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1 Introduction
Recently, Gurudwan, Sharma [1] and Yang [2] studied the strong convergence of the se-
quence, respectively, which was defined by

X0 € E,
1_ 1 1 1,1
X, = AyXy + b, S1%, + 1,

2_ 2 2¢ 1, 2.2
X, = AyXy + 0,50, + U,

K = XN = ax, + DY SyaN T+ Null, n>0,

for approximation of a common solution of a finite family of uniformly continuous
®-strongly accretive operator equations. Their results are as follows.

Theorem GS [1, Theorem 3.1] Let E be an arbitrary real Banach space and let {A,-}?:[ L
E — E be uniformly continuous ¢-strongly accretive operators and each range of either A;
or (I — A;) be bounded. Let, for i =1,...,N, {t/',}>°, be sequences in E and {a'}>°,, (b},
{c1}°°, be real sequences in [0,1] satisfying
(i) @, +b +c =1,
(i) D02 by =00,
(i) Y pogcn < 00,

. . i . i . Ci .
(iv) lim,_, o0 b}, =1im,_, o ¢}, = lim,_, o = 0,vi=1,...,N,n>1.
n n
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For any given f € E, define {S;}, :E — E by Sx=x—Awx +f,Vi=1,...,N,Vx € E. Then
the multi-step iterative sequence with errors {x,},°, defined by the above converges strongly

to the unique solution of the operator equations {Aix}Y, = f.
On the basis of the above result, Yang [2] proved the following convergence theorem.

Thoerem Yang [2, Theorem 2] Let E be an arbitrary real Banach space and let {A;}Y, :
E — E be uniformly continuous ¢-strongly accretive operators and each range of either A;
or (I - A;) is bounded. Let fori = 1,...,N, {1}, be bounded sequences in E and {a'}%°,,
(B2, {c 1%, be real sequences in [0,1] satisfying
(i) @, +b +c =1,

(i) Yon2oby =00,

(i) 1My o0 &%, = LMy o ¢!, = LMy o ﬁ —0,Vi=1,...,N,n>1
For any given f € E, define (S}, :E— E by Sx=(I-A)x +f,Vi=1,...,N,Vx € E. Then
the multi-step iterative sequence with errors {x,}c, defined by the above converges strongly

to the unique solution of the operator equations {Aix}Y, = f.

However, after careful reading of their works, we discovered that there exist some prob-

lems in references [1] and [2] as follows.

Problem 1 In the proof course of Theorem 3.1 of Gurudwan and Sharma [1], which hap-
pens in line 11 of page 6751. Here, it is defective that they obtained ||x — y|| < ¢ (| A;x —
Apyl), that is, (Ax — Ay, jlx - y)) = ¢(llx = yIDllx -yl = ¢(llx - yll) < [|Ax — Ayll, but we
cannot deduce [x — y|| < ¢;7(][Aix — A;y|)). The reason is that it is possible ||A;x — Ay||
does not belong to R(¢) (range of ¢). A counterexample is as follows. Let us define
¢ : [0, +00) — [0, +00) by ¢(x) = %; then it can be easily seen that ¢ is increasing with
¢(0) = 0, but limy_, .00 ¢(cr) = 1 and ¢~1(2) makes no sense (see [3]).

Problem 2 In the paper of Yang [2], he referred to the mistakes of‘||qum+j —ql| <eforj>1
to deduce ||x, — g|| = 0 (n — 00)’ in [1] and cited an example, i.e.,
{v,}=1{1,0,2,0,0,3,0,0,0,4,0,0,0,0,5,0,0,0,0,0,6,0,0,...}. (**)

Now, we want to clarify the fact. Let {y,} be a real sequence, {y,,,} be some infinite sub-
sequence of {y,} and {#,,} be neither odd nor even sequence, then the conclusions are as
follows:
(C-i) lim,—, o ¥» = 0 & Ve > 0, 3 nonnegative integer #o such that |y,,,.j| < € for
My > g, j > 1.

(C-ii) limy—o0 ¥ = 0 = 1imyy—s o0 Vi, = 0 and limy,— o0 Yy, +j = 0 for Vj > 1.

