Bhatia and Sahay Journal of Inequalities and Applications 2013, 2013:31 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/31 a SpringerOpen Journal

RESEARCH Open Access

Strict global minimizers and higher-order
generalized strong invexity in multiobjective
optimization

Guneet Bhatia'" and Rishi Rajan Sahay?

“Correspondence:
guneet172@yahoo.co.in
'Department of Mathematics,
University of Delhi, Delhi, 110007,
India

Full list of author information is
available at the end of the article

@ Springer

Abstract

Higher-order strict minimizers with respect to a nonlinear function for a
multiobjective optimization problem are introduced and are characterized via
sufficient optimality conditions and higher-order mixed saddle points of a
vector-valued partial Lagrangian. To this aim, we present certain generalizations of
higher-order strong invexity. A mixed dual is proposed and corresponding duality
results are obtained. An equivalent optimization problem for the given multiobjective
optimization problem is introduced. It is shown that the problem of finding
higher-order strict minimizers with respect to a nonlinear function for the given
problem reduces to that of finding strict minimizers in the ordinary sense for an
equivalent problem.
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1 Introduction

Multiobjective optimization problems occupy an important place in the theory of op-
timization. Several solution concepts for multiobjective optimization problem have ap-
peared in the literature viz. efficiency, weak efficiency and proper efficiency [1, 2]. The
concept of higher-order local minimizer plays an important role in the convergence anal-
ysis of iterative numerical methods [3] and in stability results [4]. For a scalar optimization
problem, Auslender [5] derived necessary and sufficient optimality conditions for isolated
local minima of order 1 and 2, and Ward [6] presented the notion of strict local minimum
of order m. Jimenez [7] extended the idea of Ward [6] to define the notion of a strict local
efficient solution of order m for a vector minimization problem. Bhatia [8] extended the
notion of Ward to define the higher-order global strict minimizer for a multiobjective op-
timization problem. Sahay and Bhatia [9] introduced the notion of a strict minimizer of
order m with respect to a nonlinear function for a scalar optimization problem.

In this paper, we move a step ahead in this direction and introduce the concept of a
higher-order strict minimizer with respect to a nonlinear function for a multiobjective
optimization problem. For the purpose of studying this new solution concept, we present
certain generalizations of higher-order strong invexity [9]. Sufficient optimality conditions
characterizing this solution concept are obtained. A mixed dual is proposed and well-
known duality results are established. A partial vector-valued Lagrangian for the multi-
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objective optimization problem is introduced. Higher-order mixed saddle points for the
partial Lagrangian with respect to a nonlinear function are shown to be equivalent to the
higher-order strict minimizers with respect to the same function. Further, an equivalent
optimization problem that enables one to find the higher-order strict minimizers for a

given multiobjective optimization problem in a simpler manner is presented.

2 Higher-order global strict minimizers

In this paper, we study the following multiobjective optimization problem:

(MOP) minimize f(x) = (fl(x), . ..,j;,(x))
subject to gi(x) <0, j=1,2,...,q,
wheref;,gi: X - R,i=1,2,...,p,j=1,2,...,q are real-valued differentiable functions and
X is a non-empty open subset of R” endowed with the Euclidean norm || - ||.
We denote by S = {x € X : gi(x) < 0,j =1,2,...,q) the set of all feasible solutions for

(MOP) and let I(x) = {j : gi(x) = 0} be the set of indices corresponding to active constraints.
Let B(x%, &) = {x € R" : ||x — x°|| < £} denote an open ball with centre x° and radius .

Definition 2.1 ([7]) A point x° € S is a strict local minimizer for (MOP) if there exists an
& > 0 such that

f@) £f(x°) forallxeB(x°,6)NS,
that is, there exists no x € B(x°, &) N S such that

fx) <f(x°).

Definition 2.2 ([8]) Let m > 1 be an integer. A point x° € S is a local strict minimizer of

order m for (MOP) if there exists an £ > 0 and a constant ¢ € int R} such that
f@) 2f(x°) +c|x—a°||" forallxeB(x,e)NS.

