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Abstract
In this paper, we investigate an initial boundary value problem for a nonlocal
p-Laplacian evolution equation with an inner absorption and weighted linear
nonlocal boundary and initial conditions. By using the modified comparison principle
and the method of upper-lower solution, we find the influence of weighted function
on determining blow-up or not of nonnegative solutions.

1 Introduction
We consider a nonlocal p-Laplacian evolution equation with an inner absorption term

ut – div
(|∇u|p–∇u

)
= um

∫
�

un(y, t)dy – αur , (x, t) ∈ � × (, +∞), (.)

subject to the weighted linear nonlocal boundary and initial conditions

u(x, t) =
∫

�

ϕ(x, y)u(y, t)dy, (x, t) ∈ ∂� × (, +∞), (.)

u(x, ) = u(x)≥ , x ∈ �, (.)

where p > , m ≥ , n > , r ≥ , α > , and � ⊂ RN (N ≥ ) is a bounded domain with
smooth boundary. The weight function ϕ(x, y) �≡  in the boundary condition is non-
negative and continuous on ∂� × �̄, and

∫
�

ϕ(x, y)dy >  on ∂�. The initial function
u(x) ∈ C(�) ∩ W ,p

 (�) is a nonnegative function satisfying the compatibility condition
and ∂u(x)

∂ν
< , where ν denotes the unit outer normal vector on the boundary.

Many natural phenomena, such as the non-Newton flux in the mechanics of fluid, pop-
ulation of biological species, and filtration, have been formulated as nonlocal diffusive
equation (.); see [, ] and references therein. In the diffusion system of some biological
species with human-controlled distribution, u(x, t), div(|∇u|p–∇u),

∫
�
um(y, t)dy, and –α

represent the density of the species at location x and time t, the mutation, the human-
controlled distribution, and the decrement rate of biological species, respectively. The
evolution of the species at a point of space depends not only on the density of species
in a partial region but also in the total region because of the nonlocal boundary condition
that arises from the spatial inhomogeneity (cf. [–]). In fact, there are some important
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phenomena formulated as parabolic equations which are coupled with weighted nonlocal
boundary conditions inmathematicalmodels such as thermoelasticity theory. In this case,
the solution u(x, t) describes entropy per volume of the materia (cf. [, ]).
In the last decades, there have been many researchers dealing with blow-up solutions

to the initial boundary value problems of equations with or without nonlocal boundary
conditions; see [–] and references therein. For the studies of the initial boundary value
problem for a local parabolic equation with weighted nonlocal boundary condition (.),
we refer to [–]. For example, Friedman [] and Pao [] considered the initial boundary
value problemof linear and semi-linear parabolic equations, respectively. They studied the
asymptotic behavior of solutions and found some effects of a weight function on blow-up
and global solutions. Wang et al. [] studied the porous medium equation with terms of
power form

ut = 
um + up, (x, t) ∈ � × (, +∞).

By virtue of the upper-lower solution method, they obtained the existence of global solu-
tions, blow-up properties and blow-up rate of the solutions.
For the study of the initial boundary value problem of a nonlocal parabolic equation

with weighted nonlocal boundary condition (.), we refer to [, , ]. For example, Lin
et al. [] considered the semi-linear parabolic equation

ut = 
u +
∫

�

g(u)dx, (x, t) ∈ � × (, +∞),

with nonlocal boundary condition (.). They established the existence of local and global
solutions and blow-up properties of the solutions. Moveover, they derived the uniform
blow-up estimates for a special g(u) under suitable assumptions. Yang et al. [] discussed
the nonlocal slow diffusion equation

ut = 
um + aup
∫

�

uq(y, t)dy, (x, t) ∈ � × (, +∞),

and they showed the existence of global solutions, blow-up properties, and blow-up rates
of the solutions. For theDirichlet initial boundary problem of nonlocal evolutionary equa-
tion, see [, ] and references therein for details.
Recently,Wang et al. [] studied the following semi-linear parabolic equationwith non-

local source and interior absorption terms:

ut = �u +
∫

�

um dx – αur , (x, t) ∈ � × (, +∞), (.)

