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1 Introduction and preliminaries
Let E be a real Banach space. Let Ur = {x € E: ||x|| = 1} be the unit sphere of E. E is said

to be smooth iff lim;_, ¢ lertyli=lizl

exists for each x,y € Ug. It is also said to be uniformly
smooth iff the above limit is attained uniformly for x, y € UE. E is said to be strictly convex
iff || % | <1forallx,y € Ewith |x|| = |yl =1and x #y. It is said to be uniformly convex iff
lim,, o ||%, — ¥l = O for any two sequences {x,} and {y,} in E such that ||x,| = |ly,|| =1
and lim,,_, o || Z52 || = 1.

Recall that the normalized duality mapping J from E to 2£” is defined by

Je={f* e Bl f*) = el = |7},

where (-,-) denotes the generalized duality pairing. It is well known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E. It is
also well known that E is (uniformly) smooth if and only if E* is (uniformly) convex.

In what follows, we use — and — to stand for the weak and strong convergence, re-
spectively. Recall that E enjoys the Kadec-Klee property iff for any sequence {x,} C E, and
x € E with x,, — x, and ||, || — ||x||, then ||x, — x| — 0 as n — o0. It is well known that if
E is a uniformly convex Banach space, then E enjoys the Kadec-Klee property.

Let E be a smooth Banach space. Consider the functional defined by

¢(0,y) = % = 2x.Jy) + 71> Vx,y € E.

Observe that, in a Hilbert space H, the equality is reduced to ¢(x,7) = |x—y||%, %,y € H. As
we all know, if C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C
is the metric projection of H onto C, then Pc is nonexpansive. This fact actually charac-
terizes Hilbert spaces and, consequently, it is not available in more general Banach spaces.
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In this connection, Alber [1] recently introduced a generalized projection operator I1¢ in
a Banach space E, which is an analogue of the metric projection P¢ in Hilbert spaces. Re-
call that the generalized projection Il¢ : E — C is a map that assigns to an arbitrary point
x € E the minimum point of the functional ¢(x, y), that is, ITcx = X, where x is the solution
to the minimization problem ¢(x,x) = min,<c ¢(y,). Existence and uniqueness of the op-
erator I1¢ follows from the properties of the functional ¢(x,y) and strict monotonicity of
the mapping /. If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) = 0
if and only if x = y; for more details, see [1] and the references therein. In Hilbert spaces,
[1¢c = Pc. It is obvious from the definition of a function ¢ that

ox,y) =, 2) + dlz,y) + 2{x —2z,Jz - Jy), Vx,y,z€E, (1.1)

and

(el = 1y1)* < ¢(x9) < (Iyll + Ix1)?,  Vay € E. 1.2)

Let C be a nonempty subset of E, and let T : C — C be a mapping. In this paper, we
use F(T) to stand for the fixed point set of T. T is said to be closed iff for any sequence
{x,} C C such that lim,_, . %, = xo and lim,_, o Tx, = yo, then Txo = yo. T is said to be
asymptotically regular on C iff for any bounded subset K of C,

limsup{ | 7""x - T"x| : x € K} = 0.
n—o0

Recall that a point p in C is said to be an asymptotic fixed point of T iff C contains a
sequence {x,} which converges weakly to p such that lim,_,  [lx, — Tx,|| = 0. The set of
asymptotic fixed points of T will be denoted by F(T). T is said to be relatively nonexpan-
sive iff

E(T)=F(T)#%, ¢ Tx) <d(p,x), VxeC,VpeF(T).
T is said to be relatively asymptotically nonexpansive iff

E(T) = E(T) #, o(p, T"x) < 1+ w)dp(p,x), Vxe C,VpeF(T),Vn=1,
where {u,} C [0,00) is a sequence such that i, — 0 as n — 0.

Remark 1.1 The class of relatively asymptotically nonexpansive mappings which is an ex-
tension of the class of relatively nonexpansive mappings was first considered in [2] and [3].

Recall that T is said to be quasi-¢-nonexpansive iff
F(T)#09, o, Ix) < p(p,x), VxeC,VpeF(T).

Recall that T is said to be asymptotically quasi-¢-nonexpansive iff there exists a se-
quence {u,} C [0,00) with p, — 0 as n — oo such that

F(T) #4¢, qb(p, T”x) <A+pundpx), YxeCVpeF(T),Vn=>1.
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Remark 1.2 The class of asymptotically quasi-¢-nonexpansive mappings, which is an
extension of the class of quasi-¢-nonexpansive mappings, was considered in [4, 5]; see
also [6].

