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Abstract
A nonlinear generalization of the Degasperis-Procesi equation is investigated. The
well-posedness of entropy weak solutions for the Cauchy problem of the equation is
established in the space L1(R)∩ L∞(R).
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1 Introduction
The objective of this work is to study the well-posedness in the space L(R) ∩ L∞(R) for
the generalized Degasperis-Procesi equation

ut – utxx +muux = uxuxx + uuxxx, (t,x) ∈ R+ × R, ()

where m >  is a constant and R+ = (,∞). Letting u = u(,x) be an initial condition for
Eq. (), we derive the inequality

c‖u‖L(R) ≤ ‖u‖L(R) ≤ c‖u‖L(R), ()

where c and c are positive constants. In our further investigation, we only assume that

u ∈ L(R)∩ L∞(R). ()

Form = , Eq. () becomes the Degasperis-Procesi equation []

ut – utxx + uux = uxuxx + uuxxx, (t,x) ∈ R+ × R. ()

The formal integrability of Eq. () was found in []. It was shown in [] that Eq. () pos-
sesses a bi-Hamiltonian structure with an infinite sequence of conserved quantities and
has exact peakon solutions. Dullin et al. [] proved that the Degasperis-Procesi equation
can be obtained from the shallow water elevation equation by an appropriate Kodama
transformation. The traveling wave solutions of Eq. () were found in Lundmark and
Szmigielski [] and Vakhnenko and Parkes []. Lin and Liu [] established the L-stability
of peakons for Degasperis-Procesi Eq. () under certain assumptions imposing on the ini-
tial value. The local well-posedness of Eq. () with initial data u ∈ Hs(R), s > 

 and the
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precise blow-up scenario were analyzed in []. Lenells [] classified all weak traveling wave
solutions.Matsuno [] studiedmultisoliton solutions and their peakon limits. The proper-
ties of infinite speed of propagation of Eq. () were established in Henry [] and Mustafa
[]. For other methods to handle the problems relating to various dynamic properties of
the Degasperis-Procesi equation and other shallow water equations, the reader is referred
to [–] and the references therein.
Recently, Coclite and Karlsen [] established the existence, uniqueness and L(R) sta-

bility of entropy weak solutions belonging to the class L(R) ∩ BV (R) for Eq. (). They
obtained the existence of at least one weak solution satisfying a restricted set of entropy
inequalities in the space L(R)∩ L(R). In Coclite and Karlsen [], the well-posedness of
entropy weak solution is investigated in the space L(R)∩ L∞(R).
Motivated by the desire to extend the weak solution results presented in Coclite and

Karlsen [], we consider Eq. () with its Cauchy problem in the form
⎧⎨
⎩
ut – utxx = –∂x(m u

) + uxuxx + uuxxx = –(m u
)x + 

∂

xxxu,

u(,x) = u(x),
()

which is equivalent to
⎧⎨
⎩
ut + uux = –m–

 �–(u)x,

u(,x) = u(x),
()

wherem >  is a constant and � = ( – ∂
x )


 .

The objective of this paper is to study problem (). We establish the existence, unique-
ness and L stability of entropy weak solutions belonging to the space L(R)∩L∞(R) under
condition (). One of our contributions in this work is that we derive inequality (), which
leads us to establishing our main results. Here we state that we will adopt the well-known
and celebrated Kruzkov technique (see []), which was originally introduced to analyze
hyperbolic conservation laws.
The rest of this paper is organized as follows. Section  establishes several estimates for

the viscous approximations of problem (). The existence, uniqueness and L stability of
entropy weak solutions for problem () are presented in Section .

2 Viscous approximations and estimates
Defining

φ(x) =

⎧⎨
⎩
e


x– , |x| < ,

, |x| ≥ ,

and letting φε(x) = ε–

 φ(ε– 

 x) with  < ε < 
 and u,ε = φε � u, we know that u,ε ∈ C∞

for any u ∈ Hs with s ≥ . We let Lp = Lp(R) ( ≤ p < +∞) be the space of all measur-
able functions h such that ‖h(t, ·)‖pLp =

∫
R |h(t,x)|p dx < ∞. We define L∞ = L∞(R) with the

standard norm ‖h(t, ·)‖L∞ = infm(e)= supx∈R\e |h(t,x)|.
For simplicity, throughout this article, we let c denote any positive constants which are

independent of parameter ε.
Several properties for the smooth functions u,ε are stated in the following lemma.
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Lemma . The following estimates hold for any ε with  < ε < 
 and s ≥ :

‖u,ε‖Lp(R) ≤ c‖u‖Lp(R) for  ≤ p ≤ ∞,

u,ε → u (ε → ) in Lp(R) for  ≤ p≤ ∞,

‖u,ε‖Hq ≤ c‖u‖Hs if q ≤ s,

where c is a constant independent of ε.

