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1 Introduction
Let C be a set of complex numbers and let N = {1,2,3,...} = Ny \ {0} be a set of positive
integers. Let A be a class of functions of the form

f@=z+) a2, 11)
n=2

which are analytic in the open unit disk D = {z € C: |z| < 1}. Also, let S denote a subclass
of all functions in A which are univalent in D (for details, see [1, 2]).

Since univalent functions are one-to-one, they are invertible and the inverse functions
need not be defined on the entire unit disk D. However, the famous Koebe one-quarter
theorem [1] ensures that the image of the unit disk D under every function f € S contains
a disk of radius 1/4. Thus, every univalent function f € S has an inverse ! satisfying

f(fe) =z (zeD)

and
fUw) =w <IWI <ro(f);ro(f) > i)

where

A w) =w—ayw? + (261% - clg)w3 - (561% —bayas + 44)w4 oeen, (1.2)
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A function f € A is said to be bi-univalent in D if both f and f~! are univalent in D. Let
o denote the class of bi-univalent functions defined in the unit disk D. In 1967, Lewin [3]
first introduced the class o of bi-univalent functions and showed that |a;| < 1.51 for every
f € 0. Subsequently, Branan and Clunie [4] conjectured that |a,| < +/2 for f € o. Later,
Netanyahu [5] proved that maxse, |a2| = 3/4. The coefficient estimate problem for each of
lay| (n € N\ {1,2}) is still an open problem.

Brannan and Taha [6] (see also [7]) introduced certain subclasses of a bi-univalent func-
tion class o similar to the familiar subclasses S*(«) and K («) of starlike and convex func-
tions of order & (0 < @ <1), respectively (see [8]). Thus, following Brannan and Taha [6]
(see also [7]), a function f € A is in the class S} [«] of strongly bi-starlike functions of or-
der @ (0 < @ < 1) if both functions f and f! are strongly starlike functions of order «.
The classes S¥(«) and K, () of bi-starlike functions of order « and bi-convex functions
of order «, corresponding (respectively) to the function classes $*(«) and K(«), were also
introduced analogously. For each of the function classes S} («) and K, (@), they found non-
sharp estimates on the first two Taylor-Maclaurin coefficients |a,| and |as| (for details, see
(6, 7]).

An analytic function f is subordinate to an analytic function g, written f < g, if there is
an analytic function w with |w(z)| < |z| such that f = (g(w)). If g is univalent, then f < g
if and only if f(0) = g(0) and (D) C g(D). Ma and Minda [9] unified various subclasses of
starlike and convex functions for which either of the quantities zf”(z)/f (z) or 1 + zf” (z) /' (z)
is subordinate to a more general superordinate function. For this purpose, they considered
an analytic function ¢ with positive real part in the unit disk D, ¢(0) =1, ¢’(0) > 0, and ¢
maps D onto a region starlike with respect to 1 and symmetric with respect to the real
axis. The classes S*(¢) and K(¢) of Ma-Minda starlike and Ma-Minda convex functions
are respectively characterized by zf'(z)/f (z) < ¢(z) or 1 + zf"(2)/f' (z) < ¢(z). A function f
is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if both f and f~! are re-
spectively Ma-Minda starlike or convex. These classes are denoted respectively by S¥(¢)
and K, (¢). Recently, Srivastava et al. [10], Frasin and Aouf [11] and Caglar et al. [12] intro-
duced and investigated various subclasses of bi-univalent functions and found estimates
on the coefficients |a;| and |as| for functions in these classes. Very recently, Ali et al. [13],
Kumar et al. [14], Srivastava et al. [15] and Xu et al.[16] unified and extended some related
results in [7, 10-12, 17] by generalizing their classes using subordination.

Motivated by Ali et al. [13] and Kumar et al. [14], we investigate the estimates for the
initial coefficients |a;| and |as| of bi-univalent functions of Ma-Minda type belonging to
the classes H* (%, ) and M (A, i, ) defined in Section 2. Our results generalize several
well-known results in [10-14] and these are also pointed out.