Remark 1.3 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are more general than the class of relatively nonexpan-
sive mappings and the class of relatively asymptotically nonexpansive mappings. Quasi-
¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive mappings do not re-
quire the restriction F(T) = F (T).

Remark 1.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive
mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.

Recall that T is said to be generalized asymptotically quasi-¢-nonexpansive iff F(T) # @,
and there exist two nonnegative sequences {u,} C [0, 00) with u, — 0, and {§,} C [0, c0)
with &, — 0 as # — oo such that

d)(p, T”x) <A+ unop,x)+&, VxeCNVNpeF(T),Vn=>1.

Remark 1.5 The class of generalized asymptotically quasi-¢-nonexpansive mappings [7]
is a generalization of the class of generalized asymptotically quasi-nonexpansive mappings

in the framework of Banach spaces which was introduced by Agarwal et al. [8].

Let F be a bifunction from C x C to R, where R denotes the set of real numbers. Recall
the following equilibrium problem. Find p € C such that F(p,y) > 0, Vy € C. We use EP(F)
to denote the solution set of the equilibrium problem. Given a mapping Q : C — E*, let

F(x,y) = (Qx,y—x), Vx,y€eC.

Then p € EP(F) if and only if p is a solution of the following variational inequality. Find p
such that

(Qp,y-p) =0, VyeC.

Numerous problems in physics, optimization and economics reduce to finding a solu-
tion of the equilibrium problem; see [9-36] and the related references therein. In [25],
Kim studied a sequence {x,} which is generated in the following manner:

%o € E, chosen arbitrarily,

G =C,

x1 = I %o,

Y =T Hanfxn + (1= )] T"x,),

uy € C such that F(u,,y) + %(y— Up, Juby — Jyn) >0, VyeC,
Cun ={z € Cy: (2, up) < ¢(2,%4) + (ky — 1M},

Xntl = HC,H.le;
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where M,, = sup{¢(z,x,) : z € F} for each n > 1, {«,} is a real sequence in [0,1], {r,} is a
real sequence in [a, 00), where a is some positive real number. In a uniformly smooth and
strictly convex Banach space, which also enjoys the Kadec-Klee property, the author ob-
tained a strong convergence theorem; for more details, see [25] and the references therein.

In this paper, motivated by the above result, we consider the projection algorithm for
treating solutions of the equilibrium problem and fixed points of generalized asymptoti-
cally quasi-¢-nonexpansive mappings. A strong convergence theorem is established in a
Banach space. The results presented this paper mainly improve the corresponding results
announced in Qin Cho and Kang [5] and Kim [25].

In order to prove our main results, we need the following lemmas.
Lemma 1.6 [36] Let E be a smooth and uniformly convex Banach space, and let r > 0.

Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such
that g(0) = 0 and

Jx+ (- £)y]” < elal® + @ = Dllyl? - £ - g (llx - 1)
forallx,ye B, ={xe€E:|x|| <r}andtel0,1].

Lemma 1.7 [1] Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then x¢ = Icx if and only if

(xo —y,Jx —Jxg) >0 VyeC.

Lemma 1.8 [1] Let E be a reflexive, strictly convex and smooth Banach space, let C be a

nonempty closed convex subset of E and x € E. Then

¢y, Mcx) + ¢(Mcx, x) < d(y,x) VyeC.

Lemma 1.9 [5,22] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let r > 0 and
x € E. Then there exists z € C such that F(z,y) + %(y —z,Jz - Jx) > 0, Vy € C. Define a
mapping T, : E — C by

Srx = {zeC:f(z,y)+ %(y—z,]z—]x),VyeC}.

Then the following conclusions hold:
(1) S, is a single-valued firmly nonexpansive-type mapping, i.e., for all x,y € E,

(Srx = Sy, JSyx = JSry) < (Sx = Sy, Jx = Jy);
(2) F(S,) = EP(F) is closed and convex;

(3) S, is quasi-¢-nonexpansive;
(4) ¢(q,Srx) + d(S,x,x) < ¢(g,x), Vg € F(S,).
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Lemma 1.10 [7] Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let
T : C — C be a generalized asymptotically quasi-¢p-nonexpansive mapping. Then F(T) is
closed and convex.