The proof of the above lemma can be found in [].
To establish the existence of solutions toCauchy problem (), wewill analyze the limiting

behavior of a sequence of smooth functions {uε}ε>, where each function uε satisfies the
viscous problem

⎧⎪⎪⎨
⎪⎪⎩

∂tuε – ∂
txxuε +muε∂xuε

= ∂xuε∂

xxuε + uε∂


xxxuε + ε∂

xxuε – ε∂
xxxxuε , (t,x) ∈ R+ × R,

uε(,x) = u,ε(x), x ∈ R,

()

which is equivalent to the parabolic-elliptic system

⎧⎪⎪⎨
⎪⎪⎩

∂tuε + ∂x( u

ε

 ) + ∂xPε = ε∂
xxuε ,

Pε – ∂
xxPε = m–

 uε ,

uε(,x) = u,ε(x).

()

From the second identity of (), we get

Pε(t,x) =
m – 


∫
R
e–|x–y|(uε(t, y)

) dy. ()

Lemma . Provided that u ∈ L(R), for any fixed ε > , there exists a unique global
smooth solution uε = uε(t,x) to Cauchy problem () belonging to C([,∞);Hs(R)) with
s ≥ .

Proof We omit the proof since it is similar to the one found in [] or [] by using u,ε ∈
C∞(R). �

Here we state that the following lemma takes an important role in our further study of
Eq. ().

Lemma . Assume that u ∈ L(R) holds and uε is a solution of problem (). Then the
following bounds hold for any t ≥ :

c‖u‖L(R) ≤ ‖uε‖L(R) ≤ c‖u‖L(R), ()
√

ε‖∂xuε‖L(R) ≤ c‖u‖L(R), ()

where c, c and c are positive constants independent of ε and t.
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We give some bounds on the nonlocal term Pε , which all are consequences of the L

bound in Lemma ..

Lemma . Assume that u ∈ L(R) holds. Then

∥∥Pε(t, ·)
∥∥
L(R),

∥∥∂xPε(t, ·)
∥∥
L(R) ≤ c‖u‖L , ()

‖Pε‖L∞(R+×R),‖∂xPε‖L∞(R+×R) ≤ c‖u‖L , ()∥∥∂
xxPε(t, ·)

∥∥
L(R) ≤ c‖u‖L , ()

where c is a constant independent of ε and t.

The proofs of Lemmas . and . are similar to those of Lemmas ., . and . in
Coclite and Karlsen []. Here we omit them.

Lemma . If u ∈ L(R)∩ L∞(R), it holds that

∥∥uε(t, ·)
∥∥
L∞ ≤ ‖u‖L∞ + ct‖u‖L . ()

Proof Since

∂tuε + uε∂xuε – ε∂xxuε = –∂xPε , ()

using Lemma ., we have

‖∂xPε‖L∞(R+×R) ≤ c‖u‖L . ()

Setting g(t) = ‖u‖L∞(R) + ct‖u‖L , we get

dg
dt

= c‖u‖L . ()

Using ‖uε(,x)‖L∞(R) ≤ g() and the comparison principle for the parabolic equations, we
obtain the desired result (). �

Applying Lemma . and the methods presented in Coclite and Karlsen [] or [], we
obtain the following result.

Lemma . (Oleinik-type estimate) Assume that () holds and T > . Then

∂xuε(t,x)≤ 
t
+CT , x ∈ R,  < t ≤ T , ()

where the constant CT depends on T .

We omit the proof of this lemma since it is similar to the proof of Lemma  in [].
We state the concepts of weak solutions (see [] or []).

