . (3.12)
= I<i=n iilii i my

ki
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Hence, the bound in (3.7) is sharper than the bound in (3.4).
Next, let us consider a simple example.

Example 3.1 [1] Consider two 4 x 4 M-matrices

4 -1 -1 -1 1 -2 0 o
-2 5 -1 -1 L1 -l
A=(ay) = , B=by=| * |, 2
0 2 4 -1 0 -3 1 -3
-1 -1 -1 4 0 0 -3 1

By calculation, we obtain that t(A x B) = 3.2296. If we apply (3.1), we can get that
(A * B) > t(A)7(B) = 0.1910.

If we apply (3.2), we have that
T(AxB) > 1r;isnn{a,-,-r(B) + bt (A) - 1(A)T(B)} = 1.5730.

If we apply (3.3), we have

1
T(AxB) > max = {aibii + ayby — [ (@ibi — ajby)®

NI
——

+ 4(61,‘,‘ — ‘L'(A)) (bii — ‘L’(B)) (“jj - T(A)) (bj/ - 'C(B))]
= 1.573.

If we apply (3.4), we have that

|bj;

7(A % B) > min {ﬂl’ib”’ -5 Z

1<i<nmn

} =2.8333.

m
j#

If we apply (3.7), we get that

1
1. il b1\ 12
(A% B) > 5 n};}n{aﬂbﬁ + a;bj; — |:(a,','b,',' —ayby)* + 4s;s; (Z o~ Z =

mi

ki I

= 2.9199.

From the above example, inequality (3.7) is obviously the best one corresponding to

inequalities (3.1), (3.2), (3.3) and (3.4).
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