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3100?8 China Y reng Let {X,X,,n > 1} be a sequence of i.i.d. random variables with zero mean. Set

Sn= 1 X EX2 =02 >0,and A ,(€) =302 n7P2P(S,| > n'Pe). In this paper, the

n=1
author discusses the rate of approximation of %E|N|2(”p)/(2’p) by €20-PV/EPI}, (€)
under suitable moment conditions, where N is normal with zero mean and variance
o2 >0, which improves the results of Gut and Steinebach (J. Math. Anal. Appl.
390:1-14, 2012) and extends the work He and Xie (Acta Math. Appl. Sin. 29:179-186,

2013). Specially, for the case r=2 and p = ﬁ B> —%, the author discusses the rate of

approximation of 22% by €2A21/8+1)(€) under the condition EX?I(|X| > t) = Ot /(1))

for some & > 0, where [(t) is a slowly varying function at infinity.
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1 Introduction
Let {X, X,,n > 1} be a sequence of i.i.d. random variables. Set S, = Y ;_; Xi and 4,,(€) =
> o n'P2P(|S,| > n'’Pe). Heyde [1] proved that

lim €21y, (€) = 0%,
e—0

whenever EX = 0 and EX? = 6% < 0o. Klesov [2] studied the rate of the approximation of
02 by €211(¢) under the condition E|X|®> < co. He and Xie [3] improved the results of
Klesov [2]. Gut and Steinebach [4] extended the results of Klesov [2] and obtained the
following Theorem A. Gut and Steinebach [5] studied the general idea of proving precise
asymptotics.

Theorem A Let {X, X,,,n > 1} be a sequence of i.i.d.random variables with zero mean and
O<p<2,r>2.
(1) IfEX? =02 >0 and E|X|? < oo for some r < q <3, then

2Py oy P pinpepieen) O(E’?é"-;%?({_‘;’f)'
p2 r—p

(2) IfEX* =02 >0 and E|X|? < oo for some q > 3 with q > 2;:;”, then

62(rfp)/(27p))\r (€) - p E|N|2(rfp)/(27p) - o(e%)
P2 P _p ’

where N is normal with mean 0 and variance ¢* > 0.
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The purpose of this paper is to strengthen Theorem A and extend the theorem of He and
Xie [3] under suitable moment conditions. In addition, we shall discuss the rate at which
€2X2,1/(p+1)(€) converges to % under the condition T'(t) = O(¢%1(¢)) for some § > 0, where
T(t) = EX2I(|X| > t), I(t) is a slowly varying function at infinity. Throughout this paper,
C represents a positive constant, though its value may change from one appearance to
the next, and [x] denotes the integer part of x. ®(x) is the standard normal distribution

function, ®(x) = \/% I e 2 dt, o(x) = D' (x).

2 Main results

From Gut and Steinebach [6], it is easy to obtain the following lemma.

Lemma 2.1 Let {X, X, n > 1} be a sequence of i.i.d. normal distribution random variables
with zero mean and variance o > 0. Set 0 <p<2andr>2,then

o0
2PV 2|, | > i) P piNprpiep)
r-p

n=1

O(e2-p)12-p)) < 3p,
_ ( ) P 2.1)
O(e*/2P), r>3p.

Lemma 2.2 (Bingham et al. [7]) Let I(¢) be a slowly varying function. We have
(1) for any n > 0,

lim £71(¢) = 0o, lim ¢7"[(¢) = 0;

t—00 t—00

(2) if0< 8 <1, then
t 1
/ s7U(s) ds ~ ——7%1(8), ¢ — oo;
; 1-5
(3)if8 >1, then

% 1
/ s’sl(s)ds~—ﬁt1’5l(t), t — o0

] _
(4)if§=1, then L(t) = [~ @ ds, m(t) = fat @ ds are slowly varying functions; and