Definition . (Weak solution) We call a function u : R+ × R → R a weak solution of
Cauchy problem () provided
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Lai et al. Journal of Inequalities and Applications 2013, 2013:409 Page 5 of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/409

(i) u ∈ L∞(R+;L(R)), and
(ii) ∂tu + ∂x( u



 ) + ∂xPu(t,x) =  in D′([,∞)× R), that is, ∀φ ∈ C∞
c ([,∞)× R), the

following identity holds:

∫
R+

∫
R

(
u∂tφ +

u


∂xφ – ∂xPuφ

)
dxdt +

∫
R
u(x)φ(,x)dx = , ()

where

Pu(t,x) =G *
(
m – 


u
)
(t,x) =

m – 


∫
R
e–|x–y|(u(t, y)) dy. ()

Definition . (Entropy weak solution) We call a function u : R+ × R → R an entropy
weak solution of Cauchy problem () if

(i) u is a weak solution in the sense of Definition .,
(ii) u ∈ L∞([,T]× R) for any T > , and
(iii) for any convex C entropy η : R → R with corresponding entropy flux q : R → R

defined by q′(u) = η′(u)u, the following holds:

∂tη(u) + ∂xq(u) + η′(u)∂xPu ≤  in D′([,∞) × R), ()

that is, ∀φ ∈ C∞
c ([,∞)× R), φ ≥ 

∫
R+

∫
R

(
η(u)∂tφ + q(u)∂xφ – η′(u)∂xPuφ

)
dxdt +

∫
R
η
(
u(x)

)
φ(,x)dx ≥ . ()

As pointed out in Coclite and Karsen [] or [], it takes a standard argument to know
that the Kruzkov entropies/entropy fluxes

η(u) = |u – k|, q(u) := sign(u – k)
(
u


–
k



)
()

satisfy (). Using the Kruzkov entropy fluxes, we see that the weak formulation () is a
consequence of the entropy formulation ().

3 Main result
Now we give the following L(R) stability result of entropy weak solutions for Eq. ().

Theorem . (L-stability) Assume that u and v are two entropy weak solutions of Eq. ()
with initial data u and v satisfying (). For an arbitrary T > , it holds that

∥∥u(t, ·) – v(t, ·)∥∥L(R) ≤ cect
∫ ∞

–∞

∣∣u(x) – v(x)
∣∣dx, t ∈ [,T], ()

where c depends on ‖u‖L∞(R), ‖v‖L∞(R), ‖u‖L(R), ‖v‖L(R), and T .

For the proof of Theorem ., the reader is referred to [] or [].
Letting v(t,x) =  in Theorem . and assuming u ∈ L(R) ∩ L∞(R), we know u(t, ·) ∈

L(R) for any t ∈ [,T].
We will apply the compensated compactness method presented in [, ] to obtain

strong convergence of a subsequence of viscosity approximations.
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Lemma . Let {vγ }γ> be a family of functions defined on (,∞)× R such that

‖vγ ‖L∞ ≤ MT

and the family

{
∂tη(vγ ) + ∂xq(vγ )

}
γ>

is compact in H–
loc((,∞) × R) for any convex η ∈ C(R), where q(u) = uη′(u). Then there

exist a sequence {γn}n∈N , γn → , and a map v ∈ L∞((,T)× R), T > , such that

vγn → v a.e. and in Lploc
(
(,∞)× R

)
,  ≤ p <∞.

Lemma . can be found in [] or []. Now, we cite a result presented in Murat [].

Lemma . Let 	 be a bounded open subset of RH , H ≥ . Suppose that the sequence
{Ln}∞n= of distributions is bounded in W–,∞(	) and

Ln = L()n + L()n ,

where {L()n }∞n= lies in a compact subset of H–
loc(	) and {L()n }∞n= lies in a bounded subset of

Mloc(	). Then {Ln}∞n= lies in a compact subset of H–
loc(	).

