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1 Introduction

As the development of the singular integral operators, their commutators and multilinear
operators have been well studied (see [1-5]). In [1-3, 5-7], the authors proved that the
commutators and multilinear operators generated by the singular integral operators and
BMO functions are bounded on L?(R") for 1 < p < co. Chanillo (see [8]) proved a similar
result when singular integral operators are replaced by the fractional integral operators.
In [9-12], the boundedness for the commutators and multilinear operators generated by
the singular integral operators and Lipschitz functions on L?(R") (1 < p < c0) and Triebel-
Lizorkin spaces are obtained. In [13, 14], the weighted boundedness for the commutators
generated by the singular integral operators and BMO or Lipschitz functions on L?(R")
(1 < p < 00) spaces are obtained. The purpose of this paper is to study the weighted bound-
edness for some multilinear operators associated to the fractional singular integral oper-
ators and the weighted Lipschitz functions. As application, the weighted boundedness for
the multilinear operators associated to the Calderén-Zygmund singular integral operator

and the fractional integral operator is obtained.

2 Notations and theorems
In this paper, we are going to consider some multilinear operators as follows.

Let m; be positive integers (j = 1,...,k), my + - - - + my = m, and let b; be locally integrable
functionson R” (j=1,...,k). Set

Ry (i) = b~ 3~ Db0)— )"

|| <m;
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Definition1 Let 7: S — S’ be a linear operator, and there exists a locally integrable func-
tion K(x,y) on R” x R” such that

T(F)(x) = /R K2 0)dy

for every bounded and compactly supported function f, where K satisfies: for fixed 0 <
d<nmand 0<¢e <1,

|K(x,9)| < Clx =y, )
and
[K(,%) = K(z:%)| < Cly — 2| lx 2|7 if 2]y —2| < |x ~zl. ()

Given bounded and compactly supported functions f defined on R”, the multilinear op-
erator associated to 7 is defined by

1 (Bj3 %, y)
T (f)(x) = / MK xy)f () dy.

|mk

Note that when m = 0, T? is just a multilinear commutator of T and b (see [15, 16)),
while when 1 > 0, it is non-trivial generalization of the commutators; when 5 = 0, T? is
just a multilinear commutator of the singular integral operator, when 0 < 1 < 1, T? is just
a multilinear commutator of the fractional integral operator. It is well known that multi-
linear operators are of great interest in harmonic analysis and have been widely studied
by many authors (see [1-4, 6, 7, 9, 10, 15, 16]). The purpose of this paper is to study the
weighted boundedness properties for the multilinear operator.

Throughout this paper, Q will denote a cube of R” with sides parallel to the axes. For a
cube Q and a locally integrable function f, let f(Q) = fo(x) dx, fo = Q| fo(x) dx and

4 )—sug@ftfw ~fol dy.

It is well known that (see [17, 18])

f (x)wsupmg@/[f(y)—d y.

Forl<p<ooand 0 <n<wn,let

1/p

Myutf)o) =0 [P )

which is the Hardy-Littlewood maximal function when p =1and n = 0.
The A, weight is defined by (see [17])

1 1 1(p-1) )p - }
A,= {w sup<|Q|/ (x)dx)(|Q|/w(x) dx <oop, l<p<oo,

Ap={w>0:Mw)(x) < Cw(x),ae.},
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and Ay =
cube Q,

leA,,. We know, for w € A;, w satisfies the double condition, that is, for any

w(2Q) = Cw(Q).

The A(p, q) weight is defined by (see [19])

1/q (p-D/p
Ap,q) = {w>0:sgp(é/;w(x)qu) (lla/Qw(x)_”/Q’_l) dx) <oo},

l<p,g<o0.

Given a weight function w. For 1 < p < 00, the weighted Lebesgue space L”(w) is the space
of functions f such that

1/p
W ey = </Rn If ()" wix) dx> < 00.

For§>0andp>1,let 1'-"1',3 °(w) be the weighted homogeneous Triebel-Lizorkin space. For
0 < B <1, the weighted Lipschitz space Lipg(w) is the space of functions f such that

1
I lLipsw) = SléP Q)P /Q[f()’) ~foldy < co.

We shall prove the following theorems in Section 3.

