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Abstract
Let K be a compact convex subset of a real Hilbert space H and Ti : K → K ,
i = 1, 2, . . . , k, be a family of continuous hemicontractive mappings. Let αn,β i

n ∈ [0, 1]
be such that αn +

∑k
i=1 β

i
n = 1 and satisfying {αn},β i

n ⊂ [δ, 1 – δ] for some δ ∈ (0, 1),
i = 1, 2, . . . , k. For arbitrary x0 ∈ K , define the sequence {xn} by (1.9) see below, then
{xn} converges strongly to a common fixed point in

⋂k
i=1 F(Ti) �= ∅.
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1 Introduction
Let H be a Hilbert space. A mapping T : H → H is said to be pseudocontractive (see [,
]) if

‖Tx – Ty‖ ≤ ‖x – y‖ + ∥∥(I – T)x – (I – T)y
∥∥ (.)

for all x, y ∈H and T is said to be strongly pseudocontractive if there exists k ∈ (, ) such
that

‖Tx – Ty‖ ≤ ‖x – y‖ + k
∥∥(I – T)x – (I – T)y

∥∥ (.)

for all x, y ∈H .
Let F(T) := {x ∈ H : Tx = x} and K be a nonempty subset of H . A mapping T : K → K is

said to be hemicontractive if F(T) �= ∅ and

∥∥Tx – x∗∥∥ ≤ ∥∥x – x∗∥∥ + ‖x – Tx‖

for all x ∈ H and x∗ ∈ F(T). It is easy to see that the class of pseudocontractive mappings
with fixed points is a subclass of the class of hemicontractive mappings.
The following example, due to Rhoades [], shows that the inclusion is proper. For any

x ∈ [, ], define a mapping T : [, ]→ [, ] by Tx = ( – x 
 )  . It is shown in [] that T is

not Lipschitz and so T cannot be nonexpansive. A straightforward computation (see [])
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shows that T is pseudocontractive. For the importance of fixed points of pseudocontrac-
tive mappings, the reader may refer to [].
In the last ten years or so, numerous papers have been published on the iterative ap-

proximation of fixed points of Lipschitz strongly pseudocontractive (and, correspond-
ingly, Lipschitz strongly accretive) mappings using the Mann iteration process (see, for
example, []). The results which were known only in Hilbert spaces and only for Lipschitz
mappings have been extended to more general Banach spaces (see [–, –]) and the
references cited therein).
In , Ishikawa [] introduced an iteration process which, in some sense, is more

general thanMann iteration and which converges, under this setting, to a fixed point of T .
He proved the following theorem.

Theorem . If K is a compact convex subset of a Hilbert space H , T : K 
→ K is a Lips-
chitzian pseudocontractive mapping and x is any point in K , then the sequence {xn} con-
verges strongly to a fixed point of T , where xn is defined iteratively by

⎧⎨
⎩xn+ = ( – αn)xn + αnTyn,

yn = ( – βn)xn + βnTxn
(.)

for each n≥ , where {αn}, {βn} are the sequences of positive numbers satisfying the follow-
ing conditions:
(a)  ≤ αn ≤ βn < ;
(b) limn→∞ βn = ;
(c)

∑
n≥ αnβn = ∞.

In [], Qihou extended Theorem . to a slightly more general class of Lipschitz hemi-
contractive mappings and, in [], Reich proved, under the setting of Theorem ., the
convergence of the recursion formula (.) to a fixed point of T , when T is a continuous
hemicontractive mapping, under an additional hypothesis that the number of fixed points
of T is finite. The iteration process (.) is generally referred to as the Ishikawa iteration
process in light of Ishikawa []. Another iteration process which has been studied exten-
sively in connection with fixed points of pseudocontractive mappings is the following.
Let K be a nonempty convex subset of E and T : K → K be a mapping.
The sequence {xn} is defined iteratively by

⎧⎨
⎩x ∈ K ,

xn+ = ( – cn)xn + cnTxn
(.)

for each n≥ , where {cn} is a real sequence satisfying the following conditions:
(d)  ≤ cn < ;
(e) lim cn = ;
(f )

∑∞
n= cn = ∞.

