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Abstract

In this paper, we introduce a new explicit iteration method based on the steepest
descent method and Krasnoselskii-Mann type method for finding a solution of a
variational inequality involving a Lipschitz continuous and strongly monotone
mapping on the set of common fixed points for a finite family of nonexpansive
mappings in a real Hilbert space.
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1 Introduction and preliminaries

Let C be a nonempty closed and convex subset of a real Hilbert space H with the inner
product (-, -) and the norm || - ||, and let F : H — H be a nonlinear mapping. The variational
inequality problem is to find a point p* € C such that

(F(p*),p-p*)=0, VpeC. (11)

Variational inequalities were initially studied by Kinderlehrer and Stampacchia in [1],
and since then have been widely investigated. They cover partial differential equations,
optimal control, optimization, mathematical programming, mechanics, and finance (see
[1-3]).

It is well known that if F is an L-Lipschitz continuous and 7n-strongly monotone, i.e., F
satisfies the following conditions:

|E@) ~FO)| < Lilx -y,
(Fx) = F(),x—y) = nllx - yII*,

where L and 7 are fixed positive numbers, then (1.1) has a unique solution. It is also known
that (1.1) is equivalent to the fixed point equation

p=Pc(p - nE(p)), 1.2)
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where P¢ denotes the metric projection from x € H onto C and u is an arbitrarily positive
constant.

The fixed point formulation (1.2) involves the metric projection P¢c. To overcome the
complexity caused by Pc, Yamada [4] introduced a hybrid steepest descent method for
solving (1.1). His idea is stated as follows. Assume that C = ﬂf\il Fix(T;), the set of common
fixed points of a finite family of nonexpansive mappings 7; on H with an integer N > 1.

Recall that T : H — H is nonexpansive if

Tx - Tyl < llx—-yll, VYx,yeH
and
Fix(T) = {x € H : x = Tx}
denotes the fixed point set of 7. Yamada proposed the following algorithm in [4]
i1 = Tiien) Uk — At W (Tiien) 4a)s (1.3)

where T, = Tymodn, for integer n > 1, with the mod-function taking values in the set
{1,2,...,N}, u € (0,2n/L?) and {A¢} C (0,1), and proved that the sequence {4} in (1.3)
converges strongly to p* under the following conditions:

(L1) limAg = 0;

(L2) > Ax =00

(L3) XAk = Arsn| < 00.

Further, Zeng and Yao [5] proved the same result with (L3) replaced by

(L4) lim(Ag — Agen)/Aren = 0.

Theorem 1.1 [5] Let H be a real Hilbert space, and let F : H — H be an L-Lipschitz con-
tinuous and n-strongly monotone mapping for some constants L,n > 0. Let {T;}Y, be N
nonexpansive self-maps of H such that C = ﬂf\il Fix(T;) # @, v € (0,2n/L?), and let condi-
tions (L1), (L2), (L4) be satisfied. Assume in addition that

N
C=(\Fix(T:) =Fix(Ty Ty - - - Ty)

i-1
=Fix(TyT1 Ty - - - Tn-1)

= FIX(T2 T3 cee TNTI)' (1.4)
Then the sequence {uy} defined by (1.3) converges strongly to the unique element p* in (1.1).

It is not difficult to show that (L3) implies (L4) if lim Ax/Ax,n exists. However, in general,
conditions (L3) and (L4) are not comparable, i.e., neither one of them implies the other
(see [6] for details).

Recently, Zeng et al. [7] proposed the following iterative scheme:

i1 = Tikeny ik — At st F (T ), (1.5)

and proved the following result.
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Theorem 1.2 [7] Let H be a real Hilbert space, and let F : H — H be an L-Lipschitz con-
tinuous and n-strongly monotone mapping for some constants L,n > 0. Let {T;}, be N
nonexpansive self-maps of H such that

N
C= ﬂFix(T,-) £,
i=1

and let jui € (0,2n/L?). Assume that the following conditions hold:
(i) Y Ak =00, where {A¢} C (0,1);
(i) |px — n/L?| < /n? = cL2/L? for some c € (0,n*/L?);
(iii) lim(pgin — (Aa/Aken) pix) = 0.
Assume in addition that (1.4) holds. If

limsup(Tixeng - - - Tirathk — kens Tiken -+ - Tiken) i — ux) <0, (L.6)

k— 00

then the sequence {uy} defined by (1.5) converges strongly to the unique element p* in (1.1).

They also showed that conditions (L1), (L2) and (L4) are sufficient for {i} to be bounded
and

Lim |latx — Tieeny - - - Tieny k|l = 0.
k— o0

So, (1.6) is satisfied. They did not give another sufficient condition different from (L1), (L2)
and (L4).
Let Fx = Ax — u, where A is a self-adjoint bounded linear mapping such that A is strongly
positive, i.e.,
(Ax,x) = nllxll>, VxeH
and u is some fixed element in H. Xu [6] introduced the following iteration process:
U1 = (I = Mt A) Trer ke + ity (L7)

where [ is the identity mapping of H, and proved the following result.

