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1 Introduction

We consider a nonlocal p-Laplacian evolution equation with an inner absorption term

Uy — diV(|Vu|P_2Vu) = u’”/ u"(y,t)dy —au”, (x,t) € Q x (0,+00), 1.1)
Q

subject to the weighted linear nonlocal boundary and initial conditions

ulx, t) = ‘/an(x,y)u(y, dy, (x,t)€d x(0,+00), (1.2)

u(x,0) = up(x) >0, xe€, (1.3)

where p>2,m>0,n>0,r>1,a>0,and @ C RN (N > 1) is a bounded domain with
smooth boundary. The weight function ¢(x,y) # 0 in the boundary condition is non-
negative and continuous on Q2 x €, and fQ (x,9)dy > 0 on 9KQ2. The initial function
uo(x) € C(Q) N W;’p (2) is a nonnegative function satisfying the compatibility condition
and a’%(x) < 0, where v denotes the unit outer normal vector on the boundary.

Many natural phenomena, such as the non-Newton flux in the mechanics of fluid, pop-
ulation of biological species, and filtration, have been formulated as nonlocal diffusive
equation (1.1); see [1, 2] and references therein. In the diffusion system of some biological
species with human-controlled distribution, u(x, ¢), div(|Vul?~>Vu), | o " (y,t)dy, and —a
represent the density of the species at location x and time ¢, the mutation, the human-
controlled distribution, and the decrement rate of biological species, respectively. The
evolution of the species at a point of space depends not only on the density of species
in a partial region but also in the total region because of the nonlocal boundary condition

that arises from the spatial inhomogeneity (c¢f [3-5]). In fact, there are some important
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phenomena formulated as parabolic equations which are coupled with weighted nonlocal
boundary conditions in mathematical models such as thermoelasticity theory. In this case,
the solution u(x, t) describes entropy per volume of the material (cf. [6, 7]).

In the last decades, there have been many researchers dealing with blow-up solutions
to the initial boundary value problems of equations with or without nonlocal boundary
conditions; see [8—16] and references therein. For the studies of the initial boundary value
problem for a local parabolic equation with weighted nonlocal boundary condition (1.2),
we refer to [8—10]. For example, Friedman [8] and Pao [9] considered the initial boundary
value problem of linear and semi-linear parabolic equations, respectively. They studied the
asymptotic behavior of solutions and found some effects of a weight function on blow-up
and global solutions. Wang et al. [10] studied the porous medium equation with terms of

power form
u; = A"+, (x,t) € Q2 x (0, +00).

By virtue of the upper-lower solution method, they obtained the existence of global solu-
tions, blow-up properties and blow-up rate of the solutions.

For the study of the initial boundary value problem of a nonlocal parabolic equation
with weighted nonlocal boundary condition (1.2), we refer to [11, 12, 15]. For example, Lin
et al. [11] considered the semi-linear parabolic equation

u; = Au + / gu)dx, (x,t) € 2 x (0,+00),
Q

with nonlocal boundary condition (1.2). They established the existence of local and global
solutions and blow-up properties of the solutions. Moveover, they derived the uniform
blow-up estimates for a special g(x) under suitable assumptions. Yang et al. [12] discussed
the nonlocal slow diffusion equation

u, = Au + omp/ ul(y,t)dy, (x,t) € Q x (0,+00),
Q
and they showed the existence of global solutions, blow-up properties, and blow-up rates
of the solutions. For the Dirichlet initial boundary problem of nonlocal evolutionary equa-
tion, see [13, 14] and references therein for details.

Recently, Wang et al. [15] studied the following semi-linear parabolic equation with non-
local source and interior absorption terms:

u; = Au + f udx—oau’, (x,t) € Q x(0,+00), (1.4)
Q

with weighted linear nonlocal boundary condition (1.2) and initial condition (1.3), where
m,r > 1 and « > 0. By using the comparison principle and the technique of upper-lower
solutions, they obtained the following results:
« If 1 <m <r, then the global solution of the problem exists.
« If m >r>1, the problem has solutions that blow up in finite time as well as global
solutions, i.e.,

(i) if fQ o(x,y)dy <1and up(x) < (ﬁ)ﬁ, then the global solution exists;
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(ii) if fQ @(x,y)dy >1 and up(x) > (ﬁ)%, (12| > @), then the solution blows up in
finite time;