I(t) I(t)
im —- =0, im —- =0.
t—00 L(t) t—00 m(t)
Theorem 2.1 Let {X,X,,n > 1} be a sequence of i.i.d.random variables with zero mean
and0<p<2,r>2.
(1) IfEX? = 02 > 0 and E|X|? < oo for some r < 3, then

O(eXr-P/-r)y 2 <y< 37P’

PP () rljp EINPTPCD = L o(erlepiogl), r=22, (2.2)

O(er/?-1)y, 2 <r<s.
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(2) IFEX? = 6% > 0 and E|X|**® < 0o for some 0 < § <1, <2 + 8, then
2r=-p)( —p)k (e)——E|N| r-p)/(2-p)
—-p

O(XrP2)y 2 <r<(1+8/2)p,
= { O(eP’/2P 1og %), r=(1+48/2)p, (2.3)
o(er/2p)), (L+8/2)p<r<2+8.

(3) IfEX? = 6% > 0 and E|X|1 < oo for some q > 3 with q > 2;:;”, then

O(e2r-pVI2-p) 2 <y« 371’,
PP, (€) - r’_ipEwF(’-P)“Z-w = 0@ P logl), r=3p/2, (2:4)
O(e?/@p)y, r>3pl/2,

where N is normal with mean 0 and variance c* > 0.

Remark 2.1 Clearly, Theorem 1 and Theorem 2 in He and Xie [3] are special cases of
Theorem 2.1, by taking r =2 and p = 1.

Remark 2.2 If0<p<2 r>2, wehavemm(z(;;,;_‘sp)>(Zf?_;’;p forr<2+8=g<3
A )>( 2(r-p)p

> p ), 3 m for some g > 3 with g > 2’ 3p . So, the results of Theo-
rem 2.1 are stronger than those of Theorem A.

and mm(

Theorem 2.2 Let {X,X,;n > 1} be a sequence of i.i.d random variables with zero mean,
and let T(t) = O(t™°(t)) for some & > 0, where I(t) is a slowly varying function at infinity.
Set EX* =02 >0 and B > —3.

(1) If5 > 1, then

2 O(e?), -1<B<-1,
€ a1y (€) — Bl O(e’log?l), B=-1, (2.5)
O(El/(2ﬂ+l)), ﬂ > _l
(2) If0 <6 <1, then
o? O(€?), ——<;3<—l s
€ A 1/(p41)(€) = = 24 (2.6)
28 +1 0(68/(2ﬂ+1)1(6—1/(2ﬂ+1))), g>-1 + %

(3)If5 =1, then

1/(28+1)
, O(e? + ezf l(t dr), -1<p<-1,
o
e hapen(€) - Bl O+ [ 12 dr)log L), B=-1, (2.7)
—(2B+3)/( 2/3+1)
O(eVPF (L + f War), p>-i.

Remark 2.3 Forr=2,p = ,3+1 Ifi(¢) = 1 then the result of Theorem 2.2 is weaker than
that of Theorem 2.1 for 0 <8 <1, 8 > —5 Z’ and weaker than that of Theorem 2.1 for
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8 = 1. But the condition T'(¢) = O(¢~%) is weaker than the condition E|X|**® < co. If I(£) — 0
as t — 00, then the result of Theorem 2.2 is the same as that of Theorem 2.1 for 0 < § < 1.

Remark 2.4 For § > 0, the condition E|X|?>*? < oo is neither sufficient nor necessary for
the condition T'(¢) = O(t~21(t)). Here are some suitable examples.

C(1+81n |x|)1
|oc[3+0 ln x|
a normalizing constant, and 0 < § <1, then EX =0 and T(¢) =
f 1+ In |x|

[x|>e |x|1n2 |x|

(Ix| > e), where Cis
It>e),l(t)= = isa

lnt

Example 1 Let X be a random variable with density f(x) =

51t
X = 0Q.

slowly varying function at infinity. But E|X|*** =

Example 2 Let X be a random variable with density f(x) = W%I (lx| > e),
where 0 < § < 1, then EX = 0 and T(t) = St > €), h(t) = et,lnt, E|X|**® < oo. But
h(t) = ﬁ is not a slowly varying function at infinity.

