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Abstract

By using the way of weight functions and Hadamard's inequality, a half-discrete
Hilbert-type inequality similar to Mulholland’s inequality with a best constant factor is
given. The extension with multi-parameters, the equivalent forms as well as the
operator expressions are also considered.

MSC: 26D15

Keywords: Hilbert-type inequality; weight function; equivalent form

1 Introduction
Assuming that f,g € L*(R,), |Ifll = {/fy" f*x) dx}? > 0, lgll > 0, we have the following
Hilbert integral inequality (cf. [1]):
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where the constant factor 7 is the best possible. If a = {a,,}3%;, b = {b,}3%, € 1%, ||a| =

>0 a’} s 0, ||1b]| > 0, then we still have the following discrete Hilbert inequality:
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with the same best constant factor 7. Inequalities (1) and (2) are important in analysis
and its applications (cf. [2—4]). Also we have the following Mulholland inequality with the

same best constant factor (cf [1, 5]):

Zzlnmm;<n[2ma32nbi} . 3)
m=2 n=2 m=2 n=2

In 1998, by introducing an independent parameter A € (0,1], Yang [6] gave an exten-
sion of (1). By generalizing the results from [6], Yang [7] gave some best extensions of
(1) and (2) as follows: If p > 1, % + % =1, A1 + Ay = A, k. (x,7) is a non-negative homoge-
neous function of degree —A with k(A1) = [;° ki(t, e~V dt € Ry, ¢(x) = 2?1201,y (x) =

1
20D, f(2 0) € Lpg(R) = (f11f pg = o~ $@f®)IP dx}? < 00}, g (= 0) € Ly (R.),
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I llp.g» I€llgy >0, then

/ / ko (e )f ()g ) ddly < kD) I ol ot (4)

where the constant factor k();) is the best possible. Moreover, if k; (x,y) is finite and

ki (%, )27 (ks (%, ¥)y*271) is decreasing for x > 0 (y > 0), then for a,, b, > 0, a = {a,,}°>, €
1

bpg ={alllallpg = {3 oy d(M)|anlP}? < 00}, b= {bu}32) € gy, llallpgs [1bllgy > 0, we have

N ki, m)amby < k(a)llalpg 15l g ()

m=1 n=1

with the same best constant factor k(1;). Clearly, for p =g =2, A =1, ki(x,y) = x+y , AL =
Ay = %, (4) reduces to (1), while (5) reduces to (2). Some other results about Hilbert-type
inequalities are provided by [5, 8-16].

On the topic of half-discrete Hilbert-type inequalities with the general non-
homogeneous kernels, Hardy et al. provided a few results in Theorem 351 of [1]. But they
did not prove that the constant factors in the inequalities are the best possible. Moreover,

Yang [17] gave an inequality with the particular kernel and an interval variable,

_1
(1+nx)*
and proved that the constant factor is the best possible. Recently, [18] and [19] gave the

following half-discrete Hilbert inequality with the best constant factor 7:

[roxet

n=

dx<7T|Lf||||ﬂ|| (6)

In this paper, by using the way of weight functions and Hadamard’s inequality, a half-
discrete Hilbert-type inequality similar to (3) and (6) with the best constant factor is given
as follows:

n= 2

flx 3 n dx<n|[f|| 3 rz+l ai %. 7)
/ Zlne {g( 2) }

Moreover, the best extension of (7) with multi-parameters, some equivalent forms as well
as the operator expressions are considered.

2 Some lemmas

Lemmal [fO<A<2,0> 2, setting weight functions w(n) and @ (x) as follows:

oo 5-1
w(n) = ln%(n+a)f Ade, neN, (8)
o In*e(n+a)*

nd In%‘l(n +a)

(n +a)In’e(n + o)’ * € (0, 00), ©)
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we have

A A
w(x) < w(n) = 3(2 2) (10)
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Proof Substitution of t = xIn(n + «) in (8), by calculation, yields

© 1, A A
= ti'de=B(Z,Z).
() /0 (1+0) (2 2)

Since, for fixed x > 0 and in view of the conditions,

_ 2y + @)
hixg) = (y + ) In* e(y + a)*
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is decreasing and strictly convex for y € (%, 00), then by Hadamard’s inequality (cf. [20]),

we ﬁnd
A
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o < ow 1 y+a)l+xIn(y+a)
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namely, (10) follows. d