2 Main results

Theorem 2.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let
A bean index set. Let F; be a bifunction from C x C to R satisfying (A1)-(A4) foreveryi e A.
Let T : C — C be a generalized asymptotically quasi-¢-nonexpansive mapping. Assume
that T is closed asymptotically regular on C and Q := F(T) N[ ;oo EF(F;) is nonempty and
bounded. Let {x,} be a sequence generated in the following manner:

xo € E, chosen arbitrarily,

Cl,i = C,
C1=Niea Cuiv
X1 = Hcle’

Y =T Ny + (1= a,)JT"x,),

i € C such that Fi(uy,y) + 7=y = i Juni = Jya) =2 0, Vy€C,
Cuini ={z € Cy: Pz, up) < ¢(2»xn) + My + &4},

Curt =Nica Cusris

KXnl = HC,,H X0,

where M,, = sup{¢(z,x,) : z € Q}, {a,} is a real number sequence in (0,1) such that
liminf,_, o a,(1 — ) >0, {r,;} is a real number sequence in [a;, 00), where {a;} is a positive
real number sequence. Then the sequence {x,} converges strongly to Tlgx,, where Ilg, is the
generalized projection from E onto Q2.

Proof In view of Lemmas 1.9 and 1.10, we find that the common solution set 2 is closed
and convex. Next, we show that C,, is closed and convex. It suffices to show, for any fixed
but arbitrary i € A, that C,,; is closed and convex. This can be proved by induction on #.
It is obvious that C;; = C is closed and convex. Assume that C;; is closed and convex for
some j > 1. We next prove that C;,,; is closed and convex for the same j. This completes
the proof that C, is closed and convex. It is clear that C,,; is closed. We only prove the
convexity. Indeed, Va, b € Cj,,;, we see that a,b € C;;, and

dla,uj;) < dla, %) + wiM; + &,
and
d(b,u;) < d(b,x) + WM +&;.

Notice that the two inequalities above are equivalent to the following inequalities, respec-
tively:

2(a, Jxy = Juii) < llail|* = llwgill* + iy + &,
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and
2(b, Ja; = Juyi) < ll%11> = llogiill® + oM + &
These imply that
2ta + (1 - )b, Jogj — Juy,) < |loil|* = Nl |* + ;M + &, Ve € (0,1).

Since C;; is convex, we see that ta + (1 — t)b € C;;. Notice that the above inequality is

equivalent to
¢(m + (1 -1t)b, uj,i) < ¢(m +(1- t)b,xj) + M + &

This proves that Cj,1,; is convex. This completes that C, is closed and convex.
Next, we prove that Q@ C C,. It suffices to claim that Q@ C C,,; for every i € A. Note that
Q C Cy,; = C. Suppose that Q2 C C;; for some j and for every i € A. Then, for Vw € Q C C;,

we have

d(w, u;,)

= oW, Sy, 7))

= p(w.) (e + (L - )] T'x;))

= [wl)* = 2(w, epf; + (1 — o) T'x;)
+ oy + (1 - ) Tl |

< Wl = 20 (w, Jy) = 2(1 = o)) (w, T 5;) + o1
- (- a) | T

= ap(w, %)) + (1 - o) (w, T'x;)

<ap(w,x) + (1 — o)1 + pu)d(w, %) + &1 - o))

< ¢(w,x) + wip(w,x;) + &

< ow,x) + wiM; +§.

This shows that w € Cj,1;. This implies that Q C C, for every n > 1.
On the other hand, it follows from Lemma 1.8 that

@ (x> %0) = (T, %0, %0) < P(W,x0) — p(W, %) < (W, x0), YweQCC,.
This shows that the sequence ¢(x,,xo) is bounded. In view of (1.2), we see that the se-

quence {x,} is also bounded. Since the space is reflexive, we may, without loss of generality,
assume that x, — p € C,,. Note that ¢(x,,x0) < ¢(p,x0). It follows that

¢(p,x0) < liminf $(x,,x0) < limsup ¢(x, %0) < ¢ (p,x0).

n—00
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This implies that

nlin;o ¢(xn’x0) = ¢(prx0)~

Hence, we have |x,|| — ||p|| as n — oco. In view of the Kadec-Klee property of E, we obtain
that x, > p as n — oo.

