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Abstract

This paper studies the existence of solutions for a fractional differential inclusion of
order g € (2,3] with nonlinear integral boundary conditions by applying
Bohnenblust-Karlin's fixed point theorem. Some examples are presented for the
illustration of the main result.
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1 Introduction
In this paper, we apply the Bohnenblust-Karlin fixed point theorem to prove the existence

of solutions for a fractional differential inclusion with integral boundary conditions given
by

Dix(t) € F(t,x(t)), te€[0,T],T>0,2<q<3,
x(0)=0,  x(T)=pm [, gls,x(s))ds, (L1
¥(0) = Ax'(T) = pua [, his,x(s)) s,

where ¢D? denotes the Caputo fractional derivative of order g, F: [0, T] x R — 28\ {@},
g,h:[0,T] x R — R are given continuous functions and A, i1, 42, € R with A # -1.

Differential inclusions of integer order (classical case) play an important role in the
mathematical modeling of various situations in economics, optimal control, efc. and are
widely studied in literature. Motivated by an extensive study of classical differential inclu-
sions, a significant work has also been established for fractional differential inclusions. For
examples and details, see [1-10] and references therein.

2 Preliminaries
Let C([0, T'], R) denote a Banach space of continuous functions from [0, 7] into R with the
norm ||x|| = sup,¢(o 71{|*(¢)|}. Let L([0, T],R) be the Banach space of functions x : [0, T] —
R which are Lebesgue integrable and normed by |x||;1 = fOT |x(2)| dt.

Now we recall some basic definitions on multi-valued maps [11-14].

Let (X, ] - ||) be a Banach space. Then a multi-valued map G : X — 2% is convex (closed)
valued if G(x) is convex (closed) for all x € X. The map G is bounded on bounded sets if
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GB) = U,p G(x) is bounded in X for any bounded set B of X (i.e., sup,g{sup{ly| : y €
G(x)}} < 00). G is called upper semi-continuous (u.s.c.) on X if for each xy € X, the set
G(xp) is a nonempty closed subset of X, and if for each open set B of X containing G(xy),
there exists an open neighborhood A/ of x( such that G(\') C B. G is said to be completely
continuous if G(B) is relatively compact for every bounded subset B of X. If the multi-
valued map G is completely continuous with nonempty compact values, then G is u.s.c.
if and only if G has a closed graph, i.e., x, — %, ¥ = Vs, ¥n € G(x,,) imply y. € G(x). In
the following study, BCC(X) denotes the set of all nonempty bounded, closed and convex
subsets of X. G has a fixed point if there is x € X such that x € G(x).

Let us record some definitions on fractional calculus [15-18].

Definition 2.1 For an at least (# — 1)-times continuously differentiable function g :

[0,00) — R, the Caputo derivative of fractional order ¢ is defined as

‘Dig(t) s)" gt () ds, n-1<q<mnq>0,

( -4q) Jo
where I" denotes the gamma function.

Definition 2.2 The Riemann-Liouville fractional integral of order g for a function g is
defined as

1 [t gl

q
Fe®=ra )y G-9r

ds, q>0,

provided the right-hand side is pointwise defined on (0, co).

To define the solution for (1.1), we consider the following lemma. We do not provide the

proof of this lemma as it employs the standard arguments.

Lemma 2.3 For a given y € C([0, T], R), the solution of the boundary value problem

Dix(t)=y(t), te€l[0,T],T>0,2<q<3,
x(0)=0, x(T)=m fOT (s, x(s)) ds, (2.1)
#(0) = 2x'(T) = py [ his,x(s)) ds,

is given by the integral equation

t(t—s)1t M(T -8 T (T -s)12
+

Ta+1) Jo T(g-1)
tE+ AT 1) [T (T —s)1t
- T20+n)  Jo Tl

witlt + 22T -8)] [T pwat(T ~t)
E ST /Og(s’x(s))ds TA+a)

y(s) ds

y(s)ds

(s, x(s)) ds. (2.2)
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In view of Lemma 2.3, a function x € AC?([0, T],R) is a solution of the problem (1.1) if
there exists a function f € L}([0, T], R) such that f(¢) € F(t,x) a.e. on [0, T] and

D AM(T -8 [T (T-5)12
x(t)_/o I'(g) f(s)ds+ T(1+)~)/0 I'(g-1) fls)ds

tt+ 22T -8)] [T (T -s)71
- 120+4)  Jo Ty fs)ds

ptlt + 22T -] [T pat(T —1t) (T
T2(L+ A /0 (sx(s)) s + Ta+%) J

h(s, x(s)) ds. (2.3)

Now we state the following lemmas which are necessary to establish the main result.