with weighted linear nonlocal boundary condition (.) and initial condition (.), where
m, r ≥  and α > . By using the comparison principle and the technique of upper-lower
solutions, they obtained the following results:
• If  ≤ m < r, then the global solution of the problem exists.
• If m > r ≥ , the problem has solutions that blow up in finite time as well as global
solutions, i.e.,

(i) if
∫
�

ϕ(x, y)dy≤  and u(x)≤ ( α
|�| )


r–m , then the global solution exists;
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(ii) if
∫
�

ϕ(x, y)dy >  and u(x) > ( α
|�|–α

) r , (|�| > α), then the solution blows up in
finite time;

(iii) for any ϕ(x, y)≥ , there exists a >  such that the solution blows up in finite
time provided that u(x) > aφ(x), where φ(x) is the corresponding normalized
eigenfunction of –
 with the homogeneous Dirichlet boundary condition and∫
�

φ(x)dx = .
• If m = r > , then

(i) the solution blows up in finite time for any ϕ(x, y) ≥  and large enough u;
(ii) for some positive constant a, the global solution exists for any u(x) ≤ aψ(x)

provided that
∫
�

ϕ(x, y)dy < , where ψ(x) is a function that solves the following
problem:

–
ψ(x) = δ, x ∈ �,

ψ(x) =
∫

�

ψ(x, y)dy, x ∈ ∂�.

Here, δ is a positive constant such that  ≤ ψ(x)≤ .
In addition, for the initial boundary value problemof equation (.) with the homogeneous
Dirichlet boundary condition, we refer to [] and references therein.
We know from the works mentioned above that the studies of problem (.)-(.) have

not been developed well. The difficulty lies in finding the influence of a weight function
in the boundary condition and the competitive relationship between nonlocal source and
inner absorption to determine blow-up or not of solutions. Motivated by it, we intend to
find the sufficient conditions of the existence of global and blow-up solutions of problem
(.)-(.) by using themethod of upper-lower solution, the technique of ordinary differen-
tial equation, the method of characteristic function and self-similar lower solution. Here,
the key is to establish a modified comparison principle. We will use the suitable test func-
tion and Gronwall’s inequality to derive it. Besides, the main contribution of this paper
is our results including the nonlocal nonlinearity Hölder (non-Lipschitz) cases for m or
n ∈ (, ), as well as the Lipschitz cases form,n≥ , and covering all the results of [, ].
Our detailed results are as follows.

Theorem  Suppose that m+ n > r ≥ . If
∫
�

ϕ(x, y)dy≥  for x ∈ ∂� and u(x) > ( α
|�|–α

) 
m

(|�| > α), then the solution of problem (.)-(.) blows up in finite time.

Theorem  Suppose that m+ n <max{p– , r}. If ∫
�

ϕ(x, y)dy≤ 
a <  for x ∈ ∂�, then the

global solution of problem (.)-(.) exists for small initial data.

Theorem  Suppose that m+ n >max{p– , r}. If ∫
�

ϕ(x, y)dy≤ 
a <  for x ∈ ∂�, then the

negative global solution of problem (.)-(.) exists for small initial data, and the nonneg-
ative solution blows up in finite time for arbitrary ϕ(x, y) >  and sufficiently large initial
data.

Theorem  Suppose that m + n =max{p – , r}.
(i) If

∫
�

ϕ(x, y)dy≤ , r > p – , and α ≥ |�|, then the global solution of problem
(.)-(.) exists for small enough initial data, and if ψm ∫

�
ψn dx > αψ r and
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∫
�

ϕ(x, y)dy≥ a > , then the solution of problem (.)-(.) blows up in finite time for
sufficiently large initial data.

(ii) If ψm ∫
�

ψn dx≤ ,
∫
�

ϕ(x, y)dy≤ 
a < , and p –  > r, then there exists a global

solution of problem (.)-(.) for small enough initial data, and if ψm ∫
�

ψn dx > 
and

∫
�

ϕ(x, y)dy≥ a > , then the solution of problem (.)-(.) blows up in finite
time for sufficiently large initial data.