The iteration process (.) is generally referred to as the Mann iteration process in light
of [].
In , Liu [] introduced the iteration process with errors as follows.
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(I-a) The sequence {xn} defined by

⎧⎪⎪⎨
⎪⎪⎩
x ∈ K ,

xn+ = ( – αn)xn + αnTyn + un,

yn = ( – βn)xn + βnTxn + vn

(.)

for each n≥ , where {αn}, {βn} are the sequences in [, ] satisfying appropriate conditions
and

∑‖un‖ < ∞,
∑‖vn‖ <∞, is called the Ishikawa iteration process with errors.

(I-b) The sequence {xn} defined by

⎧⎨
⎩x ∈ K ,

xn+ = ( – αn)xn + αnTxn + un
(.)

for each n ≥ , where {αn} is a sequence in [, ] satisfying appropriate conditions and∑‖un‖ <∞, is called the Mann iteration process with errors.
While it is known that the consideration of error terms in the iterative processes (.),

(.) is an important part of the theory, it is also clear that the iterative processes with
errors introduced by Liu in (I-a) and (I-b) are unsatisfactory. The occurrence of errors is
random so the conditions imposed on the error terms in (I-a) and (I-b), which imply, in
particular, that they tend to zero as n tends to infinity, are unreasonable. In , Xu []
introduced the following more satisfactory definitions.
(I-c) The sequence {xn} defined iteratively by

⎧⎪⎪⎨
⎪⎪⎩
x ∈ K ,

xn+ = anxn + bnTyn + cnun,

yn = a′
nxn + b′

nTxn + c′nvn

(.)

for each n≥ , where {un}, {vn} are the bounded sequences in K and {an}, {bn}, {cn}, {a′
n},

{b′
n} and {c′n} are the sequences in [, ] such that an + bn + cn = a′

n + b′
n + c′n =  for each

n≥ , is called the Ishikawa iteration sequence with errors in the sense of Xu.
(I-d) If, with the same notations and definitions as in (I-c), b′

n = c′n =  for each n ≥ ,
then the sequence {xn} now defined by

⎧⎨
⎩x ∈ K ,

xn+ = anxn + bnTxn + cnun
(.)

for each n≥  is called the Mann iteration sequence with errors in the sense of Xu.
We remark that if K is bounded (as is generally the case), then the error terms un, vn are

arbitrary in K .
In [], Chidume and Chika Moore proved the following theorem.

Theorem . Let K be a compact convex subset of a real Hilbert space H and T : K → K
be a continuous hemicontractive mapping. Let {an}, {bn}, {cn}, {a′

n}, {b′
n} and {c′n} be the

real sequences in [, ] satisfying the following conditions:
(g) an + bn + cn =  = a′

n + b′
n + c′n;
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(h) limbn = limb′
n = ;

(i)
∑

cn < ∞;
∑

c′n <∞;
(j)

∑
αnβn = ∞ and

∑
αnβnδn < ∞, where δn := ‖Txn – Tyn‖;

(k)  ≤ αn ≤ βn <  for each n≥ , where αn := bn + cn and βn := b′
n + c′n.

For arbitrary x ∈ K , define the sequence {xn} iteratively by
⎧⎨
⎩xn+ = anxn + bnTyn + cnun,

yn = a′
nxn + b′

nTxn + c′nvn

for each n ≥ , where {un} and {vn} are the arbitrary sequences in K . Then {xn} converges
strongly to a fixed point of T .

They also gave the following remark in [].

Remark . () In connection with the iterative approximation of fixed points of pseudo-
contractive mappings, the following question is still open.
Does the Mann iteration process always converge for continuous pseudocontractive

mappings or for even Lipschitz pseudocontractive mappings?
() Let E be a Banach space and K be a nonempty compact convex subset of E. Let

T : K → K be a Lipschitz pseudocontractive mapping. Under this setting, even for E =H ,
a Hilbert space, the answer to the above question is not known. There is, however, an
example [] of a discontinuous pseudocontractive mapping T with a unique fixed point
for which the Mann iteration process does not always converge to the fixed point of T .

Let H be the complex plane and K := {z ∈H : |z| ≤ }. Define a mapping T : K → K by

T
(
reiθ

)
=

⎧⎨
⎩rei(θ+ π

 ) for  ≤ r ≤ 
 ,

ei(θ+ π
 ) for 

 < r ≤ .

