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Sfifmauh?ﬁs\}zrzgffyhrslogy’ Recently, Takahashi and Nunokawa (Appl. Math. Lett. 16:653-655, 2003) considered
Rzesz6w, 35-959, Poland the class SS§* (¢, B) of analytic functions, which satisfy the condition

- /2 < arg{zf'(2)/f(2)} < wae/2 for all z in the unit disc U on the complex plane,
where0 <@ <1and0< B < 1.Fora = g the class S§*(«, B) is equal to the
well-known class SS§*(B) of strongly starlike functions of order 8. In this work, we
derive a sufficient condition for analytic function to be in the class SS*(«, 8). Our
theorem is a generalization of the result of Nunokawa et al. (Bull. Inst. Math. Acad. Sin.
31(3):195-199, 2003).
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1 Introduction

Let A denote the class of functions with the series expansion
o0
fl@)=z+ Zakzk
k=2

in the unit disc U = {z: |z| < 1}. We denote by S the subclass of A, consisting of univalent
functions. A function f € S is said to be starlike of order « if

sm{ ZJJ:(S) } sa (zel), (L1)

for some 0 < & < 1, Robertson [1]. We denote by S*(«) the class of functions starlike of
order . We say that a function f € S is strongly starlike of order B if and only if

zf'(z) T
‘arg(ﬂz) )‘ <yf @D

for some B (0 < B <1). Let S§*(B) denote the class of strongly starlike functions of or-
der B. The class SS§*(B) was introduced independently by Stankiewicz [2, 3] and by Bran-
nan and Kirvan [4]. In [5] Takahashi and Nunokawa defined the following subclass of A:

SS*(a, B) = {fe A: # <arg Z]]:;S) < ?,ze U}
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for some 0 < o <1 and for some 0 < 8 < 1. We recall here the fact that in [6] and in [7],
a similar class was studied. Note that SS*(min{«, 8}) C SS*(a, 8) C SS*(max{a, B}). Of
course for o = B the class SS§*(«, B) becomes the class SS*(B). It is easily seen that
SS8*(«, B) € S*. In [8] Silverman examined the class G, of mappings f € S that satisfy
the condition

1+ zf/”(z)
S@ —1‘<b, zel,

for some positive b. In [8] the following inclusion result for the class G, was obtained.

Theorem 1.1 [8] If0 < b <1, then

2
S ———— ).
9 C <1+v1+8b)

The result is sharp for all b.
In [9] the authors obtained the following.
Theorem 1.2 [9] Iff belongs to the class Gyg) with

B

b = ’
w V= BFA+ )P

then f € SS*(B).

In this work, we consider the analogous problem for the classes G, and SS*(«, B).
Namely, given «, B8, we look for possible great b such that G, € SS§*(«, 8). To obtain the
main theorem, we need the following version of the well-known Jack’s lemma.

Theorem 1.3 Let p be analytic in U with p(0) =1 and p(z) # 0. If there exist two points
z1 € Uand zy € U such that |z1| = |z3| =r and for z € U, = {z: |z| < r}

b4] To
BT argp(z1) < arg p(z) < arg p(z,) = - (1.2)

with some 0 <a <2,0< 8 <2, then we have

zp'(z1) a+p

= m (1.3)
plz1) 2
and
2p'(22) _ l.Ol +B s, (1.4)
p(2z2) 2
where
1-¢ 1+¢
IZ > PE) 2 2 T
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and where

T fo—
t:tan—( ) (1.5)
4 \a+p

Proof The assumption (1.2) says that the domain p(U,) lies in a sector between two rays

arg{w} = —w8/2 and arg{w} = wa/2, and it contacts with the rays at p(z;) and at p(zy).
The idea of this proof is that we transform this sector into the unit disc, and then we will
use Jack’s lemma. We restrict our considerations to proving (1.3), the proof of (1.4) runs
analogously as that of (1.3). The function

7(a—p)

q(z) = eXp{—l 2T P) }{p(Z)} @ (zeU,) (1.6)

maps U, onto the set g(U,) on the right half-plane fRe{w} > 0. The boundary 94(U,) is
tangent to the imaginary axis at g(z;) and at g(z;) because dp(U,) is tangent to the sector
—mf/2 <argw < wa/2 at p(z1) and at p(z,). Moreover, g(z;) lies on the negative imaginary
axis, while g(z;) lies on the positive imaginary axis. Denote g(z1) = —ix;, x; > 0. The func-
tion