(iii) for any ¢(x,y) > 0, there exists a; > 0 such that the solution blows up in finite
time provided that uo(x) > a1¢(x), where ¢(x) is the corresponding normalized
eigenfunction of —A with the homogeneous Dirichlet boundary condition and
Joox)dx=1.

o If m=r>1,then
(i) the solution blows up in finite time for any ¢(x,y) > 0 and large enough uo;
(i) for some positive constant a,, the global solution exists for any u¢(x) < ax ¥ (x)
provided that fQ @(x,7)dy <1, where ¥ (x) is a function that solves the following
problem:

-AY(x) =8p, x€Q,

1/f(x)=/;21//(x,y)dy, x €I

Here, § is a positive constant such that 0 < y(x) <1.
In addition, for the initial boundary value problem of equation (1.4) with the homogeneous
Dirichlet boundary condition, we refer to [16] and references therein.

We know from the works mentioned above that the studies of problem (1.1)-(1.3) have
not been developed well. The difficulty lies in finding the influence of a weight function
in the boundary condition and the competitive relationship between nonlocal source and
inner absorption to determine blow-up or not of solutions. Motivated by it, we intend to
find the sufficient conditions of the existence of global and blow-up solutions of problem
(1.1)-(1.3) by using the method of upper-lower solution, the technique of ordinary differen-
tial equation, the method of characteristic function and self-similar lower solution. Here,
the key is to establish a modified comparison principle. We will use the suitable test func-
tion and Gronwall’s inequality to derive it. Besides, the main contribution of this paper
is our results including the nonlocal nonlinearity Holder (non-Lipschitz) cases for m or
n € (0,1), as well as the Lipschitz cases for m,n > 1, and covering all the results of [11, 15].

Our detailed results are as follows.

3=

Theorem 1 Suppose thatm+n>r > 1. Ifo o(x,9)dy > 1 for x € 0Q and ug(x) > (IQ(\X—a)
(12| > @), then the solution of problem (1.1)-(1.3) blows up in finite time.

Theorem 2 Suppose that m +n < max{p —1,r}. If [, o(x,y)dy < % <1forx € 0%, then the
global solution of problem (1.1)-(1.3) exists for small initial data.

Theorem 3 Suppose that m+n > max{p —1,7}. If [, p(x,y) dy < % <1forx € 0%, then the
negative global solution of problem (1.1)-(1.3) exists for small initial data, and the nonneg-
ative solution blows up in finite time for arbitrary ¢(x,y) > 0 and sufficiently large initial
data.

Theorem 4 Suppose that m + n = max{p — 1, r}.
() If [qox,y)dy <1,r>p—1,and a > ||, then the global solution of problem
(1.1)-(1.3) exists for small enough initial data, and if ™ fQ Y'dx > oy’ and
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fQ ©(x,y)dy > a > 1, then the solution of problem (1.1)-(1.3) blows up in finite time for
sufficiently large initial data.

(ii) Ify™ [ov"dx <1, [ooxy)dy < % <1,and p — 1> r, then there exists a global
solution of problem (1.1)-(1.3) for small enough initial data, and if Y™ [, ¥" dx > 1
and fQ o(x,9)dy > a > 1, then the solution of problem (1.1)-(1.3) blows up in finite
time for sufficiently large initial data.

Remark 1 It is easy to see that there is no blow-up solution for m = r =1 in Theorem 4.

Remark 2 The exact values of sufficiently large or small initial data stated in the theorems
above will be given in the proofs of Section 3.

Remark 3 The function ¥ (x) solves problem (3.2)-(3.3) and a is a constant defined in
(3.4).

The rest of our paper is organized as follows. In Section 2, with the definitions of weak
upper and lower solutions, we give the modified comparison principle for problem (1.1)-
(1.3), which is an important tool for our research. The proofs of our main results are given
in Section 3.

2 Comparison principle and local existence

Since equation (1.1) is degenerate when p > 2, there is no classical solution in general.
Hence, it is reasonable to find a weak solution of (1.1). To this end, we first give the follow-
ing definitions of lower and upper nonnegative weak solutions of problem (1.1)-(1.3). Let
Qr=Qx(0,T),S7 =902 x (0,T), and let Q7 = Q x [0, T).