Next, we show that p € F(T). By the construction of C,, we have that C,,; C C, and
%pe1 = ¢, %0 € C,. It follows that

¢(xn+1:xn) = ¢(xn+1: chx())
< @(xpi1,%0) — d(Ic,%0,%0)

= ¢(xn+l: xO) - (]5(36,,,960).

Letting n — oo, we obtain that ¢(x,.1,%,) — 0. In view of x,,,1 € C,41, we see that

¢(xn+1: un,i) S ¢(xn+1:xn) + /’LnMn + én

It follows that
lim ¢(xn+lr un,i) =0.
n—0oQ

From (1.2), we see that lim, . ||, || = ||pll. It follows that lim,,_ « [|Ju,;|| = |Jpll. This
implies that {Ju,,;} is bounded. Note that E is reflexive and E* is also reflexive. We may
assume that Ju,; — x™ € E*. In view of the reflexivity of E, we see that J(E) = E*. This
shows that there exists an &' € E such that Jx' = x*. It follows that

2 2
O Xni1, un,i) = % ll” = 200051, Jutn) + Nl nl

= et = 2001, Jtn) + .
Taking liminf,_, o on the both sides of the equality above yields that

0= Ipl2 - 2(p,x") + [#~]
= Ipll? - 2{p, Jaf) + | ']
= Il = 2(p. ') + [
= ¢(p,").
That is, p = x/, which in turn implies that x* = Jp. It follows that Ju,; — Jp € E*. Since
E* enjoys the Kadec-Klee property, we obtain that Ju,; — Jp — 0 as n — o0o. Note that

J7': E* — E is demi-continuous. It follows that u,; — p. Since E enjoys the Kadec-Klee

property, we obtain that u,,; — p as n — oco. Note that

% = tnill < N2 =PIl + |2 — sl

Page 7 of 14
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It follows that
lim ||x, — ;] = 0. (2.1)
n— 00

Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||, — Jutn,i|| = 0. (22)
n— 00

Let r = sup,.o{ 1%l | T"x,I}. Since E is uniformly smooth, we know that £* is uniformly
convex. In view of Lemma 1.6, we see that

¢(w, )
=W, Sy, Vn)
= (w,J " (afn + 1 — )] T"x,))
= [wll* = 2(w, oy + (1 = )] T" %)
+ o + (= @) T,
< WI* = 200 {w, Jon) = 2(1 = ) (w, JT" %) + atl |1
+ (1= )| 7% |* = 01 = @)g(|Jn = JT"x])
= 2, (W, ) + (1 — ) (w, T"%,) — s (1 — )@ (| Jtn =TT )
< audw,x,) + (1= at) (1 + )P, x) + (1 - 1)
— (L= a,)g(|[Jen =TT x4 )
< O, x) + Ln®(Ws Xn) + En — 0tu(L = ct)g (| Jo6n = JT" %))
< GW, ) + nMy + Ey — an(1 = a,)g (| =TT, ).

It follows that
an(l - an)g(H]xn _]Tnxn ”) S ¢(van) - ¢(Wr Mn,i) + /LnMn + En'

Notice that

oW, x,) — P(w, Mn,i) = ||xn”2 - ”Mn,i”2 = 2w, Jxx,, — ;)

< 1 = sl (16l + Netn, ) + 20w s = Jotni -

It follows from (2.1) and (2.2) that ¢(w,x,) — ¢(W,u,;) — 0 as n — oo. In view of
liminf,_, o a,(1 — a,) > 0, we see that lim,_, o g(|/x, — JT"x,]||) = 0. It follows from the

property of g that
lim ||Jx, = JT"%,| = 0. (2.3)
n—00

Since x,, — p as n — oo and J : E — E* is demi-continuous, we obtain that Jx, — Jp € E*.
Note that

[ ll = I = [ll%all = 2| < 1% = pII.

Page 8 of 14
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This implies that || Jx,|| — ||/p|| as n — oo. Since E* enjoys the Kadec-Klee property, we
see that

lim ||Jx, —Jpll = 0. (2.4)
n—00

Notice that
17T %0 = Jp|| < |JT" %0 = Jtn || + 1J%n = JpII.

It follows from (2.3) and (2.4) that
lim |JT"x, - Jp| = 0. (2.5)
n— o0

Note that /™! : E* — E is demi-continuous. It follows that 7"x, — p. On the other hand,

we have
| 7% = pll| = [ T"% | = Wl | < VT Jp|.