Then zero is the only fixed point of T . It is shown in [] that T is pseudocontractive and,
with cn = 

n+ , the sequence {zn} defined by

⎧⎨
⎩z ∈ K ,

zn+ = ( – cn)zn + cnTzn

for each n ≥  does not converge to zero. Since the T in this example is not continuous,
the above question remains open.
In [], Chidume and Mutangadura provide an example of a Lipschitz pseudocontrac-

tive mapping with a unique fixed point for which the Mann iteration sequence failed to
converge and they stated that ‘This resolves a long standing open problem’. However, in
[, ], Rafiq provided affirmative answers to the above questions (see also []) and
proved the following result.

Theorem . Let K be a compact convex subset of a real Hilbert space H and T : K → K
be a continuous hemicontractive mapping. Let {αn} be a real sequence in [, ] satisfying

http://www.journalofinequalitiesandapplications.com/content/2013/1/41
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{αn} ⊂ [δ,  – δ] for some δ ∈ (, ). For arbitrary x ∈ K , define the sequence {xn} by

xn = αnxn– + ( – αn)Txn

for each n≥ . Then {xn} converges strongly to a fixed point of T .

The purpose of this paper is to introduce the following Mann-type implicit iteration
process associated with a family of continuous hemicontractivemappings to have a strong
convergence in the setting of Hilbert spaces.
Let K be a closed convex subset of a real normed space H and Ti : K → K , i = , , . . . ,k

be a family of mappings. Then we define the sequence {xn} in the following way:

⎧⎨
⎩x ∈ K ,

xn = αnxn– +
∑k

i= β
i
nTixn

(.)

for each n ≥ , where αn,β i
n ∈ [, ], i = , , . . . ,k, are such that αn +

∑k
i= β

i
n =  and some

appropriate conditions hold.

2 Main results
In the sequel, we will use following results.

Lemma . [] Suppose that {ρn}, {σn} are two sequences of nonnegative numbers such
that, for some real number N ≥ ,

ρn+ ≤ ρn + σn

for all n ≥ N. Then we have the following:
() If

∑
σn < ∞, then limρn exists.

() If
∑

σn < ∞ and {ρn} has a subsequence converging to zero, then limρn = .

Lemma . [] For all x, y ∈H and λ ∈ [, ], the following well-known identity holds:

∥∥( – λ)x + λy
∥∥ = ( – λ)‖x‖ + λ‖y‖ – λ( – λ)‖x – y‖.

Now, we prove our main results.

Lemma . Let H be a Hilbert space. Then, for all x,xi ∈H , i = , , . . . ,k,

∥∥∥∥∥αx +
k∑
i=

β ixi

∥∥∥∥∥


= α‖x‖ +
k∑
i=

β i‖xi‖ –
k∑
i=

αβ i‖xi – x‖

–
k∑

i,j=
i�=j

β iβ j‖xi – xj‖, (.)

where α,β i ∈ [, ], i = , , . . . ,k, and α +
∑k

i= β
i = .

http://www.journalofinequalitiesandapplications.com/content/2013/1/41
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Proof For any xi ∈H , i = , , . . . ,k, it can be easily seen that

∥∥∥∥∥
k∑
i=

xi

∥∥∥∥∥


=
k∑
i=

‖xi‖ + 
k∑

i,j=
i�=j

Re〈xi,xj〉. (.)

Consider the following:

∥∥∥∥∥αx +
k∑
i=

β ixi

∥∥∥∥∥


=

∥∥∥∥∥
(
 –

k∑
i=

β i

)
x +

k∑
i=

β ixi

∥∥∥∥∥


=

∥∥∥∥∥x +
k∑
i=

β i(xi – x)

∥∥∥∥∥


= ‖x‖ +
k∑
i=

β i‖xi – x‖ + 
k∑
i=

β iRe〈xi – x,x〉

+ 
k∑

i,j=
i�=j

β iβ jRe〈xi – x,xj – x〉. (.)

For all i, j = , , . . . ,k, we have

Re〈xi – x,x〉 = ‖xi‖ – ‖xi – x‖ – ‖x‖, (.)

and

Re〈xi – x,xj – x〉 = –‖xi – xj‖ + ‖xi – x‖ + ‖xj – x‖. (.)

