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Abstract

We estimate | Arg{p(2)}| for functions of the form p(z) =1 + g,z + a2+ a2 +---in
the unit disc D = {z: |z] < 1} under several assumptions. By using Nunokawa's lemma,
we improve a few of Mocanu’s results obtained by differential subordinations. Some
applications for strongly starlikeness and convexity are formulated.
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1 Introduction
Let H be the class of functions analytic in the unit disk D = {z € C : || < 1}, and denote
by A the class of analytic functions in D and usually normalized, i.e., A = {f € H :£(0) =
0,1'(0) =1}.

Let SS§*(B) denote the class of strongly starlike functions of order 8,0 < 8 <1,

zf'(2)
f(2)

SS*(B) := {fe A: ‘Arg

< ﬂ—n,ze ]D},
2

which was introduced in [1] and [2]. We say that f € A is in the class SC*(B) of strongly
convex functions of order 8 when zf'(z) € SS§*(B8). We say that f € H is subordinate to
g € H in the unit disc D, written f < g if and only if there exists an analytic function w €
‘H such that w(0) = 0, |[w(z)| <1 and f(z) = g[w(z)] for z € D C g(D). In particular, if g is
univalent in D then the subordination principle says that f < g if and only if f(0) = g(0)
and f(|z| <r) € g(|z| < r) for all r € (0,1).

2 Main result

In this section, we investigate conditions, under which a function f € A is strongly star-
like or strongly convex. We also estimate | Arg{p(z)}| for functions of the form p(z) =
1+ a1z + axz* + azz® + - - in the unit disc D, under several assumptions, and then we use
this estimation for the case p(z) = zf'(z)/f (z). By using Nunokawa’s lemma [3], we improve
a few Mocanu’s [4, 5] results obtained by differential subordinations. Some sufficient con-
ditions for functions to be in several subclasses of strongly starlike functions can also be
found in the recent papers [6] and [7-11].

Theorem 2.1 Letf(z) =z + Y ., a,z" be analytic in the unit disc D. If

[Arg{f'(2)}] < - ~ 10076658, z<D, (2.1)
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wherea =1/(1 + B) =1/(2 — (log4)/7) =~ 0.641548, B8 =1 - (log4)/7m ~ 0.5587, then

zf'(2) b
‘Arg: o) H<§, zeD, (2.2)

or f is starlike in D.

Proof By (2.1), we have

, 1/a 1+z
{f')} <1 zeD.

Let z = pe?, p € [0,1), 6 € (=7, 7]. The function w(z) = (1 + 2)/(1 - z) is univalent in D and
maps |z| < p < 1 onto the open disc D(C, R) with the center C = (1 + p2)/(1 — p?) and the
radius R = (2p)/(1 — p2). Then by the subordination principle under univalent function,

{f’(xeie)}l/a € D(C,R) forallx€[0,p),0 € (-m,n]. (2.3)

A simple geometric observation yields to

|Arg{(f’(pei9))1/a}| <sin™ g =sin! % forall p € [0,1),6 € (—-m,7]. (2.4)

Therefore, applying the same idea as [3, pp.1292-1293] for z = re?, r € [0,1), 6 € (-7, 7],

we have

2] s 1]
< [ lavelr (oe") 2o
o [ Jasel ()" 0o

2
foe/ sin”! 'Ozd,o
0 L+p

.1 2p
= a{psm 11+,02 —10g(1+p2)}

p=r

p=0

The function
h(r) = rsin™! 2 - log(l + r2) re[0,1)
1+ 72 ’ ’

is increasing because /'(r) = sin "} {2r/(1 + r*)} > 0. Now, letting » — 1~, we obtain

)

z

log 4
<a(r/2-log2) = ?{1—&}
T

T
= —af, e D.
20{,3 z
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Using this and (2.1), we obtain

o T || = st e 22
(0% A 1
< 5 + Eaﬂ
a(l+ B)m
T2
= %, zeD

It completes the proof. d

Remark 2.2 Theorem 2.1 is an improvement of Mocanu’s result in [4].
Theorem 2.3 Let p(z) =1+ Y .-, a,z" be analytic in the unit disc D. If

Rep(z) +2p'(2)} >0, zeD, (2.5)
then

[Arg{p(@)}| < 5 ~log2 = 0877649 ..., zeD. (2.6)
Proof By (2.5), we have

p(2) +zp'(z) < i—i, zeD. 2.7)
Let z= pe?, p € [0,1), € (-, 7). The subordination principle used for (2.7) gives

p(xem) + xeiep/(xew) - ii/pjz < 1 %/;2 forallx € [0, 0),0 € (-7, x]. (2.8)
A simple geometric observation yields to

|Arg{p(pei9) + ,oe’vp/(,oeie)H <sin™ I 42-[,)02 forall p € [0,1),6 € (-7, 7]. (2.9)
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Therefore, for z = re??, r € [0,1), 0 € (-7, 7], we have

|Arg{p(z)}| = |Arg %(Z)H

sl & (tp(t))’dtH

z

_|arg Jop@) +tp/ (1) dt } ‘

z

= |Arg

Jo @(pe?) + pe?p(pe))e dp } ‘
reif?