Lemma 2.4 (Bohnenblust-Karlin [19]) Let D be a nonempty subset of a Banach space X,
which is bounded, closed and convex. Suppose that G : D — 2%\ {0} is u.s.c. with closed,
convex values such that G(D) C D and G(D) is compact. Then G has a fixed point.

Lemma 2.5 [20] Let I be a compact real interval. Let F be a multi-valued map satisfying
(A1) and let © be linear continuous from L'(I,R) — C(I), then the operator ® o Sy : C(I) —
BCC(C(I)), x > (® o Sp)(x) = O(SE,) is a closed graph operator in C(I) x C(I).

For the forthcoming analysis, we need the following assumptions:

(A;) LetF:[0,T] x R — BCC(R); (t,x) — F(t,x) be measurable with respect to ¢ for each
x € R, us.c. with respect to x for a.e. t € [0, T], and for each fixed x € R, the set
Sex:={f € L}[0, T],R) : f(¢t) € F(t,x) for a.e. t € [0, T]} is nonempty.

(Az) For each r > 0, there exists a function m,, p,,p, € L}([0, T],R,) such that || F(¢,x)| =
sup{|v] : v(t) € F(t,x)} < m,(2), lg(t,0)|l < p.(8), It x)|| < p,(¢) for each (£,x) €
[0, T] x R with |x| <r, and

1iminf(9) =y <00, (2.4)

r—>+o00 \ r

where ¢, = max{|[m, |1, P+l 1, 12Nl 1}

Furthermore, we set

tt+ 22T -1t)] ‘ CL=Al 2]

ma =4,
weior)|  T2(1+A) 1+ !
HT - ¢) T
max = := 89, 2.5
0| TA+ 2| [L+a] 25)
{4 hlsalg - DT+ 8
Ay = —{1+|A62(qg- )T + 8 ).
I'(q) !

3 Main result
Theorem 3.1 Suppose that the assumptions (A;) and (A,) are satisfied, and

Y <A, (3.1)
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where y is given by (2.4) and
(A + oy + 1218, T) 7 = A

Then the boundary value problem (1.1) has at least one solution on [0, T.

Proof Inorder to transform the problem (1.1) into a fixed point problem, we define a multi-
valued map N : C([0, T], R) — 2C(0TIR) 55

j't (t—s)q—lf( )d s+ At( 11;;) f() = q 5 f( )d
tt+1(2T-1)] fo trsq lf( )dS

N(x)={heC([0,TL,R): h(t) = T2(1+7)
+ % Jy 8s,%() ds
+ 198020 [T p(s,x(s)ds, € [0,T]f €Spa

Now we prove that the multi-valued map N satisfies all the assumptions of Lemma 2.4,
and thus N has a fixed point which is a solution of the problem (1.1). In the first step, we
show that N(x) is convex for each x € C([0, T],R). For that, let /1,4, € N(x). Then there
exist fi,f> € Sk such that for each t € [0, T'], we have

(£ —s)7? AM(T -8 [T (T -5)172
hilt) = / T PO Taoy by Ta-n O
He+ 22T -8)] [T (T —s)7? £(s)ds ultt+k(2T )] )
T T2+ rg ey ), &)
pat(T —t) .
m A h(s,x(s)) dS, = 1, 2.

Let 0 < <1. Then, for each t € [0, T], we have
[0h + 1 -2h] (@)

g-1
/(t " [9i(s) + (1= D)fr(s)] ds

I'(g)

M(T -8 [T (T -s)12
i T(1+A) T(q-1) [9£1(s) + A = 9)fa(s)] ds

t[t+A(2T 0] T (T -s)1?

T2+ 1) F( [9£(s) + (L - 9)()] ds
k[t + 22T - 1)) t+k(2T t ]

sxs)
1+A

M2t —t)

T+ / (s,%(s))

Since Sg, is convex (F has convex values), therefore it follows that A/ + (1 — ©)h, € N(x).

Next it will be shown that there exists a positive number r such that N(B,) C B,, where
B, ={x € C([0,T]) : ||lx|| <r}. Clearly B, is a bounded closed convex set in C([0, T]) for
each positive constant r. If it is not true, then for each positive number r, there exists a
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function x, € B,, h, € N(x,) with |[N(x,)| > r, and

[ =9t AM(T -8 [T (T-5)12
hr(t)_/o I'(q) Jr(s)ds + T(+4x) Jo T(g-1)
tHe+ 22T -8)] [T (T -s)1t (5)d witlt + 22T - 1)]

Ty ), T Ot T raean ),

mat(T — 1)
T(l +)\) 0

-f,(s) ds

T
g(s, x,(s)) ds

T
h(s,x.(s))ds for somef, € Sp,.