Substituting (.) and (.) in (.), we get

∥∥∥∥∥αx +
k∑
i=

β ixi

∥∥∥∥∥


= α‖x‖ +
k∑
i=

β i‖xi‖ –
k∑

i,j=
i�=j

β iβ j‖xi – xj‖ –
k∑
i=

β i( – β i)‖xi – x‖

+
k∑

i,j=
i�=j

β iβ j(‖xi – x‖ + ‖xj – x‖)

= α‖x‖ +
k∑
i=

β i‖xi‖ –
k∑

i,j=
i�=j

β iβ j‖xi – xj‖ –
k∑
i=

(
 –

k∑
j=

β j

)
β i‖xi – x‖

= α‖x‖ +
k∑
i=

β i‖xi‖ –
k∑

i,j=
i�=j

β iβ j‖xi – xj‖ –
k∑
i=

αβ i‖xi – x‖.

This completes the proof. �
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Remark . Lemma . is now the special case of our result.

Theorem . Let K be a compact convex subset of a real Hilbert space H and Ti : K → K ,
i = , , . . . ,k, be a family of continuous hemicontractivemappings. Let αn,β i

n ∈ [, ] be such
that αn +

∑k
i= β

i
n =  and satisfying {αn},β i

n ⊂ [δ,  – δ] for some δ ∈ (, ), i = , , . . . ,k.
Then, for arbitrary x ∈ K , the sequence {xn} defined by (.) converges strongly to a com-

mon fixed point in
⋂k

i= F(Ti) �= ∅.

Proof Let x∗ ∈ ⋂k
i= F(Ti). Using the fact that Ti, i = , , . . . ,k are hemicontractive, we ob-

tain

∥∥Tixn – x∗∥∥ ≤ ∥∥xn – x∗∥∥ + ‖xn – Tixn‖. (.)

With the help of (.), Lemma . and (.), we obtain the following estimates:

∥∥xn – x∗∥∥ =

∥∥∥∥∥αnxn– +
k∑
i=

β i
nTixn – x∗

∥∥∥∥∥


=

∥∥∥∥∥αn
(
xn– – x∗) + k∑

i=

β i
n
(
Tixn – x∗)∥∥∥∥∥



= αn
∥∥xn– – x∗∥∥ +

k∑
i=

β i
n
∥∥Tixn – x∗∥∥ –

k∑
i=

αnβ
i
n‖xn– – Tixn‖

–
k∑

i,j=
i�=j

β i
nβ

j
n‖Tixn – Tjxn‖

≤ αn
∥∥xn– – x∗∥∥ +

k∑
i=

β i
n
∥∥Tixn – x∗∥∥ –

k∑
i=

αnβ
i
n‖xn– – Tixn‖. (.)

Substituting (.) in (.), we get

∥∥xn – x∗∥∥

≤ αn
∥∥xn– – x∗∥∥ +

k∑
i=

β i
n
∥∥xn – x∗∥∥ +

k∑
i=

β i
n‖xn – Tixn‖

–
k∑
i=

αnβ
i
n‖xn– – Tixn‖. (.)

Also, we have

‖xn – Tixn‖ =
∥∥∥∥∥αnxn– +

k∑
i=

β i
nTixn – Tixn

∥∥∥∥∥


= α
n‖xn– – Tixn‖. (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/41
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Substituting (.) in (.), we get

∥∥xn – x∗∥∥ ≤ αn
∥∥xn– – x∗∥∥ +

k∑
i=

β i
n
∥∥xn – x∗∥∥ –

k∑
i=

αn( – αn)β i
n‖xn– – Tixn‖,

which implies that

∥∥xn – x∗∥∥ ≤ ∥∥xn– – x∗∥∥ –
k∑
i=

( – αn)β i
n‖xn– – Tixn‖.

Thus, from the condition {αn},β i
n ⊂ [δ,  – δ] for some δ ∈ (, ), i = , , . . . ,k, we obtain

∥∥xn – x∗∥∥ ≤ ∥∥xn– – x∗∥∥ – δ( – δ)
k∑
i=

‖xn– – Tixn‖ (.)

for all fixed points x∗ ∈ ⋂k
i= F(Ti). Moreover, we have

δ( – δ)
k∑
i=

‖xn– – Tixn‖ ≤ ∥∥xn– – x∗∥∥ –
∥∥xn – x∗∥∥,

and thus, for all i = , , . . . ,k,

δ( – δ)
∞∑
j=

‖xj– – Tixj‖ ≤
∞∑
j=

(∥∥xj– – x∗∥∥ –
∥∥xj – x∗∥∥)

=
∥∥x – x∗∥∥.

