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o= /R: (g~ )0 (O

where x = (x1,...,X._1,—xn) is the reflection of the point x about the dR7. We obtained
the monotonicity and nonexistence of positive solutions to equation (0.1) under
some integrability conditions when r > ~=_In (Zhuo and Li in J. Math. Anal. Appl.
381:392-401, 2011), the authors discussed the following system of integral equations
inR7:

/ (0.2)

u6) = fon (e = W)vq(y) dy,
V) = [ e = e U ) dy

with q% + #
about some line parallel to x,-axis under the assumption u € LP*'(R7) and v € L9 (R]).
In this paper, we derive nonexistence results of such positive solutions for (0.2). In
particular, we present a simple and more general method for the study of symmetry

and monotonicity which has been extensively used in various forms on a half-space.
AMS Subject Classification: 35B05; 35B45
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= % They obtained rotational symmetry of positive solutions of (0.2)

1 Introduction

By a Liouville-type theorem, we here mean the statement of nonexistence of nontrivial
(bounded or not) solutions on the whole space or on a half-space. In the last two decades,
Liouville-type theorems have been widely used, in conjunction with rescaling arguments,
to derive a priori estimates for solutions of boundary value problems.

Let R’ be the n-dimensional upper half Euclidean space

R} = {x = (%1, %2,...,%,) € R"|x, > O}.
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In our previous paper [1], we studied the integral equation in R”:

u(x) = ./R” ( 1 - 1 )u’(y) dy, u(x)>0,xeR]. (1.1)

lx —yln-e " —y|ne

For r > -— (0 < a < n), we obtained the following Liouville-type theorem.

n(r-1)

Theorem 1.1 [1] Suppose r > -*—. If the solution u of (1.1) satisfies u € L™«
nonnegative, then u = 0.

(R") and is

The result above motivates us to further study positive solutions of the systems of inte-

gral equations in R,

u(x) = fRﬁ(m - m)lﬂ(y) day, (1.2)

v(x) = ng(W - W)MP(Y) dy,
where p and g satisfy

1 1 n—a

—+ =
q+1 p+1 n

This is the so-called critical case.
In [2] Zhuo and Li discussed regularity and rotational symmetry of solutions for integral
system (1.2).

Theorem 1.2 [2] Let (u,v) be a pair of positive solutions of (1.2) with p,q > 1. Assume
that u € LP*Y(R") and v € LT7*1(R"), then every positive solution (u,v) of (1.2) is rotationally
symmetric about some line parallel to x,-axis.

They also showed close relationships between integral equation (1.2) and the following
PDEs system:

(—A)%uzvq, u>0,inR";
(-A)Sv=w?, v>0, in R;
u=(=Nu=-=(=A)3i1u=0, on dR”;
v=(=Aw=---=(=A)ily=0, on dR7,

1.3)

where « is an even number.

Theorem 1.3 [2] Let (u,v) be a pair of solutions of (1.2) up to a constant, then (u, v) satisfies
(1.3).

In this paper, we use a simple and more general method to derive that the solution pair
(u,v) of (1.2) is strictly monotonically increasing with respect to the variable x, and further

present the nonexistence of positive solutions of (1.2) under some integrability conditions.
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Theorem 1.4 Let (4,v) be a pair of positive solutions of (1.2) with p,q > 1. Assume that
u € LP*Y(R") and v € LT"(R"), then both u and v are strictly monotonically increasing with
respect to the variable x,,.

Theorem 1.5 Let (u,v) be a pair of positive solutions of (1.2) with p,q > 1. Assume that
u € LP*Y(R") and v € LT (R") are nonnegative, then u=v = 0.

2 Properties of the function G(x, y)

In this section, we introduce some properties of the function G(x,y) which is defined on
a half-space. By using the properties, one could find a simple and general method for the
study of symmetry and monotonicity which has been used in various forms defined in a
half-space. More precisely, for x,y € R”, define

1 1

G(x7y) = n—a - B n—a’
% =yl lx" =yl

where x” = (x1,...,%,_1,—,) is a reflection of the point x about the dR".
Let A be a positive real number. Define

25 ={x = (v, %2,...,%0) €R'0 <x, <A},

T; = {x € R!|x, = 1}
and
2E =R"\Z;,

the complement of X, in RY.
Let

xt = (1, %2, X1, 2 — %)

be a reflection of the point x = (x1, %5, ...,%,) about the plane T5.
To this end, for x,y € RY, define

d(x,y) = |x - yI?
and

4x,y,, ifx,y €RY,
0, x¢R!oryé¢R".

0(x,y) =

Then, for x,y € R}, x # y, we have the following expression:

G(x,y) = H(d(x,9),0(x,)).