_q(2)-1
Cq(e) +1

#(2) (zeU,)

maps the disc U, onto the domain ¢(U,), contained in the unit disc U. Since

qlz) -1 —im -1 af-1 2xi

d(z1) =
q

(@) +1 —ix+1 x2+1 a2+1

then Jm{¢(z1)} < 0, because x; > 0. Moreover,

2 2 2
|¢(zl>|=("1 1) . M,

2 2 2
x7+1 x7 +1)

hence ¢(z;) = ¢ with some y € (7, 27) such that

-2x
2, x>0 1.7)
+ X7

siny =

Notice that

T fa-p
0)=- t — = - Aty 18
#(0) zan4<a+ﬁ) i (1.8)
with ¢ given by (1.5), t € (-1,1). The following fractional transformation obtained from
#(2)
it
Foy- POy
1+itp(z)

maps the disc U, onto a domain contained in the unit disc U and tangent to the unit
circle at the points F(z;) and at F(z,). Since F(0) = 0 and |F(z)| attains its maximum at the
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point z;, then by Jack’s lemma, there exists k > 1 such that

z1F'(z1) _
F(z))

or, equivalently,

219 (z1) (1 - |it|?) _
A +itp(z)(p(z) +it)

Taking logarithmic derivative in (1.6), we find that

zp'(z) o+ Pzq(2)

p(2) 2 g2

Taking logarithmic derivative in

_1+9(2)
T 1-¢()

q(z)

we obtain

zq'(z) _ 2z¢(2)
qz) 1-¢(2)

Using together (1.9), (1.10) and (1.11), we get

ap'(z1) _ Ko+ ﬁ)(l +itp(z1))(P(z1) + it)
plz1) 1 - it]*)(1 - ¢2(z1))
(1 - itel” ) (e + it)
(1-12)(1 - e%r)
1+ 2)e” —it(e* - 1)
1-12)1 - e%v)

= ko + B)

= k(o + B)

1+2tsiny + 2
= k(o + ﬁ)liy
2(1—¢#%)siny

a+ B (1+12)(-1/siny) -2t
=— k
2 1-¢2

Since (=1/siny) > 1 for y € (r,27), and since k > 1, then

ap'(z1) j2th
== 1

p(z1) 2

where

_ (L+2)(=1/siny) -2t
- 1-¢2
1+£2-2¢
>__ -
- 1-¢
1-¢

T 1+t

k

nn

(1.9)

(1.10)

(1.11)

(1.12)
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Analogously, we may find that

2p'(z) a+p

=i my,
p(z2) 2 7
where
1+t
1-t

If we denote a = it, where by (1.5) t € (-1,1), then

Cl1-t 1+t 1-|a|
ming —, —— ¢ = .
1+t 1-¢ 1+|al

Therefore, under the assumptions of Theorem 1.3, there exists

1-|al T ({a-8
m> , Jal=tan—| —— |,
1+ |al 4 \a+p

such that

apla)  a+p

p(z1) 2

and

2p'(z) a+p

p(z2) 2

The above result is a corollary of Theorem 1.3 but it was given earlier in [5], [9] without
a proof. For a proof the authors of [5] refereed to the paper [10], but it probably has not
been published yet.

2 Main theorem

Our main result is contained in the following.

Theorem 2.1 Assume that 0 <a <1,0< B <1.Iff € Gp,p) With

b(ot, f) = min S —2x%sin + %{1’5), S0 + 2%, sin 6 + X,179) ’
2cosf 2cos6
where
8:a+,3, gzz oa-pB ’
2 2\a+p
~  A1-682c0s26 —§sinf ~  A/1-6%co0s%60 +§sin6
X1 = 1-6 ) X9 = 1-6 ) (21)

then f € S§*(a, B).
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Proof Assume that f € Gp(4,p). Let us define the function p(z) = zf'(2)/f (). Then we have

1420

@ zp'(2)
76 T 22
T p*(2)

If f ¢ SS*(a, B), then f(U) is not contained in the sector —7 /2 < argw < wa/2, hence,
there exists a point z; € U such thatf(|z| < |z1|) is contained in this sector, while f(z;) lies on
the ray argw = -7 8/2 or on the ray argw = wa /2. To fix the next considerations, suppose
that arg p(z1) = -7 B/2. We shall apply the considerations from the proof of Theorem 1.3.
Using (1.12) with sin y given in (1.7) we obtain