Theorem 1 Suppose that T? is the multilinear operator as Definition 1 such that T is
bounded from L*(R") to L"(R") for any 0 <n <mn, 1 <u<n/nand 1/u —1/v = n/n. Let
0<B=<1LB+é<nweA and D°b; € Lipﬁ(w)forall o with la| =mj and j=1,...,k.
Then T? is bounded from LP(w) to LI(w'-1*=C+0/mM) for any 1 < p < n/(8 + k + kB) and
1/p-1/q= (6 +k+kB)/n.

Theorem 2 Suppose that T® is the multilinear operator as Definition 1 such that T is
bounded from L*(R") to L"(R") forany0 < n<mn,1<u<n/nandl/u-1/v=n/n.Let0< B <
min(1/k,e/k), B + 8 <n, w € Ay and D*b; € Lipg(w) for all o with || =mjandj=1,...,k.
Then T® is bounded from LP(w) to Fgﬁ'oo(wl‘q(k‘(‘“k‘kﬂ)/”))for any 1 <p < n/(§ + k) and
1/p-1/g= (8 +k)/n.

3 Proofs of theorems

We begin with some preliminary lemmas.

Lemma 1 (see [1]) Let b be a function on R" and D*b € L1(R") for |a| = m and some q > n.
Then

1 1/q
Ry(b;x,y)| < Cla = y|™ ( . / Db(2) qdz) ,
| | ‘0;” |Q(xry)| Q(x,y) | |

where Q(x,) is the cube centered at x and having side length 5/n|x — y|.
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Lemma 2 (see [11,12]) ForO< B <1,1<p <00 and w € Ay, we have

1
8,00 sup ——— (x) —foldx
"f”F;f ) QBP |Q[+B/n /Qlf fol

LP(w)

sup1nf / x) —c|dx
|Q|1+/3/n V ’ )

Lemma 3 (see [8]) Supposethatl <s<p<n/n,1/q=1/p—n/nandw e A(p,q). Then
”Mn,S(f)”Lq(wq) = C”f”LP(Wp)'

Lemma 4 (see [17,20]) For0< B <1,1<p <ocoand w € A;, we have

1/p
161,00 ~ st W( o / b bQ\”w(y)l—pdx).

Lemma 5 (see [20]) For any cube Q, b € Lipg(w), 0 < B <1 and w € A, we have
squ\b(x) — bo| < ClblILipymw(Q#1QI™.
xXe

To prove the theorems, we need the following lemmas.

Key Lemma 1 Suppose that T? is the multilinear operator as Definition 1 such that T
is bounded from L*(R") to L"(R") for any 0 < n<mn, 1 <u <n/n and 1/u —1/v = n/n. Let
0<B=<1,B+6<nweA and D*b; e Lipﬁ(w)forazlla with || =mjandj=1,...,k. Then
there exists a constant Cy such that for every f € C3°(R"),1<s<n/é and X € R",

— [ |T* Cold
Z‘lﬁ?m T - Cof dx
= CH( > s, ”Lp )W(’z)“kﬂ/nMMmkﬂ,s(f)(56).
levj|=m;

Key Lemma 2 Suppose that T is the multilinear operator as Definition 1 such that T
is bounded from L*(R") to L"(R") for any 0 < n<mn, 1 <u <n/n and 1/u —1/v = n/n. Let
0 < B <min(l/k,e/k), B + 8 <n, we Ay and D*b; € Lipg(w) for all « with |a| = m; and
j=1,...,k. Then there exists a constant Cy such that for every f € C{°(R"), 1 <s < n/§ and
xeR",

