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Abstract

In this paper, we give some interesting identities which are derived from the basis of
Genocchi. From our methods which are treated in this paper, we can derive some
new identities associated with Bernoulli and Euler polynomials.

MSC: 11B68; 11580

1 Introduction
As is well known, the Genocchi polynomials are defined by the generating function to be

2t et = Gt _ i G (x)ﬁ (see [1_9]) 1)
el +1 —~ B

with the usual convention about replacing G"(x) by G, (x).
In the special case x = 0, G,,(0) = G,, are called the nth Genocchi numbers. From (1), we
note that

Go =0, Gu(1)+ G, =28,1 (see[10-16]), 2)

where §,,x is the Kronecker symbol.

n

Gul) = (G+2)' =) (”) G (see [6-8,17]). 3)

=0 !
Thus, by (2) and (3), we see that

d

—Gyu(x) = nG,1 (%), degG,(x) =n-1. (4)
dx

The nth Bernoulli polynomials are also defined by the generating function to be

e = PV = ZBn(x)% (see [14-16]) (5)

n=0

with the usual convention about replacing B"(x) by B, (x).
In the special case x = 0, B,(0) = B, are called the nth Bernoulli numbers. By (5), we get

By=1,  B,(1)-B,=68,, (see[8,9,17]) (6)
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and
B,(x) = Z <7)le”_l = Z (}Z>Bn_1xl. (7)
=0 =0

The Euler numbers are defined by
Ey=1, (E+1)" +E, =280, (8)

The Euler polynomials are defined by

n

Ew=E+»"=Y (7>E,,_lxl (see [7-13,17]). )

1=0

Let P, = {p(x) € Q[«] | deg p(x) < n} be the (n + 1)-dimensional vector space over Q. Prob-
ably, {1,x,...,4"} is the most natural basis for P,. But {Gi(x), G2(%),..., G,.1(x)} is also a
good basis for the space P, for our purpose of arithmetical applications of Genocchi poly-
nomials. Let p(x) € P,,. Then p(x) can be expressed by p(x) = lekswl b G (x).

In this paper, we develop some new methods to obtain some new identities and proper-
ties of Genocchi polynomials which are derived from the Genocchi basis.

2 Genocchi basis and some identities of Genocchi polynomials
Let us take p(x) € P,. Then p(x) can be expressed as a Q-linear combination of Gj(x),
Gy(x),...,G,1(x) as follows:

P& = Y BiGi(x) = BiGi(x) + baGa() + -+ + by Gt (). (10)

1<k<n+l

Now, let us define the operator A by

Ap(x) = p(x +1) + p(). (11)

Then, by (10) and (11), we set

gW)=2p) = Y bi(Gelx +1) + Gi(w)). (12)

1<k<n+1

From (1), we note that

oo

t" 2t 2t
D {Gux+ 1) + Gulw)} = = e 4 e, (13)
— n e+1 el +1
By (2), (3) and (13), we get
+ 1 n+
Gunx +1) + G (%) oy (14)
n+1
From (12) and (14), we get
g =Ap)=2 Y kbux*. (15)

1<k<n+1
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For r € N, let us take the rth derivative of g(x) in (15) as follows:

dr
") = % =2 > k(k=1) (k=1-r+ Dbt (16)
x 1<k<n+1
Thus, by (16), we get
0= 280 o i1 7)
x=0

From (11) and (17), we have

P70+ P70}, (18)

where p?)(a) = 222,

Therefore, by (10) and (18), we obtain the following theorem.

Theorem 1 For n e N, let p(x) € P, with p(x) = 1 ;.1 bxGi(%).
Then we have

1

be= 5

(PP +p*0(0)).

Let us assume that p(x) = B,(x). Then by Theorem 1, we get

Bux)= Y biGilx), (19)
1<k<n+l
where
by = i{p(k’l)(l) +p*(0)} = i(?1)/<_1{Bn-1<+1(1) + Bk }. (20)
2k! 2k!

From (6) and (20), we have

1 n+1
by = —— Sn 2B, k1) 21
k 2(n+1)( X ){ i+ K1} (21)

By (19) and (21), we get

Bw=— Y (”;1>Bn_k+lsk(x)+%(1+231)Gn(x>+2#26m<x)

n+l, —~ (n+1)
1 (n + 1) 1
= Z Bk Gi(x) + —— G (%). (22)
n+1 <o k n+1

Therefore, by (22), we obtain the following theorem.

Theorem 2 For n € N, we have

1 n+1 1
Byx) = — 37 ( N )Bn_mGk(meGm(x).

1<k<n-1
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In particular, if we take p(x) = E,(x) € P, then we have

Ex)= Y biGxlw), (23)
1<k<n+1
where
b=~ {p*DQ) + pED(0)) = —— (W {Ensenr @) + Engt). (24)
2k! 2k!

By (8) and (24), we get

- — + —
k 2( 1) k n-k+1,0 n—-k+1 n—k+1

_ 1 [(n+1 5 (25)
Tu+l\ k bk

From (23) and (25), we have

1
En (x) = Gn+1(x)'
n+l

Let us take p(x) € P, with

p@) =Y Bi(®)Byi(®). (26)

0<k<n

Then we have

d n n-1
Zif) =pV () = ; kBi_1 (%) Byi_x (x) + ;m — K)Bi(x)B,_1 1 (%)
=(n+1))_ Bia®)Byi(),
k=1
2 n
T _ o) = (0 1Y BicaleBi).

k=2

Continuing this process, we get

k n
d;;(kx) =pP@) =m+n---n+1-k+1) ZBlfk(x)Bn,,(x)
I=k
_ (n+1) "
= m 2 Bl—k(?C)Bn_l(x). (27)
From (27), we have
P(k—1>(1) = % Z Bi-x(1)B,_;(1). 08)

I=k-1
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By (6), we get

Bi-x(1)By,—i(1) = (8r11-k1 + Bri1—i)(85—11 + Bu-1)

= {8k n-1 + By + By + Bro1i-xBu-i}. (29)

From (28) and (29), we have

_ (n+1)
PP = T2 |t + 2Bkt > BuakBuiy. (30)
n+2—K): kel<i<n

By Theorem 1, p(x) = ZOS,(SH Bj(x)B,,_(x) can be expressed by

p@= Y bx)Gi(x), (31)

1<k<n+l
where
b = {p%0(1) + p*(0))
k=S p p
(n+1)!
=—— 7 L, 1 +2B,x+2 Y BuiiBuit. 2

2/(!(n+2_k)![5k, 1+2B, ¢ + Z 11k 1} (32)

I=k-1

Thus, by (31) and (32), we get

n(n+1) 1/n+1
plx) = TGn—l(x) + 1<;+1 X <k B I)Bn-ka(x)

> %(Zj) D Bir-iBuiGi(x). )

1<k<n+1 I=k-1
Therefore, by (31) and (33), we obtain the following theorem.

Theorem 3 For n € N, we have

S BB = 6, e 3 %(H+I)B,,_ka(x)
k=0

12 1<k<n+l k-1
1/n+1
+ Z < Z X <k _ I)BHl—an—l) Gi(x).
1<k<n+l “k-1<I<n
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