Lemma . Suppose that u ∈ L(R) ∩ L∞(R). Then there exist a subsequence {uεk }∞k= of
{uε}ε> and a limit function

u ∈ L∞(
R+;L(R)

) ∩ L∞(
(,T);L∞ ∩ L(R)

) ∀T >  ()

such that

uεk → u in Lp
(
(,T)× R

) ∀T > ,∀p ∈ [,∞). ()

Proof Let η : R → R be any convex C entropy function which is compactly supported,
and let q : R → R be the corresponding entropy flux defined by q′(u) = η′(u)u. We write

∂tη(uε) + ∂xq(uε) = L()ε + L()ε , ()

where
⎧⎨
⎩
L()ε = ε∂

xxη(uε),

L()ε = –εη′′(uε)(∂xuε) – η′(uε)∂xPε

()

are distributions. We claim that
⎧⎨
⎩
L()ε →  in H–((,T)× R),T > ,

L()ε is uniformly bounded in L((,T)× R).
()
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Applying Lemmas ., . and ., we have

∥∥ε∂
xxη(uε)

∥∥
H–(R+×R) ≤

√
εc

∥∥η′∥∥
L∞‖u‖L(R) → , ()

∥∥εη′′(uε)(∂xuε)
∥∥ ≤ c

∥∥η′′∥∥
L∞(R)‖u‖L(R), ()

∥∥η′(uε)
∥∥
L((,T)×R) ≤ c

∥∥η′∥∥
L∞(R)‖u‖L(R). ()

Hence, () follows. Therefore, from Lemmas . and ., we know that there exist a sub-
sequence {uεk }∞k= and a limit function u satisfying () such that as k → ∞

uεk → u in Lploc(R+ × R) for any p ∈ [,∞) and ()

uεk → u a.e in R+ × R. ()

Using Lemma ., from () and (), we get (). �

Lemma . Suppose that u ∈ L(R)∩ L∞(R) holds. Then

Pεk → Pu in Lp
(
(,T);W ,p(R)

) ∀T > ,∀p ∈ [, ), ()

where the sequence {εk}∞k= and the function u are constructed in Lemma ..

The proof is similar to that of Lemma  in []. Here we omit it.

Theorem . (Existence) Assume that () holds. Then there exists at least one entropy
weak solution to problem ().

Proof Let ϕ ∈ C∞
c (R+ × R). It follows from () that

∫
R+

∫
R

(
uε∂tϕ +

uε


∂xϕ – ∂xPεϕ + εuε∂

xxϕ

)
dxdt +

∫
R
u,εϕ(,x)dx = . ()

From Lemmas . and ., we derive that the function u presented in Lemma . is a weak
solution of problem () in the sense of Definition .. We have to verify that u satisfies
the entropy inequalities in Definition .. Let η ∈ C(R) be a convex entropy with flux q
defined by q′(u) = uη′(u). The convexity of η and () yield

∂tη(uε) + ∂xq(uε) + η′(uε)∂xPε = ε∂
xxη(uε) – εη′′(uε)(∂xuε) ≤ ε∂

xxη(uε). ()

Therefore, the entropy inequalities follow from Lemmas . and .. �

From Theorems . and ., we have the following theorem.

Theorem. Assume that () holds.Then Cauchy problem () has a unique entropy weak
solution in the sense of Definition ..

http://www.journalofinequalitiesandapplications.com/content/2013/1/409


Lai et al. Journal of Inequalities and Applications 2013, 2013:409 Page 8 of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/409

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The article is a joint work of three authors who contributed equally to the final version of the paper. All authors read and
approved the final manuscript.

Acknowledgements
The authors are very grateful to the reviewers for their helpful and valuable comments, which have led to a meaningful
improvement of the paper. This work is supported by both the Fundamental Research Funds for the Central Universities
(JBK120504) and the Applied and Basic Project of Sichuan Province (2012JY0020).

Received: 15 May 2013 Accepted: 7 August 2013 Published: 23 August 2013

References
1. Degasperis, A, Procesi, M: Asymptotic integrability. In: Degasperis, A, Gaeta, G (eds.) Symmetry and Perturbation

Theory, vol. 1, pp. 23-37. World Scientific, Singapore (1999)
2. Degasperis, A, Holm, D, Hone, A: A new integral equation with peakon solutions. Theor. Math. Phys. 133, 1461-1472

(2002)
3. Dullin, HR, Gottwald, GA, Holm, DD: Camassa-Holm, Korteweg-de Vries-5 and other asymptotically equivalent

equations for shallow water waves. Fluid Dyn. Res. 33, 73-79 (2003)
4. Lundmark, H, Szmigielski, J: Multi-peakon solutions of the Degasperis-Procesi equation. Inverse Probl. 19, 1241-1245

(2003)
5. Vakhnenko, VO, Parkes, EJ: Periodic and solitary-wave solutions of the Degasperis-Procesi equation. Chaos Solitons