Indeed, the above example (**) does not satisfy the conclusion (C-i), it just illustrates
the result (C-ii). Therefore, the note given by Yang [2] confused the conclusions (C-i) and
(C-ii).

The aim of this paper is to generalize the results of papers [1] and [2]. For this, we need

the following knowledge.
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2 Preliminary
Let E be a real Banach space and E be its dual space. The normalized duality mapping
J:E— 2F isdefined by

J@) ={f €E: (xf) = IxI* = IfI*}, Vx€E,

where (-, -) denotes the generalized duality pairing. The single-valued normalized duality
mapping is denoted by .

An operator T : E — E is said to be strongly accretive if there exists a constant k > 0,
and for Vx,y € E, Jj(x — y) € J(x — y) such that

(Tx — Ty, j(x — 3)) = kllx - 1%,

without loss of generality, we assume that k € (0,1). The operator T is called ¢-strongly
accretive if for any x, y € E, there exist j(x — y) € J(x —y) and a strictly increasing continuous
function ¢ : [0, +00) — [0, +00) with ¢(0) = 0 such that

(T = Ty,j(x ) = (I = y1) llx = ¥l

It is obvious that a strongly accretive operator must be the ¢-strongly accretive in the
special case in which ¢(£) = kt, but the converse is not true in general. That is, the class
of strongly accretive operators is a proper subclass of the class of ¢-strongly accretive
operators.

In order to obtain the main conclusion of this paper, we need the following lemmas.

Lemma 2.1 [1] Suppose that E is an arbitrary Banach space and A : E — E is a continuous
¢-strongly accretive operator. Then the equation Ax = f has a unique solution for any f € E.

Lemma 2.2 [4] Let E be a real Banach space and let ] : E — 2F be a normalized duality
mapping. Then

lla + I < llall> + 23, j(x + 9)), 2.1)
forallx,y € E and j(x + y) € J(x +¥).
Lemma2.3 [5] Let{5,}2,, {An}oco and {y,}oo, be three nonnegative real sequences and ¢ :
[0, +00) — [0, +00) be a strictly increasing and continuous function with ¢(0) = 0 satisfying
the following inequality:

55“ =< 83 - )‘n(;b((srﬁ-l) + VY n=0, (22)

where A, € [0,1] with Y02 Ay = 00, Yy = 0(A,). Then 8, — 0 as n — oo.

3 Main results
Theorem 3.1 Let E be an arbitrary real Banach space and {A;}Y, : E — E be N uni-
Sformly continuous ¢-strongly accretive operators. For i =1,2,...,N, let {u! )%, be bounded

sequences in E and {a’}°, (b1 }°%,, {c )2, be real sequences in [0,1] satisfying


http://www.journalofinequalitiesandapplications.com/content/2013/1/35

Xue and Zhou Journal of Inequalities and Applications 2013, 2013:35 Page 4 of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/35

(i) a,+b +c =1,i=1,2,...,N;
(ii) >0, b = +00;
(ili) lim,— e b, = lim, oo ¢, =0,i=1,2,...,N;
(iv) ¢ = (b)),
For any given f € E, define {S;}Y, : E — E with ﬂf\il F(S)#0 by Sx=x—-Ax+f,Vi=
N, Vx € E, where F(S;) = {x € E : Sx = x}. Then, for some xy € E, the multi-step
iterative sequence with errors {x,}5, defined by

X0 € E,
XL = arx, + bLSix, + chu,

2_ 2 2¢ 1 2.2
X, = a, %, + b,Sox, + c,u,,

-1_ N-1 N-1 N-2 1,N-1
aN = a T, + DY TSN 4 NN

=

N_ _N N¢  N-1 N
N = aNo, + BN SyaN 1+ Nul, m>0,

KXnel =X "

converges strongly to the unique solution of the operator equations {Ax}Y, = f.