Remark  It is easy to see that there is no blow-up solution form = r =  in Theorem .

Remark  The exact values of sufficiently large or small initial data stated in the theorems
above will be given in the proofs of Section .

Remark  The function ψ(x) solves problem (.)-(.) and a is a constant defined in
(.).

The rest of our paper is organized as follows. In Section , with the definitions of weak
upper and lower solutions, we give the modified comparison principle for problem (.)-
(.), which is an important tool for our research. The proofs of our main results are given
in Section .

2 Comparison principle and local existence
Since equation (.) is degenerate when p > , there is no classical solution in general.
Hence, it is reasonable to find a weak solution of (.). To this end, we first give the follow-
ing definitions of lower and upper nonnegative weak solutions of problem (.)-(.). Let
QT = � × (,T), ST = ∂� × (,T), and let �T = � × [,T).

Definition  If a nonnegative function u(x, t) satisfies the following conditions:
() u ∈ C(,T ;L∞(�))∩ Lp(,T ;W ,p

 (�)), ut ∈ L(,T ;L(�)), u(x, )≤ u(x), x ∈ �T ,
()

∫ ∫
QT

utφ dxdt +
∫ ∫

QT
|∇u|p–∇u · ∇φ dxdt ≤ ∫ ∫

QT
φ(um

∫
�
un(y, t)dy –

αur)dxdt, where φ ∈ � = {χ : χ ∈ C,(�);χ (x, t) ≥ ;χ (x,T) = ;χ (x, t) =  on ST },
() u(x, t)≤ ∫

�
ϕ(x, y)u(y, t)dy, x ∈ ST ,

then u(x, t) is called a weak lower solution of problem (.)-(.).
Similarly, we can define the weak upper solution u(x, t) of problem (.)-(.). We say

that u(x, t) is a weak solution of problem (.)-(.) in QT if it is both weak lower and
upper solution of problem (.)-(.) in QT .

Lemma  Suppose that ξ and ξ are in RN . If p ≥ , then there exists a positive constant
c >  such that

(|ξ |p–ξ – |ξ |p–ξ) · (ξ – ξ )≥ c|ξ – ξ |p, where c = c(N ,p) depends on only N and p.

Remark  Lemma  can be shown in a similar manner as the one used in Lemma . in
[].

The following modified comparison principle plays a crucial role in our proofs, which
can be obtained by establishing a suitable test function and using Lemma  and Gronwall’s
inequality.

http://www.journalofinequalitiesandapplications.com/content/2013/1/301
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Proposition  (Comparison principle) Suppose that u(x, t) and u(x, t) are nonnega-
tive weak lower and upper solutions of problem (.)-(.), respectively, with u(x, ) ≥ ,
u(x, )≥ ε > , and u(x, )≤ u(x, ) in �. Then we have u(x, t)≤ u(x, t) in �T .

Proof Since u and u are lower and upper solutions of problem ()-(), we have

∫ ∫
QT

(ut – ut)φ dxdt +
∫ ∫

QT

(|∇u|p–∇u – |∇u|p–∇u
) · ∇φ dxdt

≤
∫ ∫

QT

φ

[(
um – um

)∫
�

un dy + um
∫

�

(
un – un

)
dy – α

(
ur – ur

)]
dxdt.

Choosing a test function φ = (u – u)+ =max{u – u, }, we get
∫ ∫

QT

(u – u)t(u – u)+ dxdt +
∫ ∫

QT

(|∇u|p–∇u – |∇u|p–∇u
) · ∇(u – u)+ dxdt

≤
∫ ∫

QT

(u – u)+
[∫

�

(
um – um

)
dy – α

(
ur – ur

)]
dxdt.