Here H : (0,00) x [0,00) = R,

His 1) 1 1 n—-o
S’ =— = —, =
v (s+t)Y v 2
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The following lemma states some properties of the function G(x,y). Here we present a

proof.

Lemma 2.1
(i) Foranyx,y€ X;,x+#y, we have

G(x*,y") > max{G(x,y), G(x,5")} @1)
and
G(x"y") - Gxy) > |G(x",y) — G(x,57)]. (2.2)
(ii) Foranyx e X,,ye€ XF, it holds
G(x*y) > G(x,). (2.3)

Proof Since x,y € %,, it is easy to verify that

d(x*,y") = d(x,y) <d(x",y) (2.4)
and

0(x*y") > 0(x*,y) > 0(x,). (2.5)
In fact,

0(x",5") = 0(x",y) = 4(2% = 2,) (24 - y) = 424 = %)y,
=8(2A —x,) (A _yn) >0,
Q(xx,y) —0(x,y) = 4Q2A — x,)y, — 4o,y

=8(A —x,)y, >0,

() = max (6 (), 0(s.5"))
)

> min{@(xk,y),e(x,y)‘) > 0(x, ). (2.6)

Consider

Glwy) = HG) = 5~

with

s=d(x,y) and t=0(x,y).
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Then, for s, ¢ > 0, we have

of —(—y)( t_r )<0, (2.7)

3s s+l (s+t)r+!
0H y
ot (s+p)r+
92H y(y +1)
3tds  (s+ )72 <o

>0, (2.8)

(i) From (2.4), (2.5), (2.7) and (2.8), we obtain (2.1).
While by (2.6) and (2.9), we have

0(x* )
G(xy") - G@y) :/ 7IOHE®)

0(xy) ot

dt

/ o) YH(AG, ), )
. SH(A( ),
] ot

(x9)

H(xl,y) A
2/ dH (d(x",y),t) at
2

(x3%) dt
= |H(d(x",9),0(x".)) - H(d(%y"),0 (x.5"))|
= |G(x",7) - G(x.2")].

Here we have used the fact that d(x*, ) = d(x,").
(ii) Noticing that for x € ¥, and y € E,\C, we have

W] <oyl and 6() > 06s)

Then (2.3) follows immediately from (2.7) and (2.8).
This completes the proof of Lemma 2.1. O

Remark The properties of the function G(x,y) defined on a half-space are very similar to
the properties of Green’s function for a poly-harmonic operator on the ball with Dirichlet
boundary conditions. One could find this interesting relation from [3, 4] and [5].

3 The proof of main theorems
In this section, by using the method of moving planes in integral forms, we derive the
nonexistence of positive solutions to integral system (1.2) and obtain a new Liouville-type
theorem on a half-space. To prove the theorems, we need several lemmas.

Let A >0,

% = {xeR"|0<x,, <k},

¥, = {wlre T

Set

Page 5 of 9
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Lemma 3.1 Let (u,v) be any pair of positive solutions of (1.2). For any x € X,, we have

um—uwwSﬁiGWUﬂ—G@JUHWm—ﬂ@ﬂ@, (3.1)
v(x) —vi(x) < /2 [G(x*,yk) - G(x,y*)][up(y) - u’;(y)] dy. (3.2)

Proof Obviously, we have
u(x) :/ G(x, y)v1(y) dy+/ G(x,y’\)vi(y) dy
) PN
e[ cmamoa,
IS,

mm:Lk

+ / G(x*,y)v1(y) dy.
2O\,

G(xk,y)vq(y) dy + /2 G(x*,yk)vi(y) dy

Now, by properties (2.2) and (2.3) of the function G(x, y) and the pair of positive solutions
of (1.2), we have

u(x) — uy (x) < / [G(xk,yk) - G(x,y’\)](vq(y) -vi(y)dy

)

+/c~mmﬁ—ﬂﬂwﬁﬂw@
£A\E,
= /E [G(+.5") - G )] (V) - Vi) dy.

Similarly, we could derive the second inequality in the lemma. This completes the proof
of Lemma 3.1. d

Proof of Theorem 1.4 To prove Theorem 1.4, we compare (u(x), v(x)) and (4, (x), v, (x)) on

3. The proof consists of two steps.

In the first step, we start from the very low end of our region R’, i.e., x, = 0. We will

show that for X sufficiently small,
uy(x) > ulx) and vi(x)>v(x), VxeX,. (3.3)
In the second step, we will move our plane 7; toward the positive direction of x,-axis
as long as inequality (3.3) holds.
Step 1. Define
=i = {xlx € Ty, ulx) > up (0},

and

)= {x|x € Xy, vix) > vk(x)}.