Proof Since {A;}Y, : E — E is ¢-strongly accretive operator, we obtain that each equation
Ajx = f has the unique solution by Lemma 2.1, denote g, i.e., g; is the unique fixed point of
S; by Six =x—Ax +f. Since ﬂf\il F(S;) # @, then ﬂf\il F(S;) is a single set, let g. Meanwhile,
there exists a strictly increasing continuous function ¢ : [0, +o0) — [0, +00) with ¢(0) =0
such that

(Aix — Aig,j(x — q)) = S(Ilx — qll),

forx € E, q € F(T), that is,

(Six =, j(x — q)) <~ (Il - q1l). (@)

Choose some x( € E and xg # S;x¢ such that ry € R(®), where

ro = max{llxo — Sixoll - 0 — qll, lxo — S2xo0ll - 1160 — gl - .., 160 — Snoll - %0 — gl },

R(®) is the range of ®. Indeed, if ®(r) — +00 as r — +00, then ry € R(P); if sup{P(r):r e
[0, +00)} = 11 < +00 with 1y < 7y, then for g € E, there exists a sequence {w,,} in E such that
w, — q as n — oo with w,, # q. Since A; is uniformly continuous, so is S;. Furthermore,
we obtain that S;w, — S;q as n — oo, then {w, — S;w,} is the bounded sequence for i =
1,2,...,N. Hence, there exists the common natural number 7y such that ||w,, —S;w,|| - ||w, —
ql <2 forn >npandi=12,...,N, then weredefine xy = w,, and [lxo—Sixo | - %0 — ¢l < %1
Thus, max<;<nf{|lxo — Sixoll - ||x0 —qll} € R(¢). It is to ensure that ®~}(ry) is defined well.

Step I. We show that {x,} is a bounded sequence.

Set R = ®7(ry), then from the above formula (@), we obtain that ||xy — g|| < R. Denote

Bi={x€E:|lx-qll <R}, By={xeE:|lx-ql <2R}.
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Since §; is uniformly continuous, then S; is bounded. We let

M:max{su Six—q| +1 }+max{su u - }

max {sup {ISex —qll + 1} + max jsupf |, ~ ]}

Next, we want to prove that x,, € By. If n = 0, then % € B;. Now, assume that it holds for

some #, i.e., x, € B;. We prove that x,,,; € B;. Suppose it is not the case, then |x,,; — g >
R

R> g Since S; is uniformly continuous for i = 1,2,...,N, then for ¢, = %, there exists

common § > 0 such that ||S;x — S;y|| < €0 when |lx — y|| < §. Denote

() 8 }

Tp =minjl, —, ,
M 8R(M +2R) 2M + 5R

Since bi,c, — 0 as n — oo fori=1,2,...,p. Without loss of generality, we let 0 < b, ¢!, <
7o foranyn>0andi=1,2,...,N. Since an = o(bﬁ’), let cﬁ’ < bjn\’ro. Now, estimate ||x§l el
fori=1,2,...,N. From the multi-step iteration, we have

%, 4|
< (1=by,—c))llxn — qll + DL 1S, — qll + cp ||l — g|
<R+ toM

<2R, (3.1)
then x}, € B. Similarly, we have

(E]]
< (1- 8-l —all + B 523, ~a] + a2 a]
<R+ 1M

<2R, (3.2)
thenx? € By. -+ -+ , we have

Erme]
< (-6 = N)llwn — qll + BY | Snaxy 2 — g + ey 7wyt -4
< R+ ToM

< 2R, (3.3)
then xYY~1 € B,. Therefore, we get

%141 — 4l
< (U=8 =) llwn = qll + b | Sy ™ = g + ¢y ~ 4]
<R+ 1M

<2R. (3.4)
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And we also have

141 = %
< by [[Sny ™ = x| + )16 — |

< by (|Snva ™ = al| + 1l = qll) + & (o = a| + % = qll)

< o[ (|Sxa™"" ~ g + | ~ ) + 211x. ~ 4]
< 7o(M + 2R)
= CDS(E)» (3.5)
and
[EmEE|
< b [|Sny ™ = + ) = | + B | Snvay P — | + 6 oy — |
< BN (|| Sna) ™ = g + 1w —qll) + & (| — ]| + 120~ ql)
+ B (|Snaxh ™ =g + e = qll) + 7 ()™ - g + % - qll)
< o[ (|Sx " ~al + | || +21x. ~q1l)
+ (ISvaxh ™ =gl + ™ — g + 201, — q)]
< 10(2M + 4R)
<8. (3.6)