Definition 1 If a nonnegative function u(x, t) satisfies the following conditions:
(1) u e C0, T;L() NLP(0, T; WoP (), u, € L0, T LX), u(x, 0) < 1y (), x € D,
@) [ fo, webdxdt+ [ [y |VulP>Vu-Vodxdt < [ [, ¢p@” [,u"(y,0)dy-
au’)dxdt, where p € © = {x : x € CV(Q); x (%, t) > 0; x (%, T) = 0; x (x,£) = 0 on S7},
(3) ulx,t) < [ 9, y)uly,t)dy, x € St,
then u(x, t) is called a weak lower solution of problem (1.1)-(1.3).
Similarly, we can define the weak upper solution u(x, t) of problem (1.1)-(1.3). We say
that u(x, t) is a weak solution of problem (1.1)-(1.3) in Qy if it is both weak lower and
upper solution of problem (1.1)-(1.3) in Q7.

Lemma 1 Suppose that &€ and & are in RN. If p > 2, then there exists a positive constant
¢ >0 such that

(|§|1"2§ - IEIP_ZS) (E-&)>c|lE-&|P, wherec=c(N,p)depends on only N and p.

Remark 4 Lemma 1 can be shown in a similar manner as the one used in Lemma 4.10 in
[17].

The following modified comparison principle plays a crucial role in our proofs, which
can be obtained by establishing a suitable test function and using Lemma 1 and Gronwall’s
inequality.
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Proposition 1 (Comparison principle) Suppose that u(x,t) and u(x,t) are nonnega-
tive weak lower and upper solutions of problem (1.1)-(1.3), respectively, with u(x,0) > 0,

u(x,0) > & > 0, and u(x,0) < u(x,0) in Q. Then we have u(x,t) < u(x,t) in Qr.

Proof Since u and u are lower and upper solutions of problem (1)-(3), we have
/ / (u, —Ur)p dxdt + / / (IVulVu — |Val’>Vi) - Vé dx dt
Qr Qr
< / / (/)[(gm —ﬁm) / udy+u” / (g” —ﬁ”) dy — a(g’ —ﬂr)] dxdt.
Qr Q Q
Choosing a test function ¢ = (4 — u), = max{u — u, 0}, we get
/ / (u-u)(u—-1u), dxdt + / / (IVulP>Vu - |ValP>viu) - V(u - ), drdt
Qr Qr

E//QT(z—ﬁ){/Q(gm—E’”)dy—a(g’—ﬁ’)} dxdt.

It follows from Lemma 1 that

(IVul>Vu - |Val’>vVi) - V(u - %), > min{0,c

Vu-u)|"} forp>2,

and hence, one can see that

f /Q (s~ Tulas ~ ) e

S//QT(Z—EL[(M’”_ﬁWI)/S;gndy+ﬁm/9(ﬂn_ﬁn)dy_a(zr_ﬁr)}dxdt
Ef/(;T|:d>1(x,t)‘/S;gndy+ﬁm|§2|d>z(x,t)+ad>3(x,t)](g—ﬁ)idxdt,

where
1
P1( 1) = ””/ (6u+(1—0)a)"" db,
0
1
P2l )= f (6u+(1-0)m)"" o,
0
1
(1) = r/ (6u+ (1 -0)a)" db.
0

Noticing that u(x,t) and u(x, £) are bounded functions, it follows from » > 1, m > 1, and
n > 1 that ®; (i =1,2,3) are bounded nonnegative functions. If 0 <m <lor0<n<1,
we have ®, < ¢! and &, < £, since u(x,0) > 0 or %(x,0) > & > 0. Moreover, because
u(x,0) <u(x,0), we get

/Q(z—ﬁ)ideC//Q (-7 dxdt.
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It follows from Gronwall’s inequality that (u — %), = 0, and hence, u(x, ) < u(x,¢) in
Q% (0,7T).
For x € €2 and y € 2, we have

u-T< fg 0 (9)u— ) d.

It is obvious that # < % on St if u < % in Q. Therefore, we obtain u(x,t) < u(x,t) in Q7.
O

Next, we state the local existence and uniqueness theorem without proof.

Theorem (Local existence and uniqueness) Suppose that uy(x) € C(Q) N Wé'p (R2). Then
there exists To > 0 such that problem (1.1)-(1.3) has a unique nonnegative solution u €
C(0, T; L*(R2)) N LP(0, T; Wé‘p(Q))for all T < Ty. Furthermore, either Ty = 00 or

tl_l)I}la sup | u(x, £)|| , = oo.