The notion of a local strict minimizer reduces to the global sense if the ball B(x’, ¢) is
replaced by the whole space R".

The following example illustrates that in some cases x° may fail to be a strict minimizer
in the sense of the above definition.

Example 2.1 Let S = [0,1] and f(x) = (x3,sin®x), then x° = 0 is not a strict minimizer of
order 1 in the sense of Definition 2.2, since for any ¢ = (¢;,¢2) € intR?, there exists an x

. n3
satisfying 0 < x < ¢}/?, 0 < 3% < ¢) such that f(x) < f(x°) + cllx — x°]|.

The above example motivates us to introduce a new notion of a strict minimizer of
order m with respect to a nonlinear function for the multiobjective optimization prob-
lem (MOP).


http://www.journalofinequalitiesandapplications.com/content/2013/1/31

Bhatia and Sahay Journal of Inequalities and Applications 2013, 2013:31 Page 3 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/31

Definition 2.3 Let m > 1 be an integer. A point x° € S is a local strict minimizer of order
m for (MOP) with respect to a nonlinear function v : S x S — R”, if there exists an & > 0
and a constant ¢ € int RY such that

F@) (=) +c| v (xa°)|" forallxe B(x’e)NS.

Definition 2.4 Let m > 1 be an integer. A point x0 € S is a strict minimizer of order m
for (MOP) with respect to a nonlinear function v : S x § — R” if there exists a constant
¢ € intRY such that

f@) 2f(x°) +c| v (xa)|" forallxes.

Remark 2.1 The function v plays an important role in the notion of a strict minimizer
defined above. For the problem considered in Example 2.1, x° = 0 failed to be a strict min-
imizer of order 1 in the usual sense; however, it is important to observe here that x° = 0 is

3x—sin®x0 for c= (1,1).

a strict minimizer of order 1 with respect to ¥ (x,x°) = sin
Remark 2.2 The study of higher-order minimizers is pertinent as these minimizers play
an important role in the convergence analysis of iterative numerical methods and in sta-
bility results. These minimizers are often exactly those satisfying an mth derivative test
[6, 7]. It is clear that any strict minimizer of order m is also a strict minimizer for (MOP).
Converse of this statement may not be true. If x° is a strict minimizer of order m with
respect to a nonlinear function v, then it is also a strict minimizer of order j with respect

to the same ¢ for all j > m.

We recall that [1] a set S C R” is invex with respect to 7 if there exists n: S x S - R”
such thatforallx,y € Sand all A € [0,1], y+ An(x, y) € S. Throughout this paper, we assume
S C X to be an invex set.

Definition 2.5 ([9]) A differentiable function f : X — R is said to be strongly invex of
order m > 1 with respect to n, ¥ on S if there exists a constant ¢ > 0 such that for all
x%y€S,

F&)=f0) = V) nxy) +c| v @)™

If ¥ (x,y) = 0, then the above definition reduces to the notion of invexity. If ¥ (x,y) = x—y,
n(x,y) = x — y, the definition reduces to the definition of strong convexity of order m [10].

Remark 2.3 It is important to observe that there exist functions which are strongly invex
of order m but are not strongly convex of any order. For example, let X = R%, S = {(x1,x,) €
R*:0 <x,x <1}, f(%) = %1 + %3, n(x,)) = (=y1,—y2) and ¥ (x,y) = (x1/4/T+y2,0), where
x = (x1,%2)" and y = (y1,2)". Then, for all x,y € S and A € [0,1], we have y + An(x,y) = (y1(1-
A),92(1 — A)) € S, thus S is an invex set with respect to 1. Clearly, f is strongly invex of
order m > 1 with respect to n and ¥ as defined above for 0 < ¢ < 1. However, on choosing
x=(1,1/2) and y = (0,1/2), it is evident that f is not strongly convex of any order for any
c>0.
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Remark 2.4 Every strongly invex function of order m with respect to n and ¥ is invex.
However, converse of this statement may not be true [9].

We now present the following generalizations of higher-order strong invexity.