In view of (2.5), we obtain that || 7"x,|| — ||p|l as # — oo. Since E enjoys the Kadec-Klee

property, we obtain that

lim || 7", - p|| = 0. (2.6)
Note that

|70 = p | < | 7" = T + | 770 = p .
It follows from the asymptotic regularity of T and (2.6) that

lim || T, —p|| =0.

n—00

That is, TT"x,, — p — 0 as n — o0. It follows from the closedness of T that Tp = p.
Next, we show that p € (),., EF(F;). Notice that ¢(w,y,,) < ¢(W, %) + £uM, +&,. In view
of u,; = S,,;yn, we find from Lemma 1.8 that

& (Wnis ) = ¢(Srn,iymyn)
= ¢(W:yn) - ¢(w, Srn,,'yn)
< ¢pw,x,) — p(w, Srn,iyn) + My + &,

= ¢(W7xn) - ¢(W’ Mn,i) + /LnMn + En'
This in turn implies that
lim ¢(uy;,y,) = 0.
n— 00

It follows from (1.2) that ||u,;|| — ||ly.|| = 0 as n — oo. In view of u,; — p as n — 0o, we
arrive at lim,_, o ||y, || = ||pll- It follows that lim,,_,  ||/y.|| = |l/p|l. Since E* is reflexive, we
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may assume that Jy, — f* € E*. In view of J(E) = E*, we see that there exists f € E such
that Jf = f*. It follows that

B (ttnis Yn) = et l1* = 2tio Jyn) + Wyl
Taking liminf,_,» on the both sides of the equality above yields that
0= 1Pl = 2{pf ) + I
= lpI? =20 + 11

= lpl* = 2{p.Jf) + If1I?
= (p.f).

That is, p = f, which in turn implies that f* = Jp. It follows that Jy, — Jp € E*. Since E* en-
joys the Kadec-Klee property, we obtain that Jy, —Jp — 0 as n — oo. Note that /™' : E* — E
is demi-continuous. It follows that y,, — p. Since E enjoys the Kadec-Klee property, we ob-
tain that y, — p as n — 00. Notice that ||u,,; — y,|| < ||t — pll + |p — yull. It follows that

lim {2y, — yull = 0.
H—0Q
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim [|/uyi = Jynll = O.
Hn—0Q

From the assumption r,,; > a;, we see that

hrn ”]un,i_]yn” _

n— 00 Vi

0.

Notice that

1
Fi(tniry) + — 0 — Ui Juni = Jyn) =20, VyeC.

n,i

It follows from condition (A2) that

”]Mn,i _] n” 1
R IR  y i Jtmi ~ Jy) = Fir i), My € C.

i Tn,i

lly = sl

By taking the limit as # — oo in the above inequality, from condition (A4) we obtain that

Fi(y,p) <0, Vye C.

For 0 <t;<1land y € C, define y,, = t;y + (1 — t;)p. It follows that y,; € C, which yields that
Fi(yi,p) < 0. It follows from conditions (A1) and (A4) that

0 = Fi(eisyei) < tiFieiny) + 1= ) Fi(yi p) < tiFi(eir 9).

Page 10 of 14
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That is,
Fi(yt,iry) Z 0.
Letting ¢; | 0, we find from condition (A3) that Fi(p,y) > 0, Vy € C. This implies that

p € EP(F;). This completes the proof that p € Q.

Finally, we prove that p = [1gxo. From x,, = I1¢, %o, we see that
(% —z,Jx0 — Jx,) >0, VzeC,
In view of Q C C,, we find that
(%n — w, Jxg — Jx,) > 0, Vwe Q.
Letting n — oo in the above inequality, we see that
(p—-w,Jxo—Jp) >0, VweQ.
In view of Lemma 1.7, we can obtain that p = ITgxo. This completes the proof. g

If T is asymptotically quasi-¢-nonexpansive, then we find from Theorem 2.1 the follow-
ing result.