2
1+x7

2
z1p'(z1) et p (L+£%) 2% _Ztk , (2.2)
p(z1) 2 1-¢2
where k > 1 and where
q(z1) = —ix; = exp{—i% } {p(zl)}Z/(“*ﬂ), x> 0. 2.3)
Applying (2.2) together with (2.3), we get
1+x2 _atp
ap@)|_|_o+p Q+&)70 -2 ENESEETAN
P*(z1) 2 1-¢2 ! 2 a+p
wrpUrDYL 2t wy
= ! ko,
2 1-¢#2
81 +1%) e 4tx7? 1 )k (2.4)
T20-2)\Y 142 T ’ '
where
5= 2P o1,
2

To estimate (2.4), let us consider the function

4t
a (x) — xl—é x—ﬁ

11z +a 170 x>0.
+

Then we have

4¢t6
&) =x2 <(1 —8)x + At 1+ 8)), x>0,

and

) _ JArs (1= 801+ )2 28
{gl(x)zO,x>0} & x:xlz\/ 1-(1_5)(1+;)
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Hence g (x) takes its minimum at %}, and so, (2.4) attains its minimum at %} too. Since
t = tan(0/2), then after some standard calculations, we get

o VAR + (1-8)(1+12)2-2t8 /1-82cos26 —8sind
X1 = = ’
! 1-8)1+8) 1-6

the same as in (2.1). Therefore,

2 ~ -8
> 5(1+t ) (~16 4tx, ~15>.

ap'(z1) S0 .
21—\ 1+1£2

pHz1)

Applying again ¢ = tan(6/2), we obtain

z1p'(z1)
pHz1)

S+ (s 4t _ 5\ (I —2%%sing +X170)
2cos6

= > b(a, B).
=2-)\" "1 ™M z bl f)

This contradicts the assumption that f € Gy p)-

If arg p(z;) = ma/2 similar argument also leads to the contradiction. Namely, assume
that f(|z| < |z2]) is contained in the sector —7 /2 < argw < wa/2, while f(z,) lies on the ray
argw = wa /2. Applying the previous considerations, we obtain

2
/ (L+)22 o
z3p'(22) _ ‘_.Ol +8 Toxs Kl 2.5)
p(z2) 2 1-¢2
where k > 1 and where
q(z;) = ix; = eXp{—iH } P} “?, x>0 (2.6)

Applying (2.5) and (2.6), we get

1+x2 atp
ap(@)| |a+p A+E)glt+2 . R R AN
= | - k- | ixyexpli—= -
P (z) 2 1-1¢2 2 a+p
1 2
a+’3(1+t2)2%2+2t asp
= 3 Xy
2 1-¢
SA+8Y) (s A s
= - +x,7° )k, 2.7
-\ Tyt @7)
where
+
8:a2ﬂe(0,1].

To estimate (2.7), let us consider the function

x% x_l_‘s, x> 0.

1-5
x) =x""+
&%) 1+1¢2

Then we have

4t8
&) =x>? ((1 —8)x? - . tzx -1+ 8)), x>0,


http://www.journalofinequalitiesandapplications.com/content/2013/1/383

Sokét and Trojnar-Spelina Journal of Inequalities and Applications 2013, 2013:383 Page8of 11
http://www.journalofinequalitiesandapplications.com/content/2013/1/383

and

, ~ JA282 + (1-82)(1 +£2) + 2t8
{gz(x):O,x>0} & X=Xy = 1-90+2)

Hence, g (x) takes its minimum at ¥,, given in (2.1), and so, (2.4) attains its minimum at X5,

too. Because ¢ = tan(f/2), we obtain

o VAP2+(1-82)(1+ 122 +28  v1-82cos?6 + 8sinb

X2

1-8)1+¢?) 1-6
Therefore,
zz127’(22) . s1+12%) B, 4£x5° v = S5+ 2x5° sin@ +%;17°) > b, B).
P (z2) 2(1-1¢2) 1+£2 2cos6
This contradicts the assumption that f € Gy p)- O

If @ = B in the theorem above, then we get the following corollary.