Definition 2.6 A differentiable function f : X — R is said to be strongly pseudoinvex type
I of order m with respect to 1, ¥ on S if there exists a constant ¢ > 0 such that forallx,y € S,

m
’

Vi)'n(x,y) =0 implies f(x) =f()+c|y(x)|

or equivalently, f(x) <f(y) + c||¥ (x,y) | implies Vf(y)'n(x,y) < 0.

Remark 2.5 Strong invexity of order m with respect to n and ¥ implies strong pseu-

doinvexity type I of order m with respect to the same 7 and . However, converse is not

(cos y—cos x)
siny

¥ (x,y) = cosx — cos y, then for ¢ = 1/2"71, f is strongly pseudoinvex type I of order m > 1

true in general. For example, let X =R, § = (0,7/2], f(x) = 1 + cosx, n(x,y) = and

with respect to  and ¥ on S but is not strongly invex of any order m with respect to these
nand ¥.

Definition 2.7 A differentiable function f : X — R is said to be strongly pseudoinvex type
II of order m with respect to n, ¥ on S if there exists a constant ¢ > 0 such thatforallx, y € S,

V) n(x,y) + CH ¥(x,y) Hm >0 implies f(x)>f(y).

Definition 2.8 A differentiable function f : X — R is said to be strongly quasiinvex type I
of order m with respect to n, ¥ on S if there exists a constant ¢ > 0 such that for all x,y € S,

fx) <f(y) implies Vf(y)'n(xy) +c|v x| <o.

Definition 2.9 A differentiable function f : X — R is said to be strongly quasiinvex type II
of order m with respect to 1, ¥ on S if there exists a constant ¢ > 0 such that for all x,y € S,

F@ <fO) +c|v@y|” implies Vf()n(xy) <0.

The relations between these classes of functions and some related classes are summa-
rized in Figure 1 (note: it is important to observe that there is no relation between type II
functions and corresponding notions of type I functions presented in Figure 1).

3 Local-global property and optimality conditions

Theorem 3.1 Suppose x° € S is a strict local minimizer of order m with respect to V for
(MOP) and the functions f; : X — R, i =1,2,...,p are strongly pseudoinvex type I of order
m with respect to the same 1 and r on S. Then x° is a strict minimizer of order m with
respect to the same v for (MOP).

Proof Since x° € S is a local strict minimizer of order m with respect to v for (MOP),
therefore there exists an ¢ > 0 and a constant ¢ = (cy,...,¢,) € int R% such that

fi®) £ L) +cif| v (x2°) ", i=12,...,p, forallx e B(x°,e) NS. (3.1)
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Figure 1 Relations between newly defined classes and some well-known classes.

Let us suppose that x° is not a strict minimizer of order m with respect to ¥ for (MOP),
thenforallc; >0,i=1,2,...,p, there exists some z € S such that

fi@) <fi(x°) +ci| v (z4°) |, i=12,....p.

For x° € S and sufficiently small A € (0,1) and 7: S x S — R", we have x° + An(z,x°) €
B(x%,e)NS.

Asf,i=1,2,...,p are strongly pseudoinvex type I of order m on S with respect to n and
¥ for z,x° € S, it follows from the set of above inequalities that

Vfi(xo)tn(z,xo) <0, i=L2,...,p.

Thus, there exists o > 0 such that for 0 < A < o, fi(x° + An(z,4°)) < fi(x°), i = 1,2,...,p,
which implies that for all ¢; > 0,i=1,2,...,p and for every nonlinear function y, we have

[ +an(2,2%)) <fi(x°) + cif| v (2° + an(z,2°),2°) |, i=L2,...,p0<2r <0.
This contradicts (3.1). O

Theorem 3.2 (Fritz John type necessary optimality conditions) Suppose x° is a strict min-
imizer of order m with respect to a nonlinear function ¥ : S x S — R" for (MOP) and the
Sunctions f;,i=1,2,...,p, g,j=1,2,...,q are differentiable at x°. Then there exists .) > 0,
i=1,2,..,p, 1) >0,j=1,2,...,q such that

p q
ZA?Vfi(xo) + ZM}(-)ng(xO) =0,
i=1

j=1
,u,jogj(xo) =0, j=12,...,q9
(A%, 1) #o0.