Page 6 of 9
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We show that for sufficiently small positive A, £¥ and X} must both be measure zero. In
fact, by Lemma 3.1, it is easy to verify that

M(X) - Ml(x) < L [G(x)"yk) _ G(x,y’\)](v”(y) B Vi(y)) dy
= /}; - [G(x)"y)‘) _ G(xry)h)](Vp()/) 3 Vi(y)) dy

+ fz [G(x".5") = G(x.5")] (P 0) - () dy

A

< [ [662:5) - 610400 - V)

A

< [ 6l 0 - V0]
A
1 .
=p ;) [V(Y) - Vx(y)] dy
sy X =yl
1
<p [ o O -]
=/ lx =yl
where 1, (y) is valued between v(y) and v, (y). Therefore, on X} we have
0 =v.(y) = ¥ () = v(y).
It follows from the Hardy-Littlewood-Sobolev inequality that
ot — ull oo zmy < C|[vi vy - v) ||L(q+1)/q(EK)' (3.4)
Then by the Holder inequality,
ot — ull ooy < C||V||Lq+1 )”VA —Vllzansy)- (3.5)
Similarly, one can show that
Vs = Vllzansy) < CIIMIIL,,+1 w12t = ull s (3.6)
Combining (3.5) and (3.6), we arrive at
llots. = ull sy < C”V”Lqﬂ(zv laall?0s el = wll - 3.7)

By the conditions that # € LP*}(R") and v € L1"1(R"), we can choose sufficiently small pos-
itive A such that
1
CIV Ny lepisas < 5-
Now, inequality (3.7) implies ||z, — u|| (st = 0, and therefore X} must be measure zero.

Similarly, one can show that X} is measure zero. Therefore, (3.3) holds. This completes
Step 1.
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Step 2. (Move the plane to the limiting position to derive symmetry and monotonicity.)
Inequality (3.3) provides a starting point to move the plane T;. Now, we start from the
neighborhood of x,, = 0 and move the plane up as long as (3.3) holds to the limiting posi-
tion. We will show that the solution #(x) must be symmetric about the limiting plane and
be strictly monotonically increasing with respect to the variable x,,. More precisely, define

Ao = sup{Mu(x) <u,(x) and v(x) <v,(x),Vxe X, u < A}.

Suppose that for such a Ag, we will show that both u(x) and v(x) must be symmetric about

the plane T, by using a contradiction argument. Assume that on X,,, we have
ulx) <upy(x) and v(x) <vy(x), but ux)#u,(x) or v(x)# vy (x).

We show that the plane can be moved further up. More precisely, there exists an € > 0
depending on #, &, and the solution (u(x), v(x)) such that

ulx) <wuy(x) and v(x)<vi(x) onZX; forall Ain [Ag, Ao +€). (3.8)
In the case

v(x) # vy, (x) on X,
by Lemma 3.1, we have in fact u(x) < u,, (x) in the interior of X;,. Let

E_;’O = {x € Xy, lulx) > u, (x)} and Z_XO = {x € X, lv(x) = vy, (x}.

Then, obviously, E—;‘O has measure zero and lim;_,,, £} C E—){’O The same is true for that
of v. From (3.5) and (3.6), we deduce

p-1

-1
1 ”M”Lpﬂ(z%)”uk _u”Lp*'l(ZK)' (3‘9)

”u)» - u”[}“’l(z}"f) = C”V”Lqﬂ(z;\/)
Again, the conditions that u € LP*}(R") and v € L1*}(R") ensure that one can choose €

sufficiently small, so that for all 1 in [Ag, Ao + €),

q-1 p-1
Clivll

Lq*l(EK) ”u”Lp*l():K) S

1

7
Now, by (3.9), we have ||u; — u||Lp+1(2%) = 0, therefore X must be measure zero. Similarly,
%} must also be measure zero. This verifies (3.8), therefore both u(x) and v(x) are sym-
metric about the plane T,,. Also, the monotonicity easily follows from the argument. This
completes the proof of Theorem 1.4. 0

Proof of Theorem 1.5 To prove the theorem, firstly we will show that the plane cannot stop
atx, = Ao for some A < +00, that is, we will prove that Ao = +00.

Suppose that Ay < +00, the process of Theorem 1.4 shows that the plane x, = 21 is the
symmetric points of the boundary dR” with respect to the plane T),, and we derive that
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u(x) = 0 and v(x) = 0 when x is on the plane x,, = 2. This contradicts the pair of positive
solutions (u(x), v(x)) of (1.2), thus A¢ = +00.

Besides, we know that both u(x) and v(x) of positive solutions of (1.2) are strictly mono-
tonically increasing in the positive direction of x,-axis, but # € L?*}(R") and v € L1*}(R"),
so we come to the conclusion that the pair of positive solutions (z(x), v(x)) of (1.2) does
not exist.

This completes the proof of Theorem 1.5. d
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