In fact, we have the following result.

Theorem 2.3 Suppose X is a real random variable and § > 0. Then E)X|**

only if T () — 0 and [° " T(s)ds — 0 as t — oo.

< 00 if and

Remark 2.5 If  T(¢) is bounded as t — oo for some & > 0, then we have E|X|?>** < oo for

every « € (0,8) from Theorem 2.3.

Remark 2.6 Let X be a random variable with zero mean. If there exist positive constants
C; and C, such that C/(¢) < * T(t) < C,l(t) for sufficiently large ¢ and some & > 0, where
I(2) is a slowly varying function at infinity, then from Lemma 2.2(4) and Theorem 2.3, we
have

248 = 1)
EX|"" <0 & —ds—>0 as t — 00.

3 Proofs of the main results
Proof of Theorem 2.1 Without loss of generality, we suppose that 62 =1, 0 < € < 1. Since
P(1Su| = n'"Pe) =2(1 - @ (n*P"¢€)) + R, (3.1)
where
R,=P(S, < —n”pe) — &(-n'"P7€) + d(n'P€) — P(S, < n'Pe).
From (3.1), we have

2rp)C-p)) (e)— E|N| r=p)/(2-p)

= 2¢20-P)I2-p) Z n'ir=2 (1 _ ¢(n(2—p)/2p€)) __p E|N|2(r—p)/(2—p)
r—-p
n=1

o0
2(r-p)/(2-p) Z W'P2R,. (3.2)
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By Lemma 2.1, in order to prove Theorem 2.1, we only need to estimate 27?/2=) x
3%, Wi,

(1) On account of a non-uniform estimate of the central limit theorem by Nagaev [8],
for every x € R,

S, CE|X|?
‘P(ﬁ <") - ‘D‘x)\ = T 33)

By (3.3), IRyl = - s,

Jn(1+en2-p)/2p)3

(a) If r < 3p/2, then

o0 o0
2r-p)/2-p) Z w'P2R, < Ce2r-p)I2-p) Z n'P=512 _ 0(62(r—p)/(2—p))‘ (3.4)

n=1 n=1

(b) If 3p/2 < r < 3, then

o0
2r-p)/2-p) Z n'ir=2 R,

n=1
( & n''r-2
2(r—
< CeXrp/ E
- 2-p)/2p)3
—~ /n(L+en )

le~ 2p/(2 p r/p 2 o0
< CE (r-p)/ \/_ Z nr/p—5/2—(6—3p)/2p)

n=1 n=[e=20/2-P)]4+1

- O(er@7), (3.5)

(c) If r = 3p/2, then

00 [e=2p/(2-P)) 1 00
2(r-p)/(2-p) rip=2 pl(2-p) -3 ~1-(6-3p)/2p
€ n R, < Ce —+€ n

n=1 n=1 n:[e—Zp/(2—p)]+1

1
= O(e"/@‘p) log—). (3.6)
€
From (2.1), (3.2), (3.4), (3.5) and (3.6), we obtain (2.2). This completes the proof of part (1).

(2) By the inequality in Osipov and Petrov [9], there exists a bounded and decreasing
function ¥ () on the interval (0, 00) such that lim,,_,», ¥ () = 0 and

IP(ﬁS,, < x) -®d(x)| <

(2-p)/2
Let x = n>PP¢ we have |R,| < M o that:

182(14+n(2-P)/2p)2+8
(@) If2<r<(1+8/2)p, then

Y (/n(+|x])

n‘m(l + |x|)2+5 :

o0 o0
€20-p)/(2-p) Z P2 R, < 2r-p)i2-p) Z nP=2-812 _ 0(62(r—p)/(2—p>). (3.7)
n=1

n=1
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(b) If 1 + 8/2)p < r < 2 + 4, then by noticing that lim,_, ¥ («) = 0 for any 5 > 0, there

exists a natural number Ny such that v (/) < n whenever n > Ny. We conclude that

o0
2r-p)/2-p) Z n'ir=2 R,

n=1

o r/p=2 2-p)/2p
< iy Z 20724 (1 +n €))
n8/2(1 + 6n(2—p)/2p)2+5

n=1

No [e=2p/(2-P))
< CEZ(r—p)/(Z—p) (Z nr/p—Z—B/Zw(\/z) +1 Z nr/p—2—8/2>

n=1 n=Ng+1

[e.¢]

+ CeZ(r—p)/(Z—p)—Z—B ,(ﬁ (E—p/(Z—p)) Z nr/p—2—8/2—(1/p—1/2)(2+8)

n=[e=20/2-P)]+1
< 2r-p)/2-p) N(;/P—l—m + Cnepé/(Z—p) + Cyr (e—p/(2—19))6p8/(2—p)

= oD,

(3.8)
() Ifr = (1+68/2)p, then
> 1
0PI N7 yrlp2R, - o<6P5/<2-1’> log _), (3.9)
n=1 ¢

By (2.1) and combining with (3.2), (3.7), (3.8) and (3.9), we obtain (2.3), which completes
the proof of part (2).

(3) We make use of the following large deviation estimate in Petrov [10]:

p 1 S O]
() oo

So, |R,| < m. Hence we have the following.

x> 0.

C
< —
T n+ |x))

(a) If r < 3p/2, then
o0 o0
20r-p)/2-p) Z PR, < 20-p)I2-p) Z n'P512 O(GZ(r—p)/(Z—p)). (3.10)
n=1 n=1

(b) If r > 3p/2, then £ — 2- 2"2’# < -1. By noting that ¢ > 2=22, we obtain

2-p
2r-p)/(2 )OO rip-2 2r—p)I(2 '~ n''r=2
2r-p)/2-p ;n P=°R, < Ce” PP ; TRy

[e=2p/2-P)]
< Cer-p)/2-p) Z P22
n=1

00
+ CGZ(V—p)/(Z—p)—q Z nr/p72—1/2—(2—p)q/2p

n=[e=20/(2-P)]+1

- O(e?2 7)), (3.11)
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(c) If r = 3p/2, then

[e=2P/(2-P)) 00

o0
1
2(r-p)/(2-p) rlp=2 pl(2-p) pl(2-p)-q -1-(2-p)q/2p
€ n R, < Ce —+Ce n

DRy > >
n=1 n=1 n:[€—2p/(2—p)]+1

12D 10 L

=0 e’ Pog = ). (3.12)
€

By (2.1), from (3.2), (3.10), (3.11) and (3.12), we have (2.4), which completes the proof of
part (3). O

Proof of Theorem 2.2 We write

1
28 +1

22 A 5 [ 2 1
— B —t°/2
= E n e’ Cdt -
(«/Zn —~ /;,,ml/z 28 +1

[e-4/28+1)] oo 5 - .
2 28 B+l —2/2
te ( Z + Z )n (P(|Sn| >enP? ) - E /gnﬁ+1/2 e dt)

n=1 n=[e-4/2B+1)]41

62)\2,1/(&1) (€) -

=2]1 +12 +[3. (313)

First, according to Lemma 2.1, we have

(3.14)
+ 1
O(€4/(2ﬁ 1)), ﬁ > 2-

For I3, applying Lemma 2.3 of Xie and He [11], and letting x = 2y = n?*!¢, we obtain
1
P(|S,,| > nﬁ”le) < nP<|X| > Enﬂ“e) +8ee 2, (3.15)