On the other hand, using (A;), we have

< NG|

741 742 741
= {F@ MR T T }/ mr(s) s

T
¢ a8y / pr(s)ds + 12185 T / B,(s)ds
0 0

< Mollm|lp + [paldillprllr + 12182 T |, Nl 2

< &(Ag + a8y + [142182T).
Dividing both sides by r and taking the lower limit as r — 0o, we find that
-1
Y = (Mg + [paldy + 12182 T) ™ = A,

which contradicts (3.1). Hence there exists a positive number r’ such that N(Br') C Br'.
Now we show that N(B,/) is equi-continuous. Let ¢/,¢" € [0, T] with ¢ < ¢". Let x € By
and /& € N(x), then there exists f € S, such that for each ¢ € [0, T], we have

(t—sql AM(T -8 [T (T -5)12
)'/ r 9% 0 )y Ta-n 9
tE+AQRT —8)] [T (T -s)1t ultt+k(2T )]
TTraen )y T JWE* 21+ 1) glsals

Mot (T — 1)

T
T+ 7 h(s,x(s)) ds,

from which we obtain

n(e") - (e <

t ” - / -1 ” 1
<(t il k)M )[f(s)| ds + / (t —9" s)| ds
0

I'(q) T
A" =T -t" -t T -s)12
* TIL+A| / Tg-1) F(s)] ds
[ =)L ="+ A=) +2A0T| (L (t—-s)i!
+ Vs |ds
T2|1 + Al o TI'(g
N 17— ¢||Q=A) + (1= A + 24T T(T—s)q‘2| (5,56)| ds
21+ 2 , T(g—-1) &

|)\,||t”—t/||T—t//—t/| T
+ TIL+ 7] /0 |h(s,x(s))|ds
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4 " - S)q—l —( - S)q—l) 14 " - S)q—l
r d =N My d
: /0 ( I'(q) e /t rg %

A =T -t -] T(T 5)12
m, (s)ds
T|1+A| I'g-1)
|t’/—t/||(1—)»)t’/+(1—k)t +20T| [t (t—-s)11
+ m, ds
T211+ 2| o T'(g)
& —t||Q-A)" + Q=2 +20T| [T (T -s)12
+ pr(s)ds
T2|1 + A o T(g-1)
|A||t,/—t/||T—t//—t/|fT_
T|1+ Al '

Obviously, the right-hand side of the above inequality tends to zero independently of
x, € B ast” — ¢'. Thus, N is equi-continuous.

As N satisfies the above three assumptions, therefore it follows by the Ascoli-Arzela
theorem that N is a compact multi-valued map.

In our next step, we show that N has a closed graph. Let x, — x., h, € N(x,) and
h, — h,. Then we need to show that 4, € N(x,). Associated with /4, € N(x,), there ex-
ists f, € Sr,x, such that for each ¢ € [0, T,

ez /”f-sﬂ'zf s

t(t—s)1!

h”(t):/o T " T b -1
tt+ 22T - 1)] T( )‘11
T+ S

mitlt + 2T - 1)] wot(T—1) (T
W ; g(S,xn(S)) ds + m /(; h(s,x,,(s)) ds.

fu(s)

Thus we have to show that there exists f; € Sr, such that for each ¢ € [0, T,

t 2
h*(t):/o( s s M0 [T o

I'(g) T(1+k) I'(g-1)
Lt + 22T - 1)] (t—s)T- 1
T2(1+A) F(q)

ittt + AT — t) wot(T —t)
20+x) ), g(s x.(s)) s + T+ 1)

(s)ds

T
h(s, Xy (s)) ds.

0

Let us consider the continuous linear operator @ : L1([0, T],R) — C([0, T],R) given by

= 00)@
t(t—s)1! M(T -8 [T (-s)12
+
TA+A) Jo T'(g-1)

tt+ 22T =1)] [T (¢-s)1?
S TA(1+4) /0 I'(q)

patlt+A2T —t)] Mzt(T t)
g 200 / (s,x(s)) d AN / h(s,x(s)) ds.