1
SQI;P |Q|1+kﬁ/n /Q‘Tb(f)(x) - CO{ dx

=C H( 2. 1D7h] 1, )w<5c>k+’<f”"M5+k,s(f)(5c)

|01]| mj

Proof of Key Lemma 1 Without loss of generality, we may assume k = 2. Fix a cube
Q = Q(xo,d) with Q > %. Let Q = 5./nQ and B,-(x) = bj(x) - ZM:W, é(D"‘b,)Qx", then
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Ry (bj;x,y) = Rm+1(l~9,';x,y) and D"‘l;,- =D%; - (D‘)‘bj)(2 for |a| = m;. We split f :fxé +
fXR”\Q :ﬁ +_f2. Write

[T Ry (Bjs %, 9)
ﬂvx>-/-41—ﬁ%;— <)) dy
g (Do; 2, ) — )1~
/ 2 (b2 s D Do B () K 6,90 ) by
Iolll ml R I =7l
oy (Br3,9)(x = )2 -
/ 1o bl D Do ()K (x, 9)fi ) dy
Iolzl mz R %=1
1 x — y)Ar@2 DA, (y) D2
. (x—7) 15}2/) 2(%) Ko )i dy
oqlog! Jpn |x —y|™

log|=my, |aa|=m2

Rm+ vy
ﬂml’“'%MMm@

|x — y|m-2

then

T&LWmeﬂ%mmm

R,
.Lml’ 2 ki) o e

|x — |2

IQI
C

) j Byl ey )alDalél(y)K(x,y)ﬁ(y)dy dx

| — y|m=2

+—
1Q

Qliay|=m

dx

+|_(C2'|/ Z / le(bl;x,}/)(x—y)uzDazl;z(y)I<(x’y)ﬁ(y)dy

lx — y|m=2

g [=mm

K(x)h(y)dy| dx

f (x — )12 D by (y) D*2 by (y)
R

| — |2

+—
1Rl Jo

=y, |ecz|=m
1
IQI |Tb(f)(x) Tb(fz )(x0) |dx =L+ L+ L+ +15.

Now, let us estimate 13, I5, I3, I, and I5, respectively. First, by Lemmas 1 and 5, we get

|Rn(Bjs%,9)| < Cla—y™ Y sup|D*by(x) - (D°B) |

la|=m ¥€Q

" W(Q)Hﬂln "
<Clx-yl o Z |D bj”Liplg(W)

|o|=m
Thus, by the (L%, Lf)-boundedness of T with 1 < s < 1/§ and 1/t = 1/s — §/n, we obtain

2 ~
o QI "w(Q)***/"\ 1
H( Z |D b;‘HLipﬁ(w)> <T)@/Q]T(f1)(x)\dx

|otj|=m;

= C 1t
) |Q|2/nw(Q)2+25/n>< 1 , >
C D%b;l|. . KWK T J

otj|=m;
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2 P 1/s
" |Q|2/nw(Q)2+2ﬁ/n o’ s
CTT( 32 1000 ) (L Y00 [ o )

=
j=1 lejl=m;j
2 2+2B/n 1/s
o (Q)) ( 1 / s )
§C| | D% —_— )| d
i (la,.zm,” ) Ql Grsamn J/ O

IA

2
c H( > (0B, )W(’C P My 2,25 ).
j=1

|Ct,| mj

For I, by the (L%, L*)-boundedness of T with 1 <s < n/8, 1/t =1/s - §/n and Lemma 5, we

get
2/n (O +B/n
L=C Z “DaZbZHLipﬂ(w)% Ql /|T D“lblfl) x)|dx
loeg|=m |a |=m1
o |QP " w(Q)*F!"
1/t
T D"“b d.
= (IQI/ [T bi) @l ’“)
2/n.( ))\1+B/n
<C Z ”DathHLipB(W)M|Q|—I/t
loea|=m Q|
X Z </ |Dalb1 (%) - Dabl) | lfl(x)| dx)
o |=mm
QI w(Q)*+2 ! m( 1 / ; )“s
¢ Db - A0 — d
< H(%Zm]” ||L1P/S w)) |Q|2 |Q| |Q| OV(}’)| Y
wip W(Q) 2+28/n 1 . 1/s
<C1_[(a2m ”D 1”Llpﬂ W))< Q) ) (W/Q[f(y)‘ dy)
=TI X 197l 17 25
|etjl=mj

For I3, similar to the proof of I, we get

= CH( N el Lo, w)) ®> 2" Ms 2126, (F) ().