Fractals 20, 1059-1073 (2004)
6. Lin, ZW, Liu, Y: Stability of peakons for the Degasperis-Procesi equation. Commun. Pure Appl. Math. 62, 125-146

(2009)
7. Yin, ZY: Global weak solutions for a new periodic integrable equation with peakon solutions. J. Funct. Anal. 212,

182-194 (2004)
8. Lenells, J: Traveling wave solutions of the Degasperis-Procesi equation. J. Math. Anal. Appl. 306, 72-82 (2005)
9. Matsuno, Y: Multisoliton solutions of the Degasperis-Procesi equation and their peakon limit. Inverse Probl. 21,

1553-1570 (2005)
10. Henry, D: Infinite propagation speed for the Degasperis-Procesi equation. J. Math. Anal. Appl. 311, 755-759 (2005)
11. Mustafa, OG: A note on the Degasperis-Procesi equation. J. Nonlinear Math. Phys. 12, 10-14 (2005)
12. Constantin, A, Escher, J: Wave breaking for nonlinear nonlocal shallow water equations. Acta Math. 181(2), 229-243

(1998)
13. Constantin, A, Lannes, D: The hydro-dynamical relevance of the Camassa-Holm and Degasperis-Procesi equations.

Arch. Ration. Mech. Anal. 193, 165-186 (2009)
14. Fu, Y, Liu, Y, Qu, CZ: On the blow-up structure for the generalized periodic Camassa-Holm and Degasperis-Procesi

equation. J. Funct. Anal. 262, 3125-3158 (2012)
15. Holm, DD, Staley, MF: Wave structure and nonlinear balances in a family of evolutionary PDEs. SIAM J. Appl. Dyn. Syst.

2, 323-380 (2003)
16. Holden, H, Raynaud, X: Global conservative solutions of the Camassa-Holm equations - a Lagrangian point of view.

Commun. Partial Differ. Equ. 32, 1511-1549 (2007)
17. Li, LC: Long time behaviour for a class of low-regularity solutions of the Camassa-Holm equation. Commun. Math.

Phys. 285, 265-291 (2009)
18. Lai, SY, Wu, YH: The local well-posedness and existence of weak solutions for a generalized Camassa-Holm equation.

J. Differ. Equ. 248, 2038-2063 (2010)
19. Tan, WK, Yin, ZY: Global periodic conservative solutions of a periodic modified two-component Camassa-Holm

equation. J. Funct. Anal. 261, 1204-1226 (2011)
20. Zhou, Y: Blow-up solutions to the DGH equation. J. Funct. Anal. 250, 227-248 (2007)
21. Coclite, GM, Karlsen, KH: On the well-posedness of the Degasperis-Procesi equation. J. Funct. Anal. 223, 60-91 (2006)
22. Coclite, GM, Karlsen, KH: Bounded solutions for the Degasperis-Procesi equation. Boll. Unione Mat. Ital. 9(1), 439-453

(2008)
23. Kruzkov, SN: First order quasi-linear equations in several independent variables. Math. USSR Sb. 10, 217-243 (1970)
24. Coclite, GM, Karlsen, KH, Holden, H: Well-posedness for a parabolic-elliptic system. Discrete Contin. Dyn. Syst. 13,

659-682 (2005)
25. Schonbek, ME: Convergence of solutions to nonlinear dispersive equations. Commun. Partial Differ. Equ. 7, 959-1000

(1982)
26. Tartar, L: Compensated compactness and applications to partial differential equations. In: Nonlinear Anal. Mech.

Heriot-Watt Symposium, vol. IV, pp. 136-212. Pitman, Boston (1979)
27. Murat, F: L’injection du cone positif de H–1 dansW–1,q est compacte pour tout q < 2. J. Math. Pures Appl. 60, 309-322

(1981)

doi:10.1186/1029-242X-2013-409
Cite this article as: Lai et al.: The entropy weak solution to a generalized Degasperis-Procesi equation. Journal of
Inequalities and Applications 2013 2013:409.

http://www.journalofinequalitiesandapplications.com/content/2013/1/409

	The entropy weak solution to a generalized Degasperis-Procesi equation
	Abstract
	MSC
	Keywords

	Introduction
	Viscous approximations and estimates
	Main result
	Competing interests
	Authors' contributions
	Acknowledgements
	References