Definition 3.1 (MOP) is said to satisfy Slater’s constraint qualification (SCQ) at x° if there
exists x € X such that gi(x) < 0, j € I(x°).
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Theorem 3.3 (Karush-Kuhn-Tucker type necessary optimality conditions) Suppose x°

is a strict minimizer of order m with respect to a nonlinear function ¥ : S x S — R" for
(MOP) and the functions f;, i =1,2,...,p, g, j =1,2,...,q are differentiable at x°. Assume
that (SCQ) holds at x°, then there exist A? >0,i=12,...,p, “1(') >0,j=12,...,q such that

p q
ZA?Vfi(xO) + Z /L;’Vg(xo) =0, (3.2)
i=1 j=1
1g(x") =0, j=1,2,..4q (3.3)
2Wie=1, wheree=(1,...,1) € R°. (3.4)

Theorem 3.4 (Sufficient optimality conditions) Let the conditions (3.2)-(3.4) be satisfied
atx° € S. Suppose f;, i =1,2,...,p are strongly pseudoinvex type I of order m and g, j € 1(x°)
are strongly quasiinvex type I of order m with respect to the same n and r on S. Then x° is
a strict minimizer of order m with respect to  for (MOP).

Proof On the contrary, suppose that x° € S is not a strict minimizer of order m with re-
spect to ¥ for (MOP). Then, for¢; >0,i=1,2,...,p, there exists some x € S such that

fi(x) <ﬁ(x°) +C; ”1//(92,960) Hm, i=12,...,p. (3.5)

Asf;,i=1,2,...,p are strongly pseudoinvex type I of order m with respect to n and ¥ on
S, therefore, from (3.5), we have

V() n(%,4%) <0, i=12,...,p.

AsA?>0,i=12,...,p,and A% - e = 1, the above system of inequalities reduces to
P t
ZA?Vfi(xo) n(%x°) <0. (3.6)
i=1

Now, for x € S, gi(%) < gi(x°), j € 1(x°). As g, j € I(x°), is strongly quasiinvex type I of order
m with respect to the same n and v on S, it follows that there exist constants g; > 0, € I(x°)
such that

Vg () n(®a%) + v (52°) | <o0.

Further, since ,u,}(-) > 0,j € I(x°), it follows from the above relation that

> Vg () nat) + 30 miplv ()" <o

jel(x9) jel(x0)
As ,u](-) =0, for j ¢ I(x°), we have
q

q
3 Vg (s) () + 3l (52) | <. 67)
j=1

j-1
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Adding (3.6) and (3.7), we obtain

p q q
nf<x,x°>[zx?vfs<x°>+Zu,°v@<x°>} S B ) | <o,
i-1 j=1

j=1
On using (3.2), we have 77, /,L;),B/H ¥ (%,2°)||" < 0, which is not possible. O

Remark 3.1 The result of the above theorem also holds under the conditions that f;, i =
1,2,...,p are strongly invex of order m with respect to the same n and ¥ and g, j € 1(x°)

are strongly quasiinvex type II of order m with respect to the same 7 and ¥ on S.

4 Duality
In this section, we develop duality relationship between (MOP) and its mixed dual (MD)
under the assumption of generalized strong invexity of order m with respect to a nonlinear
function.

Let the index set Q = {1,2,...,4} be partitioned into two disjoint subsets / and K such
that Q =/ UK. The mixed dual for (MOP) is given by

(MD) maximize f(u) + ugr(u)e

p q
subject to ZA,»Vﬁ(u) + Z wu;Vgi(u) =0, (4.1)

i=1 j=1
wigi(u) >0, jek, (4.2)

>0, i=12,...,p, A-e=1 e=(l...,1)eR?,
(4.3)
1;>0, j=1,2...,q.