Theorem 1.3 [6] Let conditions (L1), (L2) and (L3) or (L4) be satisfied. Assume in addition
that (1.4) holds. Then the sequence {uy} generated by algorithm (1.7) converges strongly to
the unique solution of (1.1) with Fx = Ax — u.

Very recently, Liu and Cui [8] showed that the condition
N
C = \Fix(T:) = Fix(T\ T3 - - - Ty) (1.8)
i=1

is sufficient for (1.4) if C # .
In this paper, we introduce a new algorithm based on a combination of the steepest
descent method for variational inequalities with the Krasnoselskii-Mann method for fixed
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point problems to solve (1.1) with C = ﬂi\il Fix(T;), where T; is a nonexpansive mapping
on H for each i.

Given a starting point x; € H, the iteration is defined by

X1 e H,
¥y = (I = e F)x,
Yi=-Bxc+ BTy, i=1,...,N,

Xkl = ykNi

(1.9)

and the sequences of parameters {X;} and { ﬂ,ﬁ} C (0,1) satisfy the following conditions:

AM—>0 ask—o0 and Y Ag=o00;
Bi—p, 0<Bi<lLi=1..N-1 (1.10)

0 < liminfy_ o0 BY < limsup,_, . Y < 1.

In Section 2, we prove the strong convergence theorem for (1.9)-(1.10) without condi-
tions (L3), (L4) and (1.8). An application to the case that T; is a y;-strictly pseudocontrac-
tive mapping is given in Section 3.

2 Main results

We need the following lemmas for the proof of our main result.

Lemma 2.1 [9]
(i) llx+yl* < lxI* +2(,x + ), Vx,y € H.
(i) 10— )+ tyl> = (L= Ollxl1* + tllyll*> — A = )ellx - ylI*, ¥,y € H, and for any fixed
t€[0,1].

From [4], we have the following lemma.

Lemma 2.2 [4] ||T*x — T*y|| < (1 — A7)|lx — y|l, Y&,y € H and for a fixed number |1 €
(0,2n/L?), A € (0,1), wheret =1—/1 — u(2n — uL?) € (0,1) and T*x = (I - MaF)x forx € H.

Lemma 2.3 (10, 11] Assume that T is a nonexpansive self-map of a closed convex subset K
of a real Hilbert space H. If T has a fixed point, then I — T is demiclosed; that is, whenever
{xx} is a sequence in K weakly converging to some x € K and the sequence {(I - T)xy} strongly

converges to some y, it follows that (I - T)x = y.

Lemma 2.4 [12] Let {xx} and {zx} be bounded sequences in a Banach space E such that
Tre1 = (1= Bi)xr + Przk
for k> 1, where {By} is in [0,1] such that

0 < liminf B; < limsup B < 1.
k=00 k—00

Page 4 of 12
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Assume that

lim sup ||Zk+1 - Zk” - ||xk+1 _xk” <0.
k— 00

Then limy_, o ||xx — z«|| = 0.
Lemma 2.5 [6] Let {ay} be a sequence of nonnegative real numbers satisfying the condition
a1 < (1= br)ax + brcy

where {by} and {ci} are sequences of real numbers such that
(i) by €[0,1] and Y2, bx = 00;
(ii) limsup;_, ., ¢k <O.

Then limy_, o, a; = 0.

Now, we are in a position to prove the following main result.

Theorem 2.6 Let H be a real Hilbert space, and let F : H — H be an L-Lipschitz con-
tinuous and n-strongly monotone mapping for some constants L,n > 0. Let {T;}Y, be N
nonexpansive self-maps of H such that

N
C=(\Fix(T:) #4.
i=1

Then the sequence {xi} defined by (1.9)-(1.10) converges strongly to the unique element p*
in (1.1).

Proof First, we prove that {x;} is bounded. By Lemma 2.2, we have, for any p € C, from
(1.9) that
Iy = £ = |4 = dareFysic = p|| = [ (7 = dareF)sic = (I = haeF)p = hait F )|
< (1= M) llx = pll + e | E@)|)-

Put M, = max{|lx1—pll, | F(p)|1}. Then ||lx —pll < M,. So, if [lxx—pll < My, then [y} —pll <
M,,. This conclusion has a place for {y;} with i =1,...,N — 1. Indeed,

Iyt = o = | (1= B) Gex - p) + BL(Toi = Tip) |
< (1= BY) Il - pll + By - b
< (1-B)M, + BiM,