It follows from Lemma  that

(|∇u|p–∇u – |∇u|p–∇u
) · ∇(u – u)+ ≥ min

{
, c

∣∣∇(u – u)
∣∣p} for p > ,

and hence, one can see that

∫ ∫
QT

(u – u)t(u – u)+ dxdt

≤
∫ ∫

QT

(u – u)+
[(
um – um

)∫
�

un dy + um
∫

�

(
un – un

)
dy – α

(
ur – ur

)]
dxdt

≤
∫ ∫

QT

[
�(x, t)

∫
�

un dy + um|�|�(x, t) + α�(x, t)
]
(u – u)+ dxdt,

where

�(x, t) =m
∫ 



(
θu + ( – θ )u

)m– dθ ,

�(x, t) = n
∫ 



(
θu + ( – θ )u

)n– dθ ,

�(x, t) = r
∫ 



(
θu + ( – θ )u

)r– dθ .

Noticing that u(x, t) and u(x, t) are bounded functions, it follows from r ≥ , m ≥ , and
n ≥  that �i (i = , , ) are bounded nonnegative functions. If  ≤ m <  or  < n < ,
we have � ≤ εm– and � ≤ εn–, since u(x, ) ≥  or u(x, ) ≥ ε > . Moreover, because
u(x, )≤ u(x, ), we get

∫
�

(u – u)+ dx ≤ C
∫ ∫

QT

(u – u)+ dxdt.

http://www.journalofinequalitiesandapplications.com/content/2013/1/301
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It follows from Gronwall’s inequality that (u – u)+ = , and hence, u(x, t) ≤ u(x, t) in
� × (,T).
For x ∈ ∂� and y ∈ �, we have

u – u ≤
∫

�

ϕ(x, y)(u – u)dy.

It is obvious that u ≤ u on ST if u ≤ u in �. Therefore, we obtain u(x, t) ≤ u(x, t) in �T .
�

Next, we state the local existence and uniqueness theorem without proof.

Theorem (Local existence and uniqueness) Suppose that u(x) ∈ C(�) ∩ W ,p
 (�). Then

there exists T >  such that problem (.)-(.) has a unique nonnegative solution u ∈
C(,T ;L∞(�))∩ Lp(,T ;W ,p

 (�)) for all T < T. Furthermore, either T = ∞ or

lim
t→T–


sup

∥∥u(x, t)∥∥∞ = ∞.

Remark  The local existence, in time, of nonnegative solutions of problem (.)-(.) can
be obtained by using the fixed point theorem or the parabolic regular theory to get a suit-
able estimate in the standard limiting process (see [, ]). We can obtain the uniqueness
of solution to the problem by the comparison principle stated in Proposition . The proof
is more or less standard, and so it is omitted here.

3 Proofs of main results
In this section, we give detailed proofs of our main results to problem (.)-(.) by using
the comparison principle and constructing suitable upper and lower solutions.

Proof of Theorem  Consider the following problem:

v′(t) = |�|vm+n – αvr , v() = v. (.)

Since m + n > r, we know that vm+n +  > vr and |�|vm+n – αvr ≥ (|�| – α)vm+n – α, and
hence, the solution of (.) is an upper solution of the following problem:

v′(t) =
(|�| – α

)
vm+n – α, v() = v.

When |�| > α andm+n > , it is known that the solution of this problem blows up in finite
time if v > ( α

|�|–α
) 
m+n .

It is obvious that the solution of problem (.) is a lower solution of problem (.)-(.),
when

∫
�

ϕ(x, y)dy≥  and u(x) > v. Therefore, the solution u(x, t) blows up in finite time
by Proposition . �

Proof of Theorem  Assume that r > p –  and set u(x, t) = A > . For all x ∈ �, choosing
A≥ max{max� u(x), ( |�|

α
) 
r–m–n }, we get

ut – div
(|∇u|p–∇u

)
– um

∫
�

un dx + αur = αAr – |�|Am+n ≥ .

http://www.journalofinequalitiesandapplications.com/content/2013/1/301
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For all x ∈ ∂�, we have

u(x, t) = A ≥
∫

�

Aϕ(x, y)dy =
∫

�

ϕ(x, y)udy.

By Proposition , we can obtain the result.
(ii) Assume that r < p–  and let �̃ be a bounded domain in RN such that � ⊂ �̃. If ψ(x)

solves the following problem:

–div
(|∇ψ |p–∇ψ

)
= , x ∈ �̃, (.)