‘0‘/‘ mj

Similarly, for 14, we obtain, for 1 <s < n/§ and 1/t =1/s - 8/n,

2/n - -
L<Cc Y |(|2(|2| /Q | T(D* 51 D*2 b,y (x)| dx

log |=my, |z |=my

1 5 5 . 1/t
<Cc Y |Q|2/”<@ /I;W|T(D°‘1b1D°‘2b2ﬁ)(x)| dx)

oy |=my,|ag |=mo
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1/s
<c > IQIZ’”IQI‘W(/R”ID"‘lifl(x)D"ZEz(x)lslﬁ(x)ISdx)

log |=my,|ag |=my

2 ~ 1s
" |Q|2/n (Q)2+2f5/n ~ 1 s
<CTI( Z 127l ) 12 (5 [yl ®)
=1 Clejl=m;
2 W(Q) 2+28/n 1 s 1/s
= CH( Z || /”Llpﬂ )( |Q| ) (|é|1_s(5+2+2ﬂ)/n /(;V(y)‘ dy>

j=1 Nlajl=mj

IA

2
CH(ZHWW%WWy@WW”%mmmw

j:1 \a/\=m/

For I5, we write

TP (h)(x) — T(f) (o)

:/ <I<(x,y) _ Kxo,9) ) l_[Rm,(b,,x,y)ﬁ(y)dy

lx =y fxo -y

7 7 b vy
+/ (le(bl;x,y)—le(bl;xo,y))MK(xo, () dy
RN lxo — yI™

le (51;9%»}’)

+ | (Riny (B23%,9) = Ry (b3 %0,
/Rn( 2 (523%,9) = Ry (b2 %0, ) %o — g

-2 /WMM)

o1 |= m1

K(x0,y)f2(y) dy

Rm br ) —y)“ Rm é’ ’ -y
» [ 2 (D2 x y)(j: ) K(x,y) - 2 (b23%0 y)(icno ) K(xo,y)} dy
|x _y| |x0 _y|
-y / D b))
loea|= mz
. )@ by; - )"
y |:Rm1(b1;x¢y)(x y) ]((x,y) 3 le (bth:y)(xO }’) K (x07 )] d_j/
|x_y|m |x0_y|m
1 (x_ )ot1+012 ( _ )011+a2
+ Z / [ : m K(x!y) 071<(QC0,}/)
|a1|=my1, lag|=my ozt Jr i —)’| o _yl

x Dby (y)D* by (y)fs () dy

= Iél) + Iéz) + 1;3) + 1é4) + 1;5) + Ié6)

Note that |x—y| ~ |xo —y| forx € Qandy € R"\ Q = U?fo(2l+1(~2 \2'Q). By Lemmas 1and 5,

we get

- N W(21+1é)l+ﬂ/n .
|le(b]’x’y)| =C Z ”D b]||L1pﬁ(w)(W>lx_y| /.

ee|=mm;

Page 7 of 15
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Then, by the conditions on K, we obtain

R 2
1(1) < C/ ( |x_x0| |x—x0| ) Rmv é; ’ d
’ > { - RO [o _y|m+n—1—5 + %o _y|m+n+s—2—5 !:1“ ]( s % J’)Hf()/” y

Y 00 W(21+lé)2+2,3/n
<cH(Z 100 ) 32 2
0

otj|=m; I=

X — X, x—x0l¢
X / | 0| n | 0| lf(y)| dy
2AN21O |%0 —y|n—1—8 %o _y|n+8—2—5

o W(21+1Q)2+2ﬁ/n
=TI 1) =

|otj| =m; =0

d de
* /21+1Q\21~ <(2ld)n—1—8 + (2id)m+e-2-8 > lf(y)| dy

Y ) (21+1Q) 2+28/n B e
=TI 178) S() e
=0

latj|=m;

1
X G g

)| dy

o0

< cH( S Db P S 2)