Theorem 4.1 (Weak duality) Let x and (u, A, 1) be feasible for (MOP) and (MD) respec-
tively. Suppose f; + |57, i = 1,2,...,p are strongly pseudoinvex type I of order m and u;gj,

j € K is strongly quasiinvex type Il of order m with respect to the same n and \, then there
exists ¢ € int RY such that

f@) £ f@) + g e +c| v (xu)|”.
Proof Suppose on the contrary, for every ¢ € int R}, we have
F@) <f) + g e + e[|y (e, u)|™

or

m
’

filx) <fi(u) + wygr(u) + c,-||1//(x, u)| i=12,...,p.

Since x is feasible for (MOP) and p; > 0, therefore for i =1,2,..., p, we have

Fi) + g () < filu) + pygr() + cif| v x w)| ™

Page 7 of 14
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Using strong pseudoinvexity type I of order m for f; + gy, i = 1,2,..., p, with respect to n
and ¥, we have

(%, u)[Vﬁ(u) > ungj(u)] <0, i=1,2,...,p.

jel

The above set of inequalities along with A; > 0,i=1,2,...,p and (4.3) yields

p
n* (%, u) |:Z M Vfi(u) + Z /L,»Vg,'(u)] <0. (4.4)
i1

jel

Now, for x € S, gi(x) < 0, and since u; > 0, we have u;g;(x) <0, j € K. Moreover, (u, 1, i)
is feasible for (MD), therefore

wigx) < wigi(u), jeK

or
wigi(x) < wigi(u) + ,Bj||1p(x, u) ||m for g;>0,j e K.

Since g, j € K is strongly quasiinvex type II of order m with respect to n and ¢/, therefore
n'(x,u)u;Vg(u) <0, jeKk,

which further implies that

0" (x, u) Z w;Vgi(u) < 0. (4.5)

jek

Adding (4.4) and (4.5), we have

p q
n* (%, u) |:Z M Vfi(u) + Z /L,»Vg,'(u)] <0.
i1 j=1

This contradicts (4.1). g

Theorem 4.2 (Strong duality) Suppose x° is a strict minimizer of order m with respect
to a nonlinear function Vr : S x S — R" for (MOP). Assume that (SCQ) holds at x°, then
there exist 1) > 0,i=1,2,...,pand i > 0,j=1,2,...,q such that (x°,1°, u°) is feasible for
(MD). Further, if the conditions of Theorem 4.1 hold, then (x°, M0, u°) is a strict maximizer
of order m for (MD).

Proof The proof follows from Theorem 3.3 and Theorem 4.1. O

5 Partial vector Lagrangian and mixed saddle point
The saddle point of the Lagrangian is always a global minimizer for the inequality con-
strained minimization problem. Due to the significance of this result in economics and
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optimization theory, several researchers [1, 2, 11] have obtained the equivalence between
the saddle point and optimal solutions of an optimization problem under various con-
ditions on the functions involved. In this section, we define higher-order mixed saddle
points with respect to a nonlinear function v : S x § — R” for a partial vector-valued La-
grangian of a multiobjective optimization problem. The equivalence of these saddle points
and the higher-order strict minimizers with respect to the same function ¢ for (MOP) is
established under generalized higher-order strong invexity conditions on the functions
involved.
Let Q={1,2,...,9}, 1 € Qand J; = Q\J1, |/1]| denote the cardinality of index set ;.

Definition 5.1 Vector-valued partial Lagrangian function L : § x R - RP for (MOP) is
defined as

L(xr /’Lh) = {Ll(xr /‘Lh)r .. wLp(x! M]l)};

where L;(x, uy,) = fi(x) + Zieh wigix),i=1,2,...,p,x€S, uj € RN,

We now introduce the notion of mixed saddle points of order m with respect to a non-

linear function for (MOP) as follows.