2 Coefficient estimates

Throughout this paper, we assume that ¢ is an analytic univalent function with positive
real part in D, (D) is symmetric with respect to the real axis and starlike with respect to
¢(0) =1, and ¢’(0) > 0. Such a function has series expansion of the form

¢(z) =1+ B1z+Byzy +B3zz +--- (B;>0). (2.1)

With this assumption on ¢, we now introduce the following subclasses of Ma-Minda bi-
univalent functions.
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Definition 2.1 A functionf € o given by (1.1) is said to be in the class H! (%, ¢) if it satisfies

1
(1- x)(f(z)) Faf(z (f (Z))M <9 (\=Lpu>1zeD) (2.2)

and

n-1
1- A)(‘g(w)) /\g/(W)(‘@) <pw) (A=1Lu>1weD), (2.3)
w z
where the function g is given by
gw) =f(w) = w—aw* + (2a3 — az)w’ — (5a3 — 5azas + as)w* + - - . (2.4)

We note that, for suitable choices A, i1 and ¢, the class H* (%, ¢) reduces to the following
known classes.
(1) H*(x, (%)a) =H!(L o) A >1,0<a <1, u>0) (see Caglar et al. [12,
Definition 2.1]);
(2) H*(», %) =H!LB) (A =>1,0<B<1, u>0)(see Caglar et al. [12,
Definition 3.1]);
(3) HL(A @) =H, (A @) (A >1) (see Kumar et al. [14, Definition 1.1]);
(4) H*(1,¢)=H!"(p) (L > 0) (see Kumar et al. [14, Definition 2.1]);
(5) HL(1,9) = H,(¢) (see Al et al. [13, p.345]);
(6) HX(n (“Z “)=H,(Aa) (A >1,0<a <1) (see Frasin and Aouf [11, Definition 2.1]);
(7) HL(x, M) =Hy(A,B) (A >1,0 < B <1) (see Frasin and Aouf [11,
Definition 3.1]);
(8) HA(1, (“Z “) = H,(a) (0 <@ <1) (see Srivastava et al. [10, Definition 1]);
(9) HL(, L+l 2ﬂ)z) H,(B) (0 < B <1) (see Srivastava et al. [10, Definition 2]).

For functlons in the class H/ (A, ¢), the following estimates are obtained.

Theorem 2.1 Let the function f given by (1.1) be in the class H*(X,¢), A > 1 and u > 0.

Then
aa] < min] 2, [2Br¥ B2 BiD (2.5)
AV @+ w)@2A+p)
and
B2 2(By+|By-Bi)
|Ll |< {2A+M A+;14) ’ (1+1/1. 22)»+/j }’ 0 =K <1, (2 6)
NS B, 2Bl w1 '
20+ +p)(2A+p)? -

Proof Sincef € H! (A, p), there exist two analytic functions u, v : D — D, with u(0) = v(0) =
0, such that

" n-1
1-x) (@) +Af'(2) (@) = ¢(u(2)) 2.7)
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and

iz -1
(1-2) (g (W)) + 28 (W) (@) = p(v(w)). 2.8)

w

Define the functions p and g by

1
plz) = +ul@ =l+piz+pz°+--- and
1-u(z)
(2.9)
1+v(2) N
q(z) = =l+quz+qz +---,
1-v(2)
or, equivalently,
p@)-1 1 JZAW
- S _d e 2.10
u(2) e 2(191Z+(p2 5 )7t (2.10)
and
qz)-1 _1 ) -
_ 1 4 ) 11
v(z) 01 2 <q1z + <qz 5 )7t (2.11)

Itis clear that p and g are analytic in D and p(0) = g(0) = 1. Since u,v: D — D, the functions
p and g have positive real part in D, and hence |p;| <2 and |¢;| <2 (i =1,2,...). By virtue
of (2.7), (2.8), (2.10) and (2.11), we have

FON o (fOY (P01
12 ) (e
and
]
a-(22) s rge(22) " -o(407). .13
w z qw) +1

Using (2.10), (2.11), together with (2.1), we easily obtain

pz) -1 1 1 1, 1. 5\,
=1+-B —B - — —-B cee 2.14
(p<p(z) 1 + 5 11z + 5 b b2 2191 + 2 2p1 )2+ ( )
and
qw) -1 1 1 1, 1 2). 2
=1+-B —-B —— -B cee 2.15
w(q(w)+1 + ) 1w+ 5 1| 92 2q1 + 4 2q) |W ( )

Since f € o has the Maclaurin series given by (1.1), a computation shows that its inverse

g =f7! has the expansion given by (1.2). Also, since

"(z) =1+ 2ayz + 3asz> +--- and
S

g,(W) =1-2a,w+3Q2a, — a3)w2 —
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it follows from (2.12)-(2.15) that

1
A+ pay = 531191,

(L =1)QA+ ) 1 1 1
A + w)asz + f % EBI p2 - 2]9% + ZBZP%r

1
—(A + way = 531%

and

B+u)2r+pup) 1 1 1
—(21 + p)as + faﬁ = 531 q2 — E!Zf + EBZLI%'

From (2.16) and (2.18), we get
p1=-q
and
8(h+uw)? a; -Bz(p1 + ‘h)
Also, from (2.17) and (2.19), we obtain
2 1 1 2., 2
1+ w)2A + pa; = 531(192 +qa) + Z(Bz -B) (P +43),

or

2 ZBl(pz + qz) +(By - Bl)(p% + q%)
a, =
41+ )22 + )

Since |p;] <2 and |g;| <2 (i = 1,2), it follows from (2.21) and (2.22) that

B
|as| < ——
At

and

2(B1 + |By — Bi])

el =\ e

which yields the desired estimate on |a,| as asserted in (2.5).