Hence, for all i = , , . . . ,k, we obtain

∞∑
j=

‖xj– – Tixj‖ < ∞ (.)

for each i = , , . . . ,k, which implies that

lim
n→∞‖xn– – Tixn‖ = 

for each i = , , . . . ,k. From (.), it further implies that

lim
n→∞‖xn – Tixn‖ = .

By the compactness of K , this immediately implies that there is a subsequence {xnj} of {xn}
which converges to a common fixed point of

⋂k
i= F(Ti), say y∗. Since (.) holds for all

fixed points of
⋂k

i= F(Ti), we have

∥∥xn – y∗∥∥ ≤ ∥∥xn– – y∗∥∥ – δ( – δ)
k∑
i=

β i
n‖xn– – Tixn‖
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and, in view of (.) and Lemma ., we conclude that ‖xn – y∗‖ →  as n → ∞, that is,
xn → y∗ as n→ ∞. This completes the proof. �

Theorem . Let H , K , Ti, i = , , . . . ,k, be as in Theorem . and αn,β i
n ∈ [, ] be such

that αn +
∑k

i= β
i
n =  and satisfying {αn},β i

n ⊂ [δ,  – δ] for some δ ∈ (, ), i = , , . . . ,k.
If PK : H → K is the projection operator of H onto K , then the sequence {xn} defined

iteratively by

xn = PK

(
αnxn– +

k∑
i=

β i
nTixn

)

for each n≥  converges strongly to a common fixed point in
⋂k

i= F(Ti) �= ∅.

Proof The mapping PK is nonexpansive (see []) and K is a Chebyshev subset ofH and so
PK is a single-valued mapping. Hence, we have the following estimate:

∥∥xn – x∗∥∥ =

∥∥∥∥∥PK

(
αnxn– +

k∑
i=

β i
nTixn

)
– PKx∗

∥∥∥∥∥


≤
∥∥∥∥∥αnxn– +

k∑
i=

β i
nTixn – x∗

∥∥∥∥∥


=

∥∥∥∥∥αn
(
xn– – x∗) + k∑

i=

β i
n
(
Tixn – x∗)∥∥∥∥∥



≤ αn
∥∥xn– – x∗∥∥ +

k∑
i=

β i
n
∥∥xn – x∗∥∥

–
k∑
i=

αn( – αn)β i
n‖xn– – Tixn‖,

which implies that

∥∥xn – x∗∥∥ ≤ ∥∥xn– – x∗∥∥ –
k∑
i=

( – αn)β i
n‖xn– – Tixn‖.

The set K ∪ T(K) is compact and so the sequence {‖xn – Tixn‖} is bounded. The rest of
the argument follows exactly as in the proof of Theorem .. This completes the proof. �

Theorem . Let K be a compact convex subset of a real Hilbert space H and Ti : K → K ,
i = , , . . . ,k, be a family of Lipschitz hemicontractive mappings. Let αn,β i

n ∈ [, ] be such
that αn +

∑k
i= β

i
n =  and satisfying {αn},β i

n ⊂ [δ,  – δ] for some δ ∈ (, ), i = , , . . . ,k.
Then, for arbitrary x ∈ K , the sequence {xn} defined by (.) converges strongly to a com-

mon fixed point in
⋂k

i= F(Ti) �= ∅.

Theorem . Let H , K , Ti, i = , , . . . ,k, be as in Theorem . and αn,β i
n ∈ [, ] be such

that αn +
∑k

i= β
i
n =  and satisfying {αn},β i

n ⊂ [δ,  – δ] for some δ ∈ (, ), i = , , . . . ,k.
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If PK : H → K is the projection operator of H onto K , then the sequence {xn} defined
iteratively by

xn = PK

(
αnxn– +

k∑
i=

β i
nTixn

)

for each n≥  converges strongly to a common fixed point in
⋂k

i= F(Ti) �= ∅.

Example For k = ,we can choose the following control parameters:αn = 
 –


(n+) ,β


n =




and β
n =


 +


(n+) .
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