Observing the following fact

2 00 2 p+1/2
— P dr=2(1- d(n’*2e)) < 2ol e) O(en™>F=3), (3.16)
V2 Jenprin nP+1i2¢

from (3.15) and (3.16), we have
ad ind 2n*h [ 2
L=e Y wPP(S)zenf )+ Y e dr
N2 Jenpr12
n=[e~4/(2p+1)]+1 n=[e-4/(2B+1)]41

o]

enft it
<é? Z n2’3+1P<|X| > ) +Ce? Z n 2

n:[e‘4/(2ﬁ+1>]+l n:[e‘4/(2ﬁ+1)]+l

o0
+Ce3 Z J~3B-512

n=[e-4/(2p+1)]+1
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oo

<ée? Z nzﬁ“/ll - dF(x) + O(€®) + O(€%)
x> 5nPtle

n=[e=4/(2p+1)]+1

o]

<é? Z R Z/ dF(x) + O(€?)

nfe-H@BHD] 41 kf“le<x< (k+1)P+1e

0 k
< Y D / dF(x) + O(€?)

ke[e-4/2B+D)]41 n=1 LiB+le<x<d 5 (k+1)P+le

o]

< Ce? Z k2’3+2/ dF(x) + O(ez)

ke[e-HEAD] 1 kBle<x<d (k+1)ﬂ+1e

<C Z / & dF(x) + O(€?)

k=[e-4/(2+1)] k/3‘rle<x<2 (k+1)B+le

< C/ x2 dE(x) + O(ez)
x> 26 —-(28+3)/(2B+1)

_ CT( (28+3) (2ﬂ+1)) +O(62).

Using the assumption on 7'(t) and Lemma 2.2(1), we can obtain

2 1 min(8,1) 1
O(f )r 3 < /3 E 4 -
13 = O(Ell(zﬁ+l))) ﬂ = _%;3 > 1;
O(e¥/@PD (e V2B, p>-14+20<5<1.

For I, by Bikelis’s inequality (see [12]), we have

[(4/(2;‘“1)] anﬂ LeenPH1/2
I < 62 —/ T(v)dv
2= ; 1+ enf23. /u Jo )
[e~2/2B+D)) (+enfr12) /i
<& Y w / T(v)dv
n=1 0

[e=4/(2B+D)

(1+en5*1/2)f
+et Z n P2 / TWw)dv.
0

n=[6—2/(2ﬁ+1)]+1

Now, the proof of Theorem 2.2 will be divided into the following cases.

Caselofd>1.

Noting that T'(¢) < EX? =1, let §; be a real number such that 1 < §; < §, by Lemma 2.2(1),

limy_, o t17%1() = 0. Therefore, there is a real number T} > 0 such that |t§(%§1| < 1 whenever

t>Ty. Then

o0 1 [e¢) © 1
/ T(t)dtff T(t)dt+/ T(t)dt§C+/ Tdt<oo,
0 0 1 T,

(3.17)
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We have
[e=2/(2B+1)] [e=4/(2B+D]41
I, < Ce? Z P12 L cet Z n b2
n=1 n=[e2/(2B+D]41
2 1 1
O(G ), —§<ﬁ§_z;
_ 2 1 _ 1
=10(*log2), B=-3, (3.18)
O(el/(2/3+1))’ :3 N _%.

From (3.13), (3.14), (3.17) and (3.18), we obtain (2.5).

Case20of0<d<1.

@If -1 <B<-1+2, then > ° n* 12 <ooand [~ t**171(t) dt < co. Making use of
Lemma 2.2(2)-(3), we have

[-2/26+1)

20
L<Ce Y nzf“/2<1+ / T(t)dt)
1

n=1

[e=4/(2B+D)

2enPt1
+Cet Y n-ﬁ-2(1+ / T(t)dt)
1

n=[6—2/(2,‘5+1)]+1

[6—2/(25+1)]

< C€2 Z n2ﬁ—1/2(ﬁ)1—51(ﬁ)+o(62)

n=1
[e-4/28+1)]
+ CeV@PH) 4 cet Z n P2 (2Vlﬂ+16)1_81(2}’1ﬂ+16)

n=[e~2/2B+1)]+1

2/(28+D)

<ce / HIR () U dx
1
(o]
+ Ce-a/ x-ﬂ—zl(2xﬂ+16)x(ﬂ+l)(1—8) dx + 0(62)

—2/2B+1)
< Ce? /
1

< C62 + CGS/(ZﬁH)l(G—l/(ZﬂH))

U@p+1)

PS8 dt + C/ il dt + O(€?)