=M,.
Then

e —pll = | (1= BY) ek —p) + BY (T - Tip) |
< (=Bl —pll + BN |52 - p|
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= (1= B)M, + BiM,

=M,
Therefore, the sequence {x;} is bounded. So, the sequences {F(xx)}, {y}'(}, and {T,»y}';l} (i=
1,2,...,N) are also bounded. Without loss of generality, we assume that they are bounded

by a positive constant M.
Let z; = TNyIk\[‘l. Then we have from (1.9) that

xe = (L= B )xu + B zx

and
2k = zll = | Ty = Tnoi | < ok =02 |

= [ (1= B ) + BEA Tnavsd”
=[BT+ B Ty 2|

< (1= BT lbeker =l + 20 | BT = B
+ Bo | Tnv-s” = Ty |

< (1= Bt ks =l + 2 | B = B
+ B o’ =72

< (1= B Ik — 2l + 200 | B = B2

+ BT (1= BT leien — el + 2001 BT = B
+ B i =90
< (-8B )||xk+1 — ol + 20 (|82 - B
+[ 8837 = B 7)) + B B s -
<.
N-1 N-1
< (1- 1ot e+ [T A0
; ) i1
+2M1) | By — Bil-
=
On the other hand,

lops =98] = U = AP )xean = (I = AP |
< k1 — [l + Mi(Ager + Ai).
So, we obtain that
N-1 N-1

zier = 2zill = 1ke1 = ll < MyGir + 20 | [ Bhn + 200 Y | By = Bi-
i=1 i=1
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Since Ay — 0 and ,Bk — Bi,i=1,...,N —1, we have
lim sup ||Zk+1 - Zk” - ||xk+1 _xk” <0.
k—o00

By Lemma 2.4, |lx; — zx|| — 0 as k — o0, i.e., |lxx — TNyN‘1|| — 0.
Now, we prove that |x; — ,yk1|| — 0 for i =1,...,N — 1. First, we prove |xx —
Tn-1yY 2|l — 0. Let {xx,} be a subsequence of {x;} such that

11msup||xk— Tn- 1yN || = lim ||xk — TNy, 2”

n—00

and let {xx} be a subsequence of {x,} such that

limsup [lxx, — pll = lim [lxg; — pl.
J—> 00

n—00

Further,

g, =PIl < o, — Ty~ || + [ Ty — T
< [l = Ty ™ + ™" -
< oy = Ty ™ + (1= B iy —

+ By Ty = Tnaap |

< [y = T + (0= BE ) e = ol + B o =

< [l = Ty~ || + (1= B sy -

+ B (1= B g = pll + BY | Ty = T ]

< [l = T || + (1= BB g - pl

+B5 B ok -l
<.

N-1

< [ - Tug} ||+( ﬁ )uxk -+ T#4 ol

Since

[958, Pl = @ = 2gy0)llxg, -
we have

lbesg =l < [l = Ty | + o~ =
N-1

< Il = T + s, = pll + [ [ B2y e[ E @) -

i=1
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Therefore,
Jlim flx; —pil = lim [y~ - p] (2.1)

Next, by Lemma 2.1 we have

o = pl* = (1= B, = 12 + By T2 - |

— (1= BB [y - T2

= (1= Bl - 21 + By > -
(1= BB [y = T2

< (-85l —pI
+ By (- BY ) ey — ) + BY (T )|
- =AY s - T

< (1= BB I — oI + BB I -l

= (= BB g = T2

IA

IA

N-1 ’ N-1 ’ s
(1 - Hﬂi,) e, = pl” + T T 85108, - 2
i=1 i=1
- (1= BB g - T

On the other hand, by Lemma 2.1 we get

|2 —P||2 = || (I = M F)xi —1?9”2
= |k = p = I = AP )oce |
< lloex = pI1* = 2hseit{F (x0), % — p)

< |k = pII* + 2X4 uM M.

Without loss of generality, assume that o < ,3,’; <B,k>1fori=1,...,N -1 and some
o, B € (0,1). Then we obtain that

N-1
(1= B)|x = Tnoay 2| < g = p1? = o8~ = p|* + 20 edi, T B
i=1

which with Ay — 0 and (2.1) implies that lloc; — TN_lyg’ZH — 0 as j — oo. So, |lxx —
TnyY 2| — 0 as k — oo.
Similarly, we obtain that [|xg — Tn-23 2l = 0, ..., lxx = Ty | — 0 as k — oc.
Further, we prove that ||xx — Tyxi|| = 0 as k — oo for i =1,...,N. First, note that ||y,? -
X\l = Ml F(xe)|| = 0as k — oo because Ay — 0 and ||F(x)|| < My, and ||y2—xk|| = ,B,illxk—