= |Arg /0 (P(pe”)+pe"9p’(pe"9))dp}—Arg{r}
< /O |Arg{p(pe”) + pe’p/ (pe”) | dp.

Therefore, by using (2.9), we have

2p
1+ p?

|Arg{p(z)}| <a«a /Or sin! dp

.1 2p
= a{psm 1W—log(1+,02)}

. 2p
< a{psm 11+—2 —log(1+p2)}
p p=0

- % —log2 = 0.8776491464..., zeD.

It leads to the desired conclusion. O

Remark 2.4 Theorem 2.3 is an improvement of Mocanu’s result in [5], where instead of
Yo =75 —log2 =0.8776491464... is

2 .
6, = max{@ : ‘Arg{ — log(1+¢") - 1} H =0.91106219....
el

Substituting p(z) = f(2)/z, f € A, in Theorem 2.3 leads to the following corollary.
Corollary 2.5 Iff € A and it satisfies
%e{f’(z)} >0, zeD,
then

)

Substituting p(z) = zf'(z)/f(z), f € A, in Theorem 2.3 gives the following corollary.

<g—log2=0.877649..., zeD.
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Corollary 2.6 Iff € A and it satisfies

, 1 / 2
(o) () b oo

/@ /(@) f@
then
'@ 7 ~
‘Arg{ e H < 5 —log2=0.877649..., zecD.

This means that f is strongly starlike of order 1 — (log4)/m = 0.558728799....
Substituting p(z) = 1 + zf"(2)/f'(2), f € A, in Theorem 2.3 gives the following corollary.

Corollary 2.7 Iff € A and it satisfies

Zf”(Z) me(Z)> ~ <Zf”(2)>2}
ﬁie{l + Q) (2 + V2E) 7@ >0, zeD,

then

Arg 1+M <£—log2=0.877649..., zeD.
1) 2

This means that f is strongly convex of order 1 — (log4)/m = 0.558728799....

Theorem 2.8 Letf(z) =z + Y .., a,z" be analytic in the unit disc D, and suppose that
If'(2) -1 <1, zeD. (2.10)

Then we have

ol 1)

e <(@+r)sintr+v1-r2-1, (2.11)

where r = |z| < 1, and, therefore, we have

%{ zf'(2)

Ie) } >0 forlz| <y, (2.12)

where 0.902 < ry < 0.903 is the positive root of the equation

71’”_71—2(\/1—;”2—1)

21 +7) 2.13)

sin

Proof From (2.10), we have f’(z) < 1 + z, so the subordination principle gives

|Arg{f'(2)}| <sin'|zl, zeD (2.14)
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and for z = re®,

2ol v
s i)
< [ el (oe)) a0

p
</ sin”! pdp.
0

Then we have
r
/ sin? pdp =rsintr+V1-r2-1.
0

Therefore, and from (2.14), we have

zf'(2)
e T3
< |Arg{f’(z)}| + Arg{f(TZ)H

<sintr+rsintr+v1-r2-1, |z|=r<1
The function

Gr)=QQ+r)sintr+v1-r2-1

r
=sin"lr+ / sin! pdp
0

increases in [0,1] as the sum of two increasing functions. Moreover, G(0) =0, G(1) = 7 -1,

and it satisfies
G(0.902) =1.57030...< % =1.5707963...< G(0.903) =1.573753.....

Therefore, the equation (2.13) has the solution ry, 0.902 < ry < 0.903, and

me{ gl } >0 for |z] < rp ~ 0.903.
/@)
This completes the proof. d

Theorem 2.9 Letf(z) =z + Y .., a,z" be analytic in the unit disc D, and suppose that

If(@) -1 <a, zeD, (2.15)
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with a € (0,2/+/5). Then f is strongly starlike of order B, where B € (0,1] is the positive root
of the equation

sinl{aJl—a2/4+ %Jl—aZ} = % (2.16)

Proof We have f'(z) < 1+ az. Applying the result from [4, p.118] we have also that f(z)/z <
1+ az/2 in D. This shows that

’Arg{f’(z)}‘ <sinlalz|, zeD, (2.17)
and

’Arg{@ ” <sin™ %, zeD. (2.18)

Therefore, using (2.17) and (2.18), we have

f'(2)
e T |
< ‘Arg{f’(z)}‘ + Arg{@”

. .o
< sin 1oz+sm1§, zeD.