Remark 5 The local existence, in time, of nonnegative solutions of problem (1.1)-(1.3) can
be obtained by using the fixed point theorem or the parabolic regular theory to get a suit-
able estimate in the standard limiting process (see [18, 19]). We can obtain the uniqueness
of solution to the problem by the comparison principle stated in Proposition 1. The proof

is more or less standard, and so it is omitted here.

3 Proofs of main results
In this section, we give detailed proofs of our main results to problem (1.1)-(1.3) by using

the comparison principle and constructing suitable upper and lower solutions.

Proof of Theorem 1 Consider the following problem:
V() = QYT —aV, v(0) = vp. (3.1)

Since m + n > r, we know that vV + 1 > v" and |QV"™" — aV" > (|| — a)v"™*" — a, and
hence, the solution of (3.1) is an upper solution of the following problem:

V() = (|S2| —a)vm”’ —a, v(0) = vg.

When || > « and m + n > 1, it is known that the solution of this problem blows up in finite

time if vg > (ﬁ)ﬁ.
It is obvious that the solution of problem (3.1) is a lower solution of problem (1.1)-(1.3),
when fQ @(x,y)dy > 1 and uy(x) > vo. Therefore, the solution u(x, t) blows up in finite time

by Proposition 1. O

Proof of Theorem 2 Assume that r > p — 1 and set u(x,£) = A > 0. For all x € 2, choosing
A > max{maxg uo(x), ('%) s }, we get

w1, — div(|Vul Vi) —ﬁ’”/ u'dx+ ot = aA” — |QIA™" > 0.
Q
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For all x € 92, we have

) = A > [Q Ap(,y) dy = /Q o, ) dy.

By Proposition 1, we can obtain the result.
(ii) Assume that r < p—1 and let € be a bounded domain in RN such that @ C Q. If ¥(x)
solves the following problem:

~

—div(|VyP2Vy) =1, x€Q, (3.2)

Y(x)=0, x€dQ, (3.3)

one can easily see that

supg ¥

- <a forsomea>1. (3.4)
infg

Taking supg ¥ = ae, where ¢ > 0, it follows from (3.4) that

infyy >¢ and supy <ae.
Q2 Q

Setting u(x, t) = Ay (x), where A > max{maxg uo(x), [(ce)”*"| §2|]P*1*1’"*" }, we have

w1, — div(|Vul > Vi) —ﬁ’”/ wdx+ou >0.
Q

Forall x € 0€2,
1, £) = Ay (x) > A f ol y)asdy > f o, y)Av () dy = / o,y D) .
Q Q Q

This completes the proof. 0

Proof of Theorem 3 We first show the existence of a global solution.

(i) Assume thatr > p—1and set u(x, ) = A. Choosing a constant A such that maxg o (x) <
A< (‘g_‘)ﬁ , one can deduce the desired result by using a similar argument as the one
used for (i) of Theorem 1.

(ii) Assume that r < p — 1 and set u(x, t) = Ay (x), where ¥ (x) is the function defined
in (3.2)-(3.4). Choosing a constant A such that maxguoe™ < A < [(ag)™"|Q] A and
using the same argument as the one used for (ii) of Theorem 1, one can see that there exists
a global solution of problem (1.1)-(1.3).

Secondly, we establish a self-similar blow-up solution in order to show a blow-up of the
solution. We now assume that w(x) € C}(Q), w(x) > 0, w(x) is not identically zero, and
o(x)|3e = 0. Without loss of generality, we assume that 0 € 2 and @(0) > 0.

Let u(x,t) = (T — )Y V(£), V(€) =1 - &2, and let & = |x|(T — £)™*, where 0 < T < 1 and
y, 1 > 0. We know that

suppu, (-, £) = B(0,R(T — t)*) C B(0,RT*) C , (3.5)
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for sufficiently small 7' > 0. Calculating the derivative of %, we obtain the equations

Lo YVE®  pVE vy VE)+pEV'E)
STt (T (Tt (T-grt
Vu=V[(T -7 (1-£")] =(T - )7(-2£) - V& = (T - 1) 7 7(-2x),
Ay 2N

U= T g

div(|Vul Vi) = |VulP > Au + (p = 2)|Vul~*(Vu) (H. (W) - Vu

du Jdu Ju
396,' ax,- 8x, 8x,"