-f(s)ds

f(s)ds
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Observe that
|a(8) = (D)

(t—)‘f1 MT-t) [T (t-97
| [T ooy as D [ (0a00) (0 -9) s

~ t[t+k(2T—t) T (t-9)1 1

(fuls) ~£u(s)) ds

T2(1+ 1) F(61)

Jatlt + i(fi t ] 2(5,%4(5)) —g(5,%.(5)) ) ds

pat(T —t)

o | (h(s,xn(s)) _h(s,x*(s))) ds| -0 asn— oo.

Thus, it follows by Lemma 2.5 that © o Sr is a closed graph operator. Further, we have
hy,(t) € ©(Sgy,)- Since x, — x,, therefore, Lemma 2.5 yields

t 2
h*“):/o( s s M0 [T o

T'(q) T(1+A) I(g-1)
tt+ 12T -1t)] —s)q1 (5)d

T2(1+ ) g -
1t[t+)\.(2T t) Mzt(T—t)

g(s Xy (s)) ds + ' h(s, Xy (s)) ds

T2(1+A) 0 Ta+A) Jo

for some f; € Sk, .

Hence, we conclude that N is a compact multi-valued map, u.s.c. with convex closed
values. Thus, all the assumptions of Lemma 2.4 are satisfied. Hence the conclusion of
Lemma 2.4 applies and, in consequence, N has a fixed point x which is a solution of the
problem (1.1). This completes the proof. d

Special cases

By fixing the parameters in the boundary conditions of (1.1), we obtain some new results.
As the first case, by taking 1; = 0, A = 0, uy = 0, our main result with A = I'(g)/2T7
corresponds to the problem

¢Dix(t) € F(t,x(t)), te€[0,T],T>0,2<q=<3,
x(0) =0, x'(0) =0, x(T)=0.

In case we fix 1 =0, A =1, uy = 0, we obtain a new result for the problem

¢Dix(t) € F(t,x(t)), te€[0,T),T>0,2<q<=<3,
x(0) =0, x(T) =0, x'(0) =x'(T),

with A =2I'(¢q)/(3 + g) T4
Discussion

As an application of Theorem 3.1, we discuss two cases for nonlinearities F(t,x), g(¢,x),
h(t,x): (a) sub-linear growth in the second variable of the nonlinearities; (b) linear growth
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in the second variable (state variable). In case of sub-linear growth, there exist functions
ni(8), pi(t) € LY([0, TL, R,), p; € [0,1) with i = 1,2,3 such that || F(£,%)|| < m(£)|x["1 + pa(2),
gt )l < na(O|x*2 + pa(2), At %)l < n3(t)lx|** + p3(t) for each (t,x) € [0, T] x R. In
this case, m,(¢) = m()r*t + p1(2), pr(£) = ()2 + pa(2), p,(2) = n3(£)r"** + p3(¢), and the
condition (3.1) is 0 < A. For the linear growth, the nonlinearities F, g, & satisfy the relation
IEE ) < m@lxl + p1(2), pr(E) = n2()|x| + p2(2), p,(£) = n3(2)lx| + p3(¢) for each (¢,x) €
[0, T] x R. In this case m1,(t) = n1(£)r + p1(£), p(t) = n2(O)r + p2(2), p,(£) = n3()r + p3(t), and
the condition (3.1) becomes max{||n |1, 1721171, In3ll;1} < A. In both cases, the boundary
value problem (1.1) has at least one solution on [0, T].

Example 3.2 (linear growth case) Consider the following problem:

°D*2x(t) € F(t,x(t)), te]0,1],

1 / 1,0 1,1 (3.2)
%x(0) =0, x(1) = [, g(s,x(s)) ds, ¥ (0) - 54'(T) = 5 [, h(s,x(s)) ds,

where g=5/2, T =1, u1 =1, A =1/2, up =1/2, and

1 , 1
|Ft,2)] < 20+ t)z ave’, et < mm

L
|n )| < (1+eTef)|x| +t+1.

With the given data, &, =1, 8, = 2/3, A, =10/3/7,

1 1 1
y = max{{[nllz, 72l 03l } = max e 1112 (111(1+4€)—1H5) =
L sym
A=(A é §5T) =————.
(Az + [pa 81 + 114218, T) 3G+ 27)

Clearly, y < A. Thus, by Theorem 3.1, the problem (3.2) has at least one solution on [0, 1].

Example 3.3 (sub-linear growth case) Letting ||F(¢,x)| < S x3 + et llg(s @)l <
4(1+t |x|1/4 + 1 ”h(t x)” = 1+4et |x|1/2

there exits a solution for the sub-linear case of the problem (3.2) by Theorem 3.1.

2( l+t
+ ¢t +1in Example 3.2, we find that 0 = y < A. Hence
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