Page 8 of 12
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T;y 7 |l — 0 because ||lxx — Ty '| — 0, for i =1,...,N. Now, from
ek = Tl < |l = Ty | + | Toic™ = T |
< o= Ty | + i = e

and |lxx — Y}y};‘lll, ||y}‘(‘1 —xr|| = 0, it follows that |lxx — Tixi|| — 0 fori=1,...,N.
Further, we have

limsup(F(p*), p* — %) < 0. (2.2)

k— o0

Indeed, let {x;;} be a subsequence of {x;} that converges weakly to p such that

limsup(F (p*), p* — () = jl_i)rllo(F(p*),p* - xp;).

k— o0

Then llxx; — Tixi Il = 0. So, by Lemma 2.3, p € C. Therefore, from (1.1) it implies (2.2).
Finally, we estimate the value

[ir =" 1" < (0= ) e =2 | + B | oo™ = T [
< (@=A) =" + B I = T |
< (1= B |~

BB = I+ B Tl = T[]
< (=8B -2 + BB A - Tt
< (@=BYB) =27+ BB [0 B =7
+ B Tl = Tnap?|]

N ‘ ) N . ,
< (1Tl Tl T
i=1 i=1
On the other hand, since

|72 - p* ||2 = || = MepF)xic - p* ||2
= | (I = ApF) (%% = p*) = M F (p*) ||2

< (L= 20|k = ||* = 200 F ), 58 — %),

we have

N N

|20 -p*|” < (1 - Hﬂi) =2+ T] B~ 20) e -

i1 i1
N

+ [ZAka(F(p*),p* - xk) + 2XkM<F(P*)yxk —J’2>] H Bi
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N
5 (1-xkfr[ﬂ;') T

i=1
al i 2“’ * * ZM * 0
+ AT H,Bk T(F(p )P =)+ T(F(p )%= ¥o) |-
i=1
Using Lemma 2.5 with

aig = ”xk —19* H’

N
by =Mt l_[ ﬂ,l(,
i=1
21 21
e = —(F(p").p" — ) + —=(F(p"), 0= i)
1%k —y,(: | = 0 and (2.2), we have that ||x;x — p*|| = 0. This completes the proof. a

3 Application
Recall that a mapping S: H — H is called y-strictly pseudocontractive if there exists a
constant y € [0,1) such that

2

1Sx = Syl2 < -yl + v | = Sx— (U= S)y|”, VxyeH.

It is well known [9] that a mapping T : H — H by Tx = ax + (1 —«)Sx with a fixed « € [y, 1)
for all x € H is a nonexpansive mapping and Fix(T) = Fix(S).

Using this fact, we can extend our result to the case C = ﬂf\il Fix(S;), where S; is
y;-strictly pseudocontractive as follows.

Let «; € [y;,1) be fixed numbers. Then C = ﬂf\il Fix(T;) with

Ty=ay+(1-a)Sy, (3.1)
a nonexpansive mapping, for each i =1,...,N. So, we have the following result.

Theorem 3.1 Let H be a real Hilbert space, and let F : H — H be an L-Lipschitzian and
n-strongly monotone mapping for some constants L,n > 0. Let {S;}¥, be N y;-strictly pseu-
docontractive self-maps of H such that

N
C =(Fix(S) #9.
i=1

Let o; € [y;,1), i € (0,2n/L?). Assume that {\y}, {,B,i} C (0,1) satisfy (1.10). Then the se-
quence {x;} defined by (1.9) with T; replaced by T; of (3.1) converges strongly to the unique
element p* of (1.1).

4 Numerical example
Consider the following optimization problem: find an element

P eCip(p") =ming(x),
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Table 1 Iterations of scheme (1.9), where starting point x° = (4; 15)

kth Xk by algorithm (1.9)

0 (4.00000;15.00000)

10 (4.10755;13.434117)

20 (3.89572;12.58288)

1,000 (1.52757;3.110295)
1,500 (1.28179;2.12718)
2,000  (1.13269; 1.53076)
2,500  (1.03367; 1.13468)
3,000  (0.99933;0.99738)
3500  (0.99938;0.99517)
4,000  (0.99942;0.99768)
4,500 (0.99945;0.99781)
5000  (0.99948;0.99792)

where ¢(x) = ||x||2/2, x = (x1,%2) € E2, Euclid space, and C = C; N Cy, defined by

C = {(xl,X2) € E? X1 — 2% +1 < 0},

Cy = {(xl,xz) € E? t4x) —xy — 3> 0}

Clearly, the above problem possesses a unique solution p* = (1;1) and F, the Fréchet
derivative of ¢, is 1-Lipschitz continuous and (1/2)-strongly monotone. Starting with the
point x° = (x%;49) = (4;15), u = 1/10 € (0;2n/L?) and A« = (k + 1)/2, we obtained the result
in Table 1.
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