= |VulP2Au+ (p - 2)[Vult~ 422
i=1

where H,)(¢) is the Hessian matrix of u. Let d(€2) = diam(2). We then have

2N(p -1)(d(Q)y>
- (T_t)y+2u(101

v || M
u" | u(y,t)d =—/ V"( )dx:—,
B /Q_ 0.0 dy (T =)oY Jpo rersy) (T -9 (T — )lremly =N

where M = V" f B0 "(|&]) d& > 0. Then we get the inequalities

|div(|VulP>Vu)| <

’

—diV(|Vg|”_2Vg)—gm/ u'(y,t)dy + au”
Q

yV(E) +ugV'(€)  2N(p-1)(d(Q)? M aV’
= (T —t)r+ * (T — )r+20@-1) (T — ¢)imeny-Np * (T -ty
y 2N(p - 1)(d(Q))P2 o M

= (T —e)r+! * (T - £)r+2w-1) * (T -ty (T - t)meny—Nu’ (3.6)

. 1
Since m + n > max{p — 1,7}, we can choose y such that max{p — 1,r} < % <m + n and

w sufficiently small such that z < min{ "= 1)” ! ("“z;’)y, w;;':’;éj;y }. We then obtain the

inequality

(m+n)y—Nu>max{y+1,ry,(y+2u)(p—1)}. (3.7)

By (3.6) and (3.7), we know that
- diV(|Vg|"_2Vg) —gm/ u"(y,t)dy +au’ <0 in Qr
Q

for sufficiently small T > 0.

If x € 32, w(0) > 0, and w is continuous, it is known that there exist positive constants &
and p such that w > ¢ for x € B(0, p). We then have B(0,RT?) C B(0, p) C  if T is small
enough, and so u < fQ(p(x,y)gdy on St. It follows from (3.4) that u(x,0) < Kow(x) for
sufficiently large K. Therefore, one can see that the solution of problem (1.1)-(1.3) exists
no later than ¢ = T provided that #y > Kow(x). This implies that the solution blows up in
finite time for large enough initial data. O
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Proof of Theorem 4 (i) If r > p — 1, choosing A large enough so that A > maxg (), one
can see that u(x,t) = A is the upper solution of problem (1.1)-(1.3), and hence, the result
follows.

To show the blow-up result, we only need to establish a blow-up of a suitable lower
solution. Let v(£) be a solution of the following equation:

V)= —cpv®, >0,
v(0) = vy >0,

W,czzﬁ,ll>1,,31:(r—l)h+1,andﬁ2:(p—2)ll+1.Bythe

assumptions of Theorem 4, we know that ¢; > 0 and B; > ;. It is obvious that there exists

where ¢; =
a constant 7™ such that
0<T*<+00, lim v(£) = +00.
t—T*

Set u(x,t) = V1(t)yr(x), where ¥ (x) is the function defined in (3.2)-(3.4). For all (x,£) €
Qr, a series of computations show that

u, — div(|Vul?Vu) - u” /Q u'(y,t)dy + au’

— llell_lV/ + Vll(p—l) _ V(WH—n)ll I'[[Wl/A ,l/frl dx + OlVrll wr
Q

= Ly <V/ + Lv(p-z)zlu B v o ¥ dx_awrvll(r—l)H)
lﬂﬁ llw

<0.
For all (x,t) € ST, we also have
u(x, £) =V (x) <Vilae < / @ Y)WV (%) dy = / @, y)uly, t) dy.
Q Q

(i) f p—1>r,wehave m+ n=p—1>r. Let u(x,t) = AY(x). By the assumptions of
Theorem 4, we know that

i, — div(| Va2 vi) - u" /Q wWdx+au
= AP _ pgrnym /Q Y dx + aATg"
= A (1 -y /Q w”dx> +aA"g" > 0.
For all (x,£) € St, we get

e, 0) = Ay () > A% = / o)) Ay () dy = / (e, y) (0, 0) dy.
a Q Q

Choosing ug such that ug(x) < Ay (x) < Aae, one can see that there exists a global solution
of problem (1.1)-(1.3).

Page 9 of 10
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For the blow-up result, we again consider the following problem:

V)= —ev®, >0,

v(0) = vy >0,

wherecl:1#”1/;21p”dac—1>0,62:M Bi=pp-2)h+1,B=(r-1h+1,and ; >1. 1t

L’
is obvious that B, > B, since p — 1 > r. Setting u(x, t) = V1 (£)/(x), the result follows by the

same argument as the one for the case r > p — 1. O
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