ψ(x) = , x ∈ ∂�̃, (.)

one can easily see that

sup�̃ ψ

inf� ψ
< a for some a > . (.)

Taking sup�̃ ψ = aε, where ε > , it follows from (.) that

inf
�

ψ > ε and sup
�

ψ < aε.

Setting u(x, t) = Aψ(x), where A≥ max{max� u(x), [(αε)m+n|�|] 
p––m–n }, we have

ut – div
(|∇u|p–∇u

)
– um

∫
�

un dx + αur ≥ .

For all x ∈ ∂�,

u(x, t) = Aψ(x)≥ A
∫

�

ϕ(x, y)aε dy≥
∫

�

ϕ(x, y)Aψ(y)dy =
∫

�

ϕ(x, y)u(y, t)dy.

This completes the proof. �

Proof of Theorem  We first show the existence of a global solution.
(i) Assume that r > p– and set u(x, t) = A. Choosing a constantA such thatmax� u(x)≤

A ≤ ( α
|�| )


m+n–r , one can deduce the desired result by using a similar argument as the one

used for (i) of Theorem .
(ii) Assume that r < p –  and set u(x, t) = Aψ(x), where ψ(x) is the function defined

in (.)-(.). Choosing a constant A such that max� uε– ≤ A≤ [(aε)m+n|�|] 
m+n–p+ and

using the same argument as the one used for (ii) of Theorem , one can see that there exists
a global solution of problem (.)-(.).
Secondly, we establish a self-similar blow-up solution in order to show a blow-up of the

solution. We now assume that ω(x) ∈ C(�), ω(x) ≥ , ω(x) is not identically zero, and
ω(x)|∂� = . Without loss of generality, we assume that  ∈ � and ω() > .
Let u(x, t) = (T – t)–γV (ξ ), V (ξ ) =  – ξ , and let ξ = |x|(T – t)–μ, where  < T <  and

γ ,μ > . We know that

suppu+(·, t) = B
(
,R(T – t)μ

) ⊂ B
(
,RTμ

) ⊂ �, (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/301
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for sufficiently small T > . Calculating the derivative of u, we obtain the equations

ut =
γV (ξ )

(T – t)γ+
+

μV ′(ξ )|x|
(T – t)γ (T – t)μ+

=
γV (ξ ) +μξV ′(ξ )

(T – t)γ+
,

∇u = ∇[
(T – t)–γ

(
 – ξ )] = (T – t)–γ (–ξ ) · ∇ξ = (T – t)–γ–μ(–x),


u =
N

(T – t)γ+μ
,

div
(|∇u|p–∇u

)
= |∇u|p–
u + (p – )|∇u|p–(∇u)′

(
Hx(u)

) · ∇u

= |∇u|p–
u + (p – )|∇u|p–
N∑
j=

N∑
i=

∂u
∂xi

∂u
∂xi ∂xj

∂u
∂xj

,

where H(x)(u) is the Hessian matrix of u. Let d(�) = diam(�). We then have

∣∣div(|∇u|p–∇u
)∣∣ ≤ N(p – )(d(�))p–

(T – t)(γ+μ)(p–)
,

um
∫

�

un(y, t)dy =
V

(T – t)(m+n)γ

∫
B(,R(T–t)ν )

Vn
( |x|
(T – t)ν

)
dx =

M
(T – t)(m+n)γ–Nμ

,

whereM = Vm ∫
B(,R)V

n(|ξ |)dξ > . Then we get the inequalities

ut – div
(|∇u|p–∇u

)
– um

∫
�

un(y, t)dy + αur

≤ γV (ξ ) +μξV ′(ξ )
(T – t)γ+

+
N(p – )(d(�))p–

(T – t)(γ+μ)(p–)
–

M
(T – t)(m+n)γ–Nμ

+
αVr

(T – t)rγ

≤ γ

(T – t)γ+
+
N(p – )(d(�))p–

(T – t)(γ+μ)(p–)
+

α

(T – t)rγ
–

M
(T – t)(m+n)γ–Nμ

. (.)