— 10

1 NG
X(W [ o a)

1+1Q

IA

IA

j=1
2

CH( D Il ”Lp ) ®)* 2P M 1210,5() ).
j=1

logjl=rm;

For Iéz), by the formula (see [1])

Ry (B0 ) = Ron (B0, ) = 3 _Rm, i (D3 % %0) (1 = )"

\rlI<WI,

and Lemma 5, we get

2121 Z 178y

ler|= =mj
00 W(2Z+IQ)2+2/3/H |x_x0| p
TQE g i~y O
=0 241Q\2!Q Xo — Y

l_[< > D], )w(a”c)z*zﬁ’"M,3+2+2ﬂ,s(f)(fc).

oe|=mm;

Cl_[( Z ||D0‘ ib. ||L1p > )2+2ﬂ/nM6+2+2ﬂs(f)(x)Z 2 + 2 ls)

o1 =rm =1

Page 8 of 15
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Similarly,

’I | = CH( Z HD"‘b HLlp ) @22 My 0108 5(F) (F)

ot|=mm;

For Ig“, similar to the estimates of IS) and 1;2), and noticing that for b € Lipﬁ(w), weA
and x € Q, by Lemma 4, we have

16G — byigl < Clww(2'Q)"" I1BlILipym)

Thus, we obtain

wlscy [

oy [=my

X ’RmZ(bg;x, )HD"‘lbl )Hf(y)’dy

+C Z / |Rm2(b2’x) Rmz(EZ;xO’yH

g [=my

(=) K(x,y)  (x0 — )" K(x0,)
o — y|m-2 lxo — y|"=2

— )1 K (%o, 7
(0 =) ! S0 g ) )| dy

lxo —
<€ Z 1l = 2 [ (et i)
. % (1D 510) — (DB1) |
+|(D1B1) g = (D™1) 5 |) [f )| dy
- CH(WXV; 158 >Z/’+1Q\2l ( 2ty (ZZd)fi‘szs)

w(2l+1 Q)1+ﬂ/n [ W(21+1 Q)Hﬁln

by +1 74\ B/n
20| 20 + w@w(2"Q) :|lf0/)|dy

2 , W(21+1Q) 1+28/n
(Sl S 252)

j=1 Mo|=m;

1/s
(g g fo @) e

2
H( Z ”ow ||L1p (w) )W(x)2+2ﬂ/nM5+2+2ﬂ s(F) ).

j=1 ol=m;

Similarly,

5 |<Cl_[(Z 10" Bil iy )w(x P2 My 2128, @).

ot|=m;
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For Iéﬁ), we get

wi=e ¥ [
- (o

(=) 2K (x,y) (o — )M 2K (xo,y)‘

x —y|m X0 — y|™
loex |=my, I0t2I =my | y' 1% )’|

X ([P 510) = (D b) | + | (D b1) s = (D B1) )

X (IDbs() = (D*b2) yg| + | (D*b2) g = (D™ b2) ) | 0) | dy
| — xo] | — %0/ )
<C D% b;
— 1_[(|al|zml || ||Llpﬂ )Z/th\zl <|x0 _yln 1-6 + |x0 _y|n+£—2—5

2l+1 1+B/n
[
|2[+1Q|

2
+ lw(é"c)w(Z”1 é)ﬂ/n] Lf(y) | dy

o W(21+1Q) BInq2
<CH(Z 12 lun) 2L (i) |

|Ot| m;
1 1/s ) ) l
- —Le
* (W 21410y lf(y)| dy) ) (2 +2 )
< CH( Z ||D01 ib; ||Llp )W(&)2+2ﬁ/nM8+2+2ﬁ,s(f)(fc),
|otj|=m;