Definition 5.2 A vector (x°, '“/(')1) € S x R/ is said to be a mixed saddle point of order
m with respect to a nonlinear function  for the partial vector-valued Lagrangian L for
(MOP) if there exists ¢ € int RZ such that

L% puy) £ L(x° ppy)  forall uy € RN (5.1)

L(x, /,L?l) e L(xo,u?l) +c| (%) " forallxes. (5.2)

Theorem 5.1 Suppose that x° is a strict minimizer of order m with respect to a nonlinear
function  for (MOP) and (SCQ) holds at x°. Further, if f; + >ien u;)gj, i=12,...,pare
strongly pseudoinvex type I of order m and ,ulo g, J € ] is strongly quasiinvex type I of order
m with respect to n and  on S, then (x°, ,u?l) is a mixed saddle point of order m with respect

to r for the partial Lagrangian.

0 is a strict minimizer of order m with respect to ¥ for (MOP) and the

Proof Suppose x
constraint qualification holds at x°. Therefore, by Theorem 3.3, there exist )»? >0,i=
1,2,...,pand ,u](-) >0,j=1,2,...,q such that conditions (3.2)-(3.4) hold at x°.

On the contrary, suppose that (x°, /L?l) is not a mixed saddle point of any order for the
partial vector Lagrangian function L for (MOP). Then, for all ¢ € int R, there exists some

X € S such that
LG5 ) <L) + el ()"
that is,

Li(% 1)) <Li(x® 1)) +ci| v (%)™, i=12,....p
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or

filx) + Z/L]g,x)<f Zulg, +ci||\ﬂ(5c,x0)’m, i=12,...,p.

jeh jeh

Since f; + Zjeh M,ng, i=1,2,...,p are strongly pseudoinvex type I of order m with respect

to n and v, it follows from the above inequalities that

n' (% [ )+ Y 1) Vg(a° ] 0, i=12,...,p. (5.3)

jeh

Now, for ¥ € S and 1 > 0, € J», it follows that /L}ng(fc) < 0. On using (3.3), we have
1g(®) < ujg(x°), je.

Since ;Ll(.]gj, j € J» is strongly quasiinvex type I of order m on S with respect to n and v,
there exist constants ; > 0, j € J, such that

FENTG () + Bl G <0, e
As ;> 0,it follows that

xo) Z ,lL}Qng(xO) <0. (5.4)

j€l2

Adding (5.3) and (5.4) and using Y > 0,i=1,2,...,p, A% - e = 1, we obtain

)| )+ S nvele) | <o
which contradicts (3.2). Therefore,

L@ ) £ Ly ) + ey (@) |

Again, since (3.3) holds and x0 € S, we have

2 mg () <) + D uig (s

jeh jeh

This implies L(x, ,u?l) £ L(x°, up,).
Thus, (x°, /L})l) is a mixed saddle point of order m with respect to a nonlinear function

¥ for the partial vector Lagrangian. 0

Theorem 5.2 If (x°, ,u?l) is a mixed saddle point of order m with respect to a nonlinear
function  for the partial vector Lagrangian, then x° is a strict minimizer of order m with
respect to the same v for (MOP).
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Proof From the hypothesis L(x°, u}’]) % L(x°, juy,), we have

> (1 - w)g(x") £o.

j€h

Taking u; = 0, j € /1 in the above inequality, we obtain

Z /L]Qg(xo) > 0.

jeh

For 2° € S and the fact that “?1 e RM' we have

3 g (x) <o.

jeh

From above two inequalities, we have

Y 1g(x%) =o0. (5.5)

jeh

Contrary to the result of the theorem, assume that x° is not a strict minimizer of order m
with respect to ¥ for (MOP). Then, for every c € int R, there exists an x € S such that

fx) <f(x°) + c”xﬁ(a’c,xo) ”m (5.6)

For any ) € R/"and % € S, we have 19,8, (%) < 0.
Now,

I

L@ up) = | v @) " = f@) + npgn @) - e[ (72°)
<f(x0) + Z,u?gj(xo) (using (5.5) and (5.6))
jen

= L(x% ).
Therefore, L(%, i1})) — ¢l (%, x°)[|”" < L(x°, it} ), which contradicts (5.2). O

6 An equivalent vector optimization problem
In this section, we introduce an equivalent vector optimization problem (EVP) corre-
sponding to (MOP) and prove that the problem of finding strict minimizers of order m
with respect to a nonlinear function ¢ : § x S — R” for (MOP) reduces simply to the
problem of finding strict minimizers for (EVP).