Corollary 2.2 Assume that 0 < o < 1. If f € Gy(o) With

b )_oz l+a =5 l+a =5 B o
¢ _5{(1—“) +(1—°‘) }_\/(l—a)l‘“(1+a)1+“’

then f € S§* ().

This is the result from Theorem 1.2.
Putting o =1/2, 8 =1/2 in Theorem 2.1, we obtain

§=1/2, 6=0, FH=%=+3
and

4 4 4
b(1/2,1/2) = min{ ?, ?} ?

Therefore, we may write the following corollary.

Corollary 2.3 If

1+ Zf”(z) %
f@e)

‘ Zﬁ(? 1| < 3 zel], (2.8)
zZ,

then f is strongly starlike of order 1/2.
Putting o = 3/4, B = 1/4 in Theorem 2.1, we obtain

~ V2(/7-1) z=r-3ﬁ(f7+1)

’ XN=———

S==, 0=
2 2 2

b4
2 4
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and
b(a ,3)=min{ V2(V7-2) 3/5(\/7+5)}: V3T 2)
’ Sm’ 6/ V7 +1 . )

Therefore, we may write the following corollary.
Corollary 2.4 Iff € Gy, p) With

_V27-2)

b(a, B)
“p 3vVA7 +1

~ 0.134,

then f € S§*(3/4,1/4).

For some related sufficient conditions for starlikeness of order «, we refer to the recent
papers [11] and [12].

3 Differential subordinations
For two functions f, g € A, we say that f is subordinate to g, written as f < g if and only if
there exists an analytic Schwarz function w, with |w(z)| < |z| in U such that f(z) = g(w(2)).

In particular, if g is univalent in U, then we have the following equivalence

fe)<glz) < f(0)=g(0) and f(lzl<1) Cg(lz] <1). (3.1)

The idea of subordination was used for defining many classes of functions studied in ge-

ometric function theory. Let us consider the class

zf'(z) 1+Az
f(z) = 1+Bz

S*(A,B):{feA: } _1<B<A<], (3.2)

introduced and investigated by Janowski [13]. For B = -1 and A = 1 — 2« the class S*(4, B)

becomes the class of starlike functions of order «, (1.1).

Lemma 3.1 [14], [15, p.28] Let Q2 be a set in the complex plane C. Assume that r : C* x
U — C satisfies

¥ (q(t),meq (¢)2) ¢ Q, (3.3)
whenm>1,zeUand ¢ € U\ {¢ € 9U: lim,_.; q(z) = oo}. If p, q are analytic in U and

p(0)=q(0) and (p(z), mzp'(2);z) € Q, (3.4)
then p < q.

Theorem 3.2 Assume that -1 < B< A <1 and that b(1 + |A|)?> < |A - B|. Iff € G, then
feS*A,B).


http://www.journalofinequalitiesandapplications.com/content/2013/1/383

Sokét and Trojnar-Spelina Journal of Inequalities and Applications 2013, 2013:383
http://www.journalofinequalitiesandapplications.com/content/2013/1/383

Proof Note that

zp/(2)

zp'(2)
7@ < bz,

febne p*@2)

where p(z) = zf (2)/f (z). If b(1 + |A|)*> < |A - B|, then

A-B
1+CA| < | b |, forall |¢]| =1.

Hence,

A-B

-1
m zl’), forall|§’|=1, {#X,

and so,

m¢ (A - B)
1+Az)?

S

-1
>b, forall|¢|=1¢ #X and for all m > 1.

Therefore,

1+B¢
(1+A{ )2

-1
>b, forall|¢|=1,¢ 7’} and forall m > 1
1+B¢

—_ Y

’Wl;(HA{)/

or, equivalently,

/ -1
meq(¢) >b, forall|¢]|=1,{#— andforall m > 1.
q'¢) B
Hence,
zf'(z) 1+Az
p) = e <4q(z) = T+ B2
or, equivalently, f € $*(4, B). O
The function
1+2z/2
q(z) = m, zelU

maps the unit disc onto the disc D(C, R) with the center C = 5/3 and the radius R = 4/3.
Hence, putting A = 1/2, B=-1/2, b = 4/9 in Theorem 3.2, we obtain the following corol-
lary.

Corollary 3.3 Iff € Gy, then

zf'(2) 5‘ 4
) 3| 3

Page 10 of 11
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