Thus

~ ~ 2
| T2 ()(x) — T2 () (x0) | < CH( > HD“b;||Lipﬁ<w>)w<fc>2*2ﬁ’”Ma+z+zﬂ,s<f><5c>

j=1 Nal=m;

and

15 = Cn( Z ”Da b HLlp (W) 2+2ﬁ/nM{3+2+2ﬂ s(f

|Ol]| mj
This completes the proof of the lemma. O

Proof of Key Lemma 2 Without loss of generality, we may assume k = 2. By using the same

argument as in the proof of Key Lemma 1, we have

@P%ﬁ,n /Q | T2 (F) (%) — T () (o) | dx

S
|Q|1+2ﬁ/n 0
|Q|1+2ﬂ/n /

|Q|1+2ﬂ/n /

121 Ry (Bjs %, )
/ L K )y d
R" -

5 / iy (D23, 9) (x — ) Dby (y)K (x,y)fi (v) dy| dx

o — y|m=2

g |=rmy

my l;; ? mELi Y
5 / (b3, ) - 9)" 2by(9)K (%, 9)fi () dy| dx

|l — y|m=2

lara| =3
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o |
+
|Q|1+2ﬁ/n Q

+ |Q|1%/3/n /Q’TE(/(Z)(x) - Ti’(fg)(xo)|dx

Kx A dy|d.

/‘ (x y)oq +ag Do bl ()/)D"‘Z b2 ()/)
R

x — y|m- 2
lerr| =1, log =z lx -yl

=N+t a+ s

We obtain

2 2+28/n 1/t
., ) 1
=CLI( 2 1780 )17 (W|Q|> <IQ|/ TR dx)

j= 1(|Ol/| mj )

2 2+28/n 1/s
SCH( PN L )I M(W) IQI‘I’t<AnM(x)|de>

j=1 Nlajl=m;

2 ‘ W(Q))2+2ﬁ/n( )
<C D% b; d
- E[<| ol o >( Q) Qi<+ /VW Y

IA

Cﬁ( > [ ||L1p ) (B2 M 0,6(f) &

j=1 Clajl=m;

o |QP"w(Q)1+F/" 1 - vt
]2 SC Z ||D 2b2||Lipﬂ(W)W Z (@/R}JT(D lblfi)(x)rdx)

g |=mp o
2/n A\1+8/n e
e 3 1l L g 3 ([ bt
i ey |=my
% b W(Q) 2+2pIn 1 s 1/s
<CH<IQ;” HD 1||L1p,3 )( 10| ) <|Q|1S(5+2)/n /Qlf(y)| dy)

H( Z HDa b ”Llp )W(x 2+2ﬂ/nM‘3 2s(f)(®

logjl=rm;

2
=C H( Z Dajb/ “ LiPﬂ(W)) W(&)%Zﬂ/nMMZ,s(f)(&);

j=1 Clajl=m;

|Q|2/n 1/t
isC Y |Q|W(|Q|/ | T(D" b1 D" bof) ()| dx)

a1 |=m, g |=ma

2/n » 5 1/s
=C Z ||QQ||2;3/n Q" (/Rn |Da1bl(x)Da2b2(x)|sM(x)|sdx)

ey |=my, | |=m

<CT1( S 128lha) (52) " (e [ @)

lotj|=m;

2

=C[] D“fb/IILipﬂw))w(fa)“zﬂ/"Mm,S(f)(fc»

j=1 Clejl=m
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For J5, similar to the proof of I5 in Key Lemma 1, we obtain

| T () (%) — T () (o))
W(21+1 Q)2+2f£/n

SC]_[( D Lonlt M )ZW
0

atj|=mj I=

d dr
x [zl+1(~2\2l~ ((210[)"‘1‘5 (2ld)n+e-2- 5>V0’ | dy

o W(21+1 Q)2+2ﬂ/n

' CH( 2 Db iy ) ZZ EECE /2’+1Q\21 (2161)" S0l

ot|=m;j =0

o dg
+cn(2||z>b||upﬂ )3 oo * )

oe|=mm;
W(21+1Q)1+ﬂ/n W(21+1Q)1+ﬁ/n ~ L i
X 21 [ g + w@w(2"'Q) }lf(y)\dy

a ds
+ Cl—[( Z ”D /b ||L1pﬂ )Z/IHQ\ZZ <(2ld)n 1- 8 (2ld)n+s—2—5>

|Of]| mj

W(21+1Q)1+ﬂ/n . 1 =Bl 2
X [W +lw(x)w(21 1Q) ] [f(y)|dy

<C z Daib’ 2B/n C- M Ze2pin 2[(2ﬁ—1) 21(2ﬂ—8)
— 1_[ Z ” 1||Lipf;(w) Q| Z |2l+1Q| ( + )