For « € (0,2/+/5], we have @? + («/2)* < 1, so we can use the formula

o o
sin"' o + sin™! 0 = sin'l{ot«/l —a?/4 + Ex/l —az}.

The function

H(x) = Sin‘l{am+ %«/1_0(2}

1 1

. .q o
=sin" o +sin —
2

increases in the segment [0,2/+/5] as the sum of two increasing functions. Moreover,

H(0) = 0, H(2/+/5) = /2, so the equation (2.16) has in (0,1] the solution 8. This com-
pletes the proof. O

Putting o = 2/+/5, we get f = 1 and Theorem 2.15 becomes the result from [4, p.118]:
[If'(2)-1| < 2//5,z € D] = [Relz(2)/f(2)} >0,z€D].

Theorem 2.10 Let p(z) =1+ Y .-, ¢,2" be analytic in the unit disc D, and suppose that

pr)”«an‘1 dB)sin@+ p)/2) 7B o (19)
p(2)

Arg{p (Z)w( T+ ad(B)cos((L+ pn/2) 2
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wherea <0,0< B <1, and

CB((1-B\TT 1=\ sin(z8/2)
5('3)_5((1+ﬂ> +<1+ﬂ) ) and el > =gy

Then Arg{p(z)} < ’37” inD.

Proof Suppose that there exists a point zo € D such that
np
|Arg{p(@)}| < - for |2l < |zo| (2.20)
and

Arelpten)| = 7,

then by Nunokawa’s lemma [12], we have

{P(Zo)}l/ﬂ =4ia, a>0 and Zop'(20) = ikB,
p(z0)
where
1 1 B
k> E(ﬂ + ;) when Arg{p(z0)} = -
and
1 1 B
k< -5 (a + ;) when Arg{p(zo)} =
moreover,
ﬂk
—5 2 8(B). (2.21)
a
For the case Arg{p(zy)} = %, we have from (2.21),

Arg{P(Zo) +o (ZZZ(;)) } = Arg{p(z0)} + Arg{l + a(;{((ZZSD }

_TB, Argil+ M@’m(“ﬁ)/2
2 ab

S )
1+ |al8(B)cos E 1*‘” 2

This contradicts (2.19), and for the case Arg{p(zo)} = —%, applying the same method as

above, we have

zp/(zw)} { _1< |t|8(B) sin ZE2 ) ﬂﬂ}
A —t.
rg{P(Zo) + ot( () > {tan L+ Jal8(8) cos (1+ﬂ) 5

This contradicts also (2.19), and, therefore, it completes the proof. g
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Theorem 2.11 Let p(z) =1+ Y .-, c,z" be analytic in the unit disc D, and suppose that

elpa o3|
p(2)

T 2, lalé(B)sin((1 - B)m/2)
<3 {’3 e 1+Ia|8(ﬁ)cos((l—ﬁ)n/2)} forzeD, 222

where 0 <o, 0< 8 <1, and

B+1 B-1 .
S(ﬁ):é((l_ﬂ> +(1"3) ) and o> STAI2)
2\\1+58 1+ 8(B)

Then Arg{p(z)} < % inD.

Proof The proof runs as the previous proof, take & > 0 into account. Suppose that there

exists a point zg € D such that

|Arg{p(2)}| < % for |z < |zol (2.23)
and

Arelpte)| = 7,

then by Nunokawa’s lemma [12], we have for the case Arg{p(zo)} = %,
/ /
Arg{p(zo) o (M) } = Arg{P(Zo)} + Arg{l + a(zlz (ZO)> }
#lea) P (e0)
7, Argil+ R jixspr2
2 ab

B 1< jr|8(B) sin Z52) )ﬂﬂ
— + tan 7 (4P) .
1+ |a|8(B)cos T2 ) 2

IA

2

This contradicts (2.22), and for the case Arg{p(zo)} = —%, applying the same method as

above, we have

/ s 1+f5)

Arg{p(ZO) +a<Zp (zO)>} - _{@ +tan1( jr|3(B) sin ™ x )@}'
p(ZO) 2 1+|a|8(ﬂ)COS +ﬂ) 2

This contradicts also (2.22), and, therefore, it completes the proof. 0
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