Next, in order to find the bound on |as|, by subtracting (2.19) from (2.17), we get

202% + p)(as — a3) = —Bl(pz —-q2) + (Bz -B)(pi - 41)-

Using (2.20) and (2.21) in (2.25), we have

1
+ ———Bp?,
as = 4(2)\ 1([92 92) 400 + ) 191

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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which evidently yields

2
las| < BB 5
20+ (A+p)

On the other hand, by using (2.20) and (2.22) in (2.25), we obtain

_Bil(n+3)p2 + A= )] + By - B) (P + q7)
) 4L+ )20+ ) ’

as

and applying |p;| <2 and |g;] <2 (i =1,2) for (2.27), we get

las| <

B uw+3  |1-pl 2|By - By|
=22+ )

+ + .
1+pn  1+p T+ w)2r+ )

Now, we consider the bounds on |as| according to .
Case 1. If 0 < u < 1, then from (2.28)

2(By + B, - Bi)

< .
= e
Case 2. If u > 1, then from (2.28)

B, 2|By - B
las| < + .
20+ @+ wuw)@2Ar+pw)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

Thus, from (2.26), (2.29) and (2.30), we obtain the desired estimate on |a3| given in (2.6).

This completes the proof of Theorem 2.1.

O

Putting =1 and A = 4 =1 in Theorem 2.1, we respectively get the following Corollar-

ies 2.1 and 2.2.

Corollary 2.1 Iff € H, (A, ¢) (A > 1), then

.| B By +|By — By|
jaz| <min{ -,
- A+l 20 +1

and
min{BL ¢ B BuBoBily o< o
las| < ol T a2 2t b VS H<L
| BitlB2-Bil
NS p=L

Corollary 2.2 Iff € H, (), then

\ay| < min fi [B1 +|By — By
21 = 21 3

and

2

- (B B B1+|By-B

min{& + =L, BHBaBily g < <1,
372 3

las| < By4lBy 1|

=5 =1

Page 6 of 10
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Remark 2.1 The estimates of the coefficients |a;| and |as3| of Corollaries 2.1 and 2.2 are
the improvement of the estimates obtained in [14, Theorem 2.1] and [13, Theorem 2.1],

respectively.

Remark 2.2 If we set

1+(1-2
o(2) = M “1+20-B)z+2A-p)2+ (0<B<1)
-z
in Corollaries 2.1 and 2.2, the results obtained improve the results in [11, Theorem 3.2,
inequalities (3.3) and (3.4)] and [10, Theorem 2, inequality (3.3)], respectively.

Definition 2.2 Let y € C* = C\ {0}, A > 0 and p > 0. A function f € o given by (1.1) is
said to be in the class M} (A, i, ¢), if the following subordinations hold:

zf'(2) + QA + A — )z 2f”(z) + )»,uz3f”/(z)
((1 A+ () + (A — w)zf'(z) + Auz2f" (2) 1) <9(2)

and

1 1 (wg’(w) + (20 + A — )Wg" (W) + Auwig” (w)
14

(1 -A+ /,L)g(w) +(A— M)wg ( ) + )\szg,,(w) 1) < QD(W),

where the function g is defined by (2.4).

We note that, by choosing appropriate values for A, i1, y and g, the class M} (A, i, ¢)
reduces to several earlier known classes.

(1) MY(r,0,¢) = (gz)) (A >0, y € C*) (see Kumar et al. [14, Definition 2.2]);

(2) ML (0,0, 4= 2‘3)2) S¥(B) (0 < B <1) (see Brannan and Taha [6, Definition 3.1]);

(3) ML(1,0, L( 1 2’3 ===PZ) = K, (B) (0 < B <1) (see Brannan and Taha [6, Definition 4.1]);

(4) ML(0,0, (ﬁz)“) =S¥ (a) (0 < <1) (see Taha [7]).

For functions in the class M} (, i, ¢), the following estimates are derived.