Corollary 2.2 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let
A be an index set. Let F; be a bifunction from C x C to R satisfying (Al)-(A4) for every
i€ A.Let T: C — C be an asymptotically quasi-p-nonexpansive mapping. Assume that
T is closed asymptotically regular on C and 2 := F(T) N (\;cp EF(F;) is nonempty and
bounded. Let {x,} be a sequence generated in the following manner:

xo € E, chosen arbitrarily,

Cl,i = C,
Cl = mieA Cl,i’
X1 = Hcle’

Y =T s + A= ,)JT"x,),

i € C such that Fi(uy,y) + 7=y = i Juni = Jya) = 0, ¥y €C,
Curi={z€Cyh:dlz uyy) < ¢(2,xn) + M,

Cunt =Nica Cusris

KXnl = HC,,H X0,

where M,, = sup{¢(z,x,) : z € Q}, {a,} is a real number sequence in (0,1) such that
liminf,, o a,(1 —y) >0, {r,;} is a real number sequence in [a;, 00), where {a;} is a positive
real number sequence. Then the sequence {x,} converges strongly to Ilgxo, where Ig is the
generalized projection from E onto Q2.
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Remark 2.3 Since the index set A is arbitrary, Corollary 2.2 is an improvement of the

corresponding results in Kim [25].

Remark 2.4 Corollary 2.2 also improves the corresponding results in Qin et al. [5] in the
following aspects:
(a) from a uniformly smooth and uniformly convex space to a uniformly smooth and
strictly convex Banach space which also enjoys the Kadec-Klee property;
(b) from a single bifunction to a family of bifunctions;

(c) from a quasi-¢-nonexpansive mapping to an asymptotically quasi-@-nonexpansive
mapping.

In the framework of Hilbert spaces, the theorem is reduced to the following.

Corollary 2.5 Let E be a Hilbert space, and let C be a nonempty closed and convex subset
of E. Let A be an index set. Let F; be a bifunction from C x C to R satisfying (Al)-(A4)
foreveryie A. Let T : C — C be a generalized asymptotically quasi-nonexpansive map-
ping. Assume that T is closed asymptotically regular on C and Q2 := F(T) N\ (\;cp EF(F;) is
nonempty and bounded. Let {x,} be a sequence generated in the following manner:

xo € E, chosen arbitrarily,

C,i =G,
G = mz’eA Cuis
X1 = ncle)

In = onn + (L= 0) T"%,

Uy, € C such that F(u,;,y) + i (Y =—tpipntni—Yq) >0, VyeC,
Crini = {2 € Gt |2 = unill® < 1z =% )1* + waMiy + 1),

Cur1 = Niea Crsiv

*us1 = Proj¢, | %o,

where M, = sup{|lz — x,||* : z € Q}, {a,} is a real number sequence in (0,1) such that
liminf,_ o o, (1 —ay) > 0, {r,,;} is a real number sequence in [a;, 00), where {a;} is a positive
real number sequence. Then the sequence {x,} converges strongly to Projg, xo, where Projg,
is the metric projection from E onto Q2.

Proof In the framework of Hilbert spaces, we find that ¢(x,y) = ||x—y||?, ] is reduced to the
identity mapping and the generalized projection I1¢ is reduced to the metric projection
Proj.. This completes the proof. O

For a single bifunction, we also have the following.

Corollary 2.6 Let E be a Hilbert space, and let C be a nonempty closed and convex subset
of E. Let F be a bifunction from C x C to R satisfying (Al)-(A4). Let T : C — C be a general-
ized asymptotically quasi-nonexpansive mapping. Assume that T is closed asymptotically
regular on C and Q2 := F(T) N EF(F) is nonempty and bounded. Let {x,} be a sequence
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generated in the following manner:

xo € E, chosen arbitrarily,

G =C,

x1 = [ xo,

Yn =y + (L—a,) T %,

uy, € C such that F(uy,y) + %(y— Uy, Uy —Yy) >0, VyeC,

Cu1={z€Cy:|z- Mn”2 =< ”Z_xn”2 + WM, + €4},

Xn+l = PI‘Oan+1 X0,

where M, = sup{|lz — x,||* : z € Q}, {a,} is a real number sequence in (0,1) such that

liminf,_ o @, (1 — ) > 0, {ry;} is a real number sequence in [a,o0), where a is a posi-

tive real number. Then the sequence {x,} converges strongly to Projg, xo, where Proj, is the

metric projection from E onto Q2.

Proof In the framework of Hilbert spaces, we find that ¢(x,y) = ||x —y||?, ] is reduced to the

identity mapping, and the generalized projection I1¢ is reduced to the metric projection

Projc. In view of Corollary 2.5, we may immediately conclude the desired results. 0
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