By the uniform continuity of Sy, we have

O(R
St~ S 1 < 22

Using Lemma 2.2 and the above formulas, we have

%1 — g1
= [ Gon = @) + BY (Snad ™ =) + Y (=) |
< lloen = gll* + 26} (Snahy ™ = i, j(@ms1 — @) + 26 (1)) = %0, j(Hni1 — 9))
< 1% = gl + 26} (Snns1 = Fpa1 + Fns1 = X — SN + Snxy 5 j(Xms1 — )
+2¢) [ = - 1%ne1 — 4
< |l — qlI* = 26) @ ([|%ne1 — ) + 25} %1 = %ull - %1 — gl

+ 260 || Sntnsr — Sy | - I — gl + 26 (||l = g]| + s = qll) %001 — gl

R (8 o8

<%y —qll* =26 d = ) + 26 (2)-2R+2bﬁ’ (2).2R+2b§r0(R+M)2R
2 8R 8R
R ?(3)

<|lxy—ql* =N o[ = ) + 26 ——2———(R+ M)2R

< %n —qll* - b, <2>+ ”8R(M+2R)( +M)
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. B (R
<% —4ll —T‘D 3

<R?, (3.7)

which is a contradiction. So, x,,; € By, i.e., {x,} is a bounded sequence, from which it
follows that {x}, {x2},..., {1} are all bounded sequences as well.

Step II. We want to prove ||x, — g|| — 0 as n — oo.

Since bi,c, — 0 as n — oo for i =1,2,...,N and {x,}, {x)/"!} are bounded. From (3.5)
and (3.6), we obtain

lim [|%41 — %] = 0, lim ||%,,1 —x) '] =0, lim || Sy — Sy ! = 0.
n—00 n—00 n— 00
By (3.7), we have

%1 —ql®
=[G — @) + B (Sl ™ = ) + € (1 = )|
< 10 = gl + 2B (Sl ™ = s j (X1 — @) + 2 (), = X, j(n1 — )
< 1% = qlI* + 25} (St = %1 + Xnar = % — St + Sy ™ j (%1 — )
2Nl = x| - %s — gl
< lln = qlI* = 265 @ (121 = qll) + 25} 1% = %]l - %001 — 4
+ 25 | Svter — Snl Y| s — qll + 26} o = x| - 16001 —

=y — qlI* = 26 @ (|61 — qll) + o(BY)), (3.8)
where

200 1%ns1 = %ull * %1 = qll + 2B || Snnar — Sy 7|

Mn =gl + 26 o) =% - 12001 = gl = 0(BY)).
By Lemma 2.3, we obtain lim,,_, « |[x, — ¢|| = 0. This completes the proof. O

Remark 3.2 Theorem 3.1 generalizes Theorem 3.1 of [1] and Theorem 2 of [2] in the
following cases:
(a) Itis not necessary for each range of A; or I — A; to be bounded in [1] and [2].
(b) The condition of {c!} is weakened to ¢ = o(b) from lim,,_, ﬁ =
(i=1,2,...,N).
(c) The proof method of our theorem differs from that of [1] and [2].

Theorem 3.3 Let E, {ul}, {a'}, {b'}, {c}} (i =1,2,...,N) be as in Theorem 3.1 and let
{Ti}X, : E — E be N uniformly continuous ¢-strongly pseudocontractive mappings. Then,
for some x € E, the multi-step iterative sequence with errors {x,}.°, defined by

X0 € E,

1_ 1 1 1.1
X, = a,%, + b, Tix, + C,u,,

Page 7 of 8
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2

_ 2 2 1L 200
X, = a, %, + b, Tox, + c,u,,

-1 N-1 N-1 N-2 -1, N-1
aN T = g, DY Ty NN

Xrl :xﬁl = aﬁ[x,, + bﬁ’TNxﬁ[’l + cfuﬁ’, n=>0,
converges strongly to the unique common fixed point of {T;}Y,.

Proof See [1]. O
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