j=1 Clajl=m; 1=0
1 1/s
s
X ( |21+1Q|1—s(8+2)/n 211§ VU) | dy)
W(2l+1 Q) ) 1+28/n

2
CTI( 17, 07" St (M52

j=1 |0£\=Wl/‘

1 1/s
S Sdy| 1(2/CFD 4 2l28-0)
x (|21+1Q|1—s(8+2)/n 21+1QVO])| }’) ( ' )

W(21+1 Q) )ﬂ/n] 2

2 [e'e)
C]_[( Z ||Dajbf”Lip,3(W))|Q|2ﬁ/nZ[W(QNC)< |21+1Q|

j:1 |O(1|=m} =0

1 2(9l2B-1) | ol(26-¢)
X(W ,HQlf(y)ld) P(2105D 4 gles-o))

2
<CTI( X 190y )10 0001
J

otj|=m;

Thus

J5 = Cl_[< Z ”Da 'b; ||L1p w)) x)2+2ﬂ/nM8+2s(f)(x

\Ot]\ mj

This completes the proof of the lemma. d
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Proof of Theorem 1 By Key Lemma 1, we get the sharp function estimate of T as follows:

(')’ scH(anan o M 1,1

loj|=rm;

Now, choose 1 < s < p in Key Lemma 1, by using Lemma 3 and notice that w!-2*-6+K/m) ¢

Ao and w'? € A(p,q). We get

” Tb (f) ”Lq(wl—q(k—(8+k)/n))
< [M(T* )| gur-atc-6s1m)

=C| (Tb(f))# | Lo ut-a—ost0m),

k
= CH( Z ”Daibj”Lipﬂ(w)) ||M3+’<+kﬂ'8(f)wk+kﬂ/n “Lq(wl—q(k—(6+k)/n))
j=1

|otj|=m;

k
CTT( X 198y 0 ) Wt

j=1 Najl=m;
<CT1( X 10y 00
lotjl=m;
This completes the proof of the theorem. 0

Proof of Theorem 2 Choose 1 < s < p in Key Lemma 2, notice that w!-4k-C+k=kf)n) ¢ 4
and w'? € A(p, q). By using Lemmas 2 and 3, we obtain

|| T°(f) || ERP° (l-alk-(+k=kp) )

k
< C]—[< > Daibj||mﬂ (W)) MO | s,

j=1 |aj|:m]-

k
o (D LT P LR

j=1 \Dt/'\=m/'

= CH( Y Db, lLiogc >|lf||mw)'

lorj|=m;

This completes the proof of the theorem. d

4 Applications
In this section we shall apply Theorems 1 and 2 of the paper to some particular opera-
tors such as the Calderén-Zygmund singular integral operator and the fractional integral

operator.

Application1 Calder6n-Zygmund singular integral operator.
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Let T be the Calderén-Zygmund operator (see [17, 18]). The multilinear operator related
to T is defined by

Ry1(b;x,)

Py (0 y)f () dy.

ﬂmm:/

Then Theorem 1 holds for 7% with § = 0.
Application 2 Fractional integral operator with rough kernel.

For 0 < § < n, let T be the fractional integral operator with rough kernel defined by (see
[8,17,18])

- [ i,

|x_y|n—8

which is the fractional integral operator when €2 =1 (see [8]). The multilinear operator
related to T is defined by

ﬁyurif RolB%9) o ) ay,

o |x _y|m+n—k—6

where Q is homogeneous of degree zero on R”, fS”’l Q«')do(x') =0 and Q € Lip, (5"7)
for some 0 < & < 1, that is, there exists a constant M > 0 such that for any x,y € S",
|Q(x) — Q(y)] < M|x — y|°. Then Theorem 2 holds for Tf.
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