Theorem 2.2 Lety € C*, A >0 and ;> 0. If f € MYy (A, 11, ), then

|y |B1+/B1
laz| <

_\/| (63t +20 =20 +1) = (Qhp + A — p + 1)21B2y + 220 + A — ju + 1)2(By — By)|

(2.31)

and

|y |(B1 + |By — By)

. 2.32
12060 + 27 — 21 + 1) — (2Aj + A — o + 1)2| (2.32)

las| <

Proof 1f f € M} (A, i, ¢), then there are analytic functions u,v: D — D, with u(0) = v(0) =
0, satisfying

(2.33)

1 <Zf’(z) + QA+ k= )2 (@) + 2 (@) 1> = 0(u(2)
Q-2+ wf(2) + (A — wWzf'(2) + Auz2f"(z)
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and

1 (wg’(w) + QA+ A — M)Wzg//(w) + AMWBg///(W) _ ) _ <p(v(w)). (2.34)

y L= A+ w)gw) + (h — )wg' (W) + auwg” (w)

Let p and g be defined as in (2.8), then it is clear from (2.33), (2.34), (2.9) and (2.10) that

1 (zf/(z) + 2+ A = w27 (2) + a2 (2) ~ 1)
Yy N =2+ w)f(2) + (A — w)zf'(2) + Auz?f" (2)

_ (p&)-1
- g0(1}9(2) + 1) (239

and

1+

1 (wg’(w) + (20 + A — w)wrg" (W) + Auw3g” (w) ~ 1)
y L=+ u)gw) + (A — p)wg'(w) + Auw?g” (w)

~ (aw) -1
} ‘”(qw) ¥ 1)' (2:36)

It follows from (2.35), (2.36), (2.14) and (2.15) that
1
@Ap+A—p+1ay = 531191% (2:37)
—2Ap + A =+ 1)%a5 + 2(6Ap + 24 — 2 + 1)as
1 1 1
=y [531 (Pz - 5?%) + EBZP%} (2.38)
1

QA+ A —p+1)ay = iquly (2.39)

and

[4(62p +22 =2 +1) = 2Ap + & — w +1)*]ad — 2(6Ap + 24 — 2 + 1)as

=y [%Bl <q2 - %qf) + iquf} (2.40)

Equations (2.37) and (2.39) yield

p1=-q (2.41)
and

8(2ap + A - +1)’a3 = Biy* (p} + 47). (2.42)
From (2.38), (2.40), (2.41) and (2.42), it follows that

Y?B}(p2 + q2)
A[2(6A0 +21 =2 +1) = QA + A =+ D)A)B2y + (2Ap + A — o + 1)2(B; - By)]

2 _
a, =

which yields the desired estimate on |a;| as described in (2.31).
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Similarly, it can be obtained from (2.38), (2.40) and (2.41) that

_ yBilpa(4(6ap + 20 =20+ 1) = Qap + A = +1)?) + g2 (A + A — 1 +1)°]

% = 8[2(6Ap + 24 =2 +1) — A + A — o +1)2](6Ap + 24 — 21 + 1)
2y (By = B1)(6Aje + 20 = 2p + )p}
+
8[2(6A% + 20 — 2 +1) — (2Ap + A — ju + 1)2](6Ap + 24 — 2 + 1)
which easily leads to the desired estimate (2.32) on |as|. O

Taking 1 = 0 in Theorem 2.2, we obtain the following corollary.

Corollary 2.3 [14, Theorem 2.3] Iff € Né’y (), then

ly|B1+v/B1

B, +|By - B
las| < : and las| < |V|( 1+| 2 _ 1|)
VIA+21=22)B2y + (1 + 1)2(B, - By)| [1+2A— A2

Further, for y =1, putting » = 0 and A =1 in Corollary 2.3, respectively, we have the
following Corollaries 2.4 and 2.5.

Corollary 2.4 [13, Corollary 2.1] Iff € M. (0,0,¢) = ST, (¢), then

BivBy

|| < —————=and |az| <By+|By - B
2
|Bf + B1 — Bs|

Corollary 2.5 [13, Corollary 2.2] Iff € ML (1,0,¢) = CV,(p), then

BB,

1
las| < > and las| < =(By +|By - Bil).
2|B? + 2B; — 2B, 2

Remark 2.3 If we set

1+z\“
<P(Z)=(1—> =1+20z+20%2%2+--- (0O<a<l)
-z

and

1+(1-2B)z

- =1+21-B)z+20-B)z*+--- (0<B<1)

¢(2)

in Corollaries 2.4 and 2.5, we obtain the results of Brannan and Taha [6, Theorems 2.1, 3.1

and 4.1, respectively].
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