Since m + n > max{p – , r}, we can choose γ such that max{p – , r} < +γ

γ
< m + n and

μ sufficiently small such that μ <min{ (m+n–)γ–
N , (m+n–r)γ

N , (m+n–p+)γ
N+(p–) }. We then obtain the

inequality

(m + n)γ –Nμ >max
{
γ + , rγ , (γ + μ)(p – )

}
. (.)

By (.) and (.), we know that

ut – div
(|∇u|p–∇u

)
– um

∫
�

un(y, t)dy + αur ≤  in �T

for sufficiently small T > .
If x ∈ ∂�, ω() > , and ω is continuous, it is known that there exist positive constants ε

and ρ such that ω ≥ ε for x ∈ B(,ρ). We then have B(,RTσ ) ⊂ B(,ρ) ⊂ � if T is small
enough, and so u ≤ ∫

�
ϕ(x, y)udy on ST . It follows from (.) that u(x, ) ≤ Kω(x) for

sufficiently large K. Therefore, one can see that the solution of problem (.)-(.) exists
no later than t = T provided that u ≥ Kω(x). This implies that the solution blows up in
finite time for large enough initial data. �

http://www.journalofinequalitiesandapplications.com/content/2013/1/301


Fang and Zhang Journal of Inequalities and Applications 2013, 2013:301 Page 9 of 10
http://www.journalofinequalitiesandapplications.com/content/2013/1/301

Proof of Theorem  (i) If r > p – , choosing A large enough so that A ≥ max� u(x), one
can see that u(x, t) = A is the upper solution of problem (.)-(.), and hence, the result
follows.
To show the blow-up result, we only need to establish a blow-up of a suitable lower

solution. Let v(t) be a solution of the following equation:

v′(t) = cvβ – cvβ , t > ,

v() = v > ,

where c =
ψm ∫

� ψn dx–αψr

lψ
, c = 

lψ
, l > , β = (r – )l + , and β = (p – )l + . By the

assumptions of Theorem , we know that c >  and β > β. It is obvious that there exists
a constant T∗ such that

 < T∗ < +∞, lim
t→T∗ v(t) = +∞.

Set u(x, t) = vl (t)ψ(x), where ψ(x) is the function defined in (.)-(.). For all (x, t) ∈
QT , a series of computations show that

ut – div
(|∇u|p–∇u

)
– um

∫
�

un(y, t)dy + αur

= lψvl–v′ + vl(p–) – v(m+n)lψm
∫

�

ψn dx + αvrlψ r

= lψvl–
(
v′ +


lψ

v(p–)l+ –
ψm ∫

�
ψn dx – αψ r

lψ
vl(r–)+

)

≤ .

For all (x, t) ∈ ST , we also have

u(x, t) = vlψ(x) < vlaε ≤
∫

�

ϕ(x, y)vlψ(x)dy =
∫

�

ϕ(x, y)u(y, t)dy.

(ii) If p –  > r, we have m + n = p –  > r. Let u(x, t) = Aψ(x). By the assumptions of
Theorem , we know that

ut – div
(|∇u|p–∇u

)
– um

∫
�

un dx + αur

= Ap– –Am+nψm
∫

�

ψn dx + αArϕr

= Am+n
(
 –ψm

∫
�

ψn dx
)
+ αArϕr ≥ .

For all (x, t) ∈ ST , we get

u(x, t) = Aψ(x) > A
aε
a

≥
∫

�

ϕ(x, y)Aψ(y)dy =
∫

�

ϕ(x, y)u(y, t)dy.

Choosing u such that u(x) < Aψ(x) < Aaε, one can see that there exists a global solution
of problem (.)-(.).
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For the blow-up result, we again consider the following problem:

v′(t) = cvβ – cvβ , t > ,

v() = v > ,

where c = ψm ∫
�

ψn dx –  > , c = αψr–

l
, β = (p – )l + , β = (r – )l + , and l > . It

is obvious that β > β, since p –  > r. Setting u(x, t) = vl (t)ψ(x), the result follows by the
same argument as the one for the case r > p – . �
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