Let x° be any given feasible solution in (MOP). We consider the following equivalent
vector optimization problem (EVP) given by

minimize (f; (x°) + VA ()0 (x,2°),.... 5 (x°) + V£, (x°)n(x,2°))

subject togj(xo) + Vg(xo)n(x,xo) <0, j=1,2,...,q
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wheref;,i=1,2,...,pand g, j=1,2,...,q are defined as in (MOP). 1 : § x S — R" satisfies
Assumption C [12].

Let D(x°) = {x € X : gi(x°) + Vgi(x*)n(x,x4°) < 0,j=1,2,...,4} denote the set of all feasible
solutions of (EVP).

Theorem 6.1 Let x° be a strict minimizer of order m with respect to a nonlinear function
¥ : S x S — R" for (MOP). Assume that Slater’s constraint qualification (SCQ) holds at x°,
then x° is a strict minimizer in the equivalent vector optimization problem (EVP).

Proof Assume x° is a strict minimizer of order m with respect to a nonlinear function

¥ : S x S — R" for (MOP) and (SCQ) is satisfied at x°; therefore, necessary optimality
conditions (3.2)-(3.4) hold. Suppose x° is not a strict minimizer in (EVP). Then there exists
x feasible for (EVP) such that fori=1,2,...,p,

ﬁ(xo) + Vﬁ(xo)n(a_c,xo) <ﬁ(x°) + Vﬁ(xo)n(xo,xo). (6.1)

Since 7 satisfies Assumption C, therefore 1(x°,x°) = 0 for x° € S, the above set of inequal-
ities reduces to

Vi()n(%4°) <0, i=1,2,...,p.

Using Y > 0,i=1,2,...,p, we have
p
ZA?Vfi(xo)n(a_c,xo) <0. (6.2)
i-1

Since u; > 0,7=1,2,...,q, therefore for x € D(x?), it follows that

,u,(.)gj(xo) + ;L?ng(xo)n(a"c,xo) <0, j=1,2,...,q.

Using (3.3), we have

Z 1) Vgi(x®)n(%2°) < 0. (6.3)

Adding (6.2) and (6.3), we get a contradiction to (3.2). O

Theorem 6.2 Let x° be a strict minimizer in the equivalent vector optimization problem
(EVP). Further assume that f;, i =1,2,...,p are strongly pseudoinvex type I of order m and
g»j=1,2,...,q are strongly invex of order m with respect to the same 1 and r, then x° is a
strict minimizer of order m in the original vector optimization problem (MOP).

Proof Clearly, x° is feasible for (MOP). First, we will show that any feasible point in (MOP)
is also a feasible point in (EVP), that is, we will show that § € D(x°). Let x € S and g
j=12,...,q be strongly invex of order m with respect to n and ¥ on X. Therefore, for
some k;>0,j=1,2,...,q9, we have

) j=1,2,...,q.

g -g(x°) = Vg (a°)n(x.2°) + k| v (. x%) |
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AsxeSand k;>0,j=1,2,...,q, the above inequalities lead to

0>g(x°) + Vg («)n(xx°), j=1,2,....q

that is, x € D(x°). Hence, S € D(x?).
Now, suppose that x° is not a strict minimizer of order m in (MOP). Then, for ; > 0,
i=1,2,...,p, there exists some x € S such that

£@) <fi60) + Bil|wxa%)|", i=12,...p. (6.4)

Since f;, i = 1,2,...,p are strongly pseudoinvex type I of order m with respect to n and
on S, we have

Vﬁ(xo)tn(a_c,xo) <0, i=12,...,p.
Since n(x%,4°) = 0, we can rewrite the above set of inequalities as
£(=%) + VA )n(x4°) <fi(x°) + VAEE)n(x%4%), i=1,2,...,p, (6.5)

which contradicts that 4° is a strict minimizer for (EVP). O
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