1/2p+1) £
= 0(€?). (3.19)

(b)If B> —% + %, then we have

2e-1/2B+1)

I, < Ce2e~(PHDICh+D) (1 +/
1

< CEI/(Z,‘HI)(I + (26—(1—5)/(25+1)l(6—1/(2ﬁ+1))) + Cez‘i/(25+l)l(€—1/(2ﬂ+1))

T(t) dt) + Cel/(2ﬂ+1) + CEB/(2ﬂ+l)l(6—l/(2ﬁ+l))

< CEB/(25+1}I(€—1/(2;3+1))' (3.20)


http://www.journalofinequalitiesandapplications.com/content/2013/1/378

He Journal of Inequalities and Applications 2013, 2013:378
http://www.journalofinequalitiesandapplications.com/content/2013/1/378

Therefore

0(62), _l<ﬂ§_%+%’

§/(2B+1) 7( 1/(2B+1 18
O(G (ﬁ+)l(€ (ﬂ+)))7 ,BZ—E‘FZ

(3.21)

Combining the estimate with (3.11) and (3.14), by (3.10), this implies that (2.6) follows.
Case 3 of 5=1.

@ If -1 <B<—1 thend 11 < 00. We have

1/28+1) [e=2/2B+D))
I, < Cé? (1 + / T(t) dt) Z 2p-112
! n=1
’%ﬂﬁ [e=4/2B+D)

+Ce™ <1 + /6 T(¢) dt> Z P2
1

n=[€—2/(2f5+1)]+1

2B+3

~1/(2B+1) i
<Cé (1 + f @ dt) + /284D (1 + / @ dt)
! 1

~1/(28+1)
€ It
< C62(1 + / % dt). (3.22)
1
(b)If B > —%, then we have

1/(2+1) —(2B+3)/(2B+1)

L < Cezeﬁ(zﬁ“m (1 +/ @ dt) Cel/2+1) (1 +/ @ dt>
1 1

€ (28+3)/(28+1)

-1/(28+1) _
< CelleB) (1 +/ B @dt) RTCT ISV (1 +/ @dt)
1 1

e~ (2B+3)/(2B+1)
=ce (1 +/ l(t) > (3.23)
1

(QIfg= —i, then we have

-5
1 €
12§C€210g—(1+/ @dt> Ce 2<1+f @dt>
€ 1 : P
1
§Cezlog—<1+/ @dt)
€ 1

so that

(2B+1)

O+ f dr)), ~1e
L =101+ fl dt) log ), B=-
OB (1 4 fs ~ap3)CAD 1(: ), B>-

1
S_Z,

=

1
D (3.24)
L

Combining the estimate with (3.14) and (3.17), by (3.13), this implies that (2.7) follows, and
hence Theorem 2.2 is proved. d
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Proof of Theorem 2.3 Set T1(t) = E|X|**I(|X| > t). First, note that

EIXI*PI(1X] > t) = / x| 2+® dF (x)

|x|>¢

x|
— 2 8 B—Id d ) Zd
/M)tx (/z Y y) F(x) + ¢ -/|x|>tx F(x)
= /00 8y> 1 (f x? dF(x)) dy + °T(t)
t |x[>y

=4 / SAT(s)ds + 2 T(2).
t

We have

T(t) =8 /oo SAT()ds + 2 T(2).

Since [* "' T(s)ds > 0, £*T(¢) > 0, we have

o0
Tit) =0 < £TE—0 and /.s‘s_lT(s)ds—>0 ast — 00.
t

Next, it is easy to get

EX* <00 & Ti(t)—0 ast— oo.

From the above facts, the proof of Theorem 2.3 is complete.
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