Lemma2 Let the assumptions of Lemma 1 be fulfilled and, additionally, let p > 1, 1% + ; =1,
a, > 0, n € N, f(x) be a non-negative measurable function in (0,00). Then we have the

following inequalities:

T ) [ [ f@) 4k
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Li= {/0 [ (x)]9! |:; In* e(n + a)xj| dx}
< {B<%,%> ;(n +o)Tt lnq(l‘%)—l(rua)aZ}q. 12)

Proof By Holder’s inequality (cf [20]) and (10), it follows

|:/°° f(x)dx ]p
o In*e(n+a)
x
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Then by the Lebesgue term-by-term integration theorem (cf. [21]), we have
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L \2°2/] o
and (11) follows. Still by Holder’s inequality, we have
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A 1
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Then by the Lebesgue term-by-term integration theorem, we have

1
o 1
(n+o¢)‘171 b1y (13- !
L < In" 2@V + a)al dx
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1
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and then in view of (10), inequality (12) follows.

3 Main results
We introduce two functions

d) =D (x50) and W)= 1+ ) D nva) (meN),

2k
wherefrom, [®(x)]'"7 = x%—l, and [W(n)]'? = znﬂ(xnm)‘

xU-3)l 1 =22y + ) 1 !
(n+a)ra,
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+_—1f(x) anZOfELp<I>(R+) a—{dn}n 1€lqllly

Theorem1 I[f0<A<2,a> 1,p>1
fllp0 >0 and ||lall 4w > O, then we have thefollowmg equivalent inequalities:

a,‘f (x)dx

L= Z/ In* e(n +a)*

[ 3 %d(; ;)ufnmnanqw, (13)
0 00 rlr
St [ e
B<%,%)|Vl|p,qn, a4
L= {/0 [@(x)]l'q[; m} dx}
(15)

B * [l
< a ,
2’2 v

where the constant B(

Proof By the Lebesgue term-by-term integration theorem, there are two expressions for
) we have (14). By Holder’s inequality, we have

) is the best possible in the above inequalities.

I in (13). In view of (11), for @ (x) < B(

s 4 © 1 1
I= ;[‘I‘ a (n)/o mj(x) dx][‘l'q(n)an] <Jlallgw.

Then by (14), we have (13). On the other hand, assuming that (13) is valid, setting

(16)

_ 1p o0 1 p-1
a, = [\I/(n)] |:/0 T ST—— o +ol)’(f(ac) dx] , neN,

then /77! = ||a| 4 w. By (11), we find J < 00. If ] = 0, then (14) is trivially valid; if / > 0, then
by (13), we have

A A ,
lal}y = ]“’—1<B<2 2)|lfllpq>||a||qw, ie.

||ﬂ||qq; /<B< >||f”p€l>r
that is, (14) is equivalent to (13). In view of (12), for [& (x)]'~? > [B(%, 5)]', we have (15)

By Holder’s inequality, we find

RO -1 ad 1
1= or x)|| PP (x ——a, |dx < L. 17
/(; [or @ )][ ( )HZE In* e(n + a)"a :| %= Wl 17)
Then by (15), we have (13). On the other hand, assuming that (13) is valid, setting

1 !
)an:| , x€(0,00),

S0 = [ow]" [Zﬁ
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then L7 = ||f | 5,0. By (12), we find L < 0. If L = 0, then (15) is trivially valid; if L > 0, then
by (13), we have

A A ,
115 = L7 =1<B(§, 5) Iflpollallgw, ie,

. A A
Il =L < B<2 > )lalgw,

that is, (15) is equivalent to (13). Hence, inequalities (13), (14) and (15) are equivalent.

For 0 < & < 2, setting f(x) = x5 x € (0,1); fx) =0, x € [1,00), and &, = -1 x
lnTTl(n +a), n €N, if there exists a positive number k (< B(%, %)) such that (13) is valid

as we replace B(%, %) with &, then, in particular, it follows
00 00 1 N _
> / — G (®) dx < KI[f | |l g0
~Jo In"e(n+a)

Udx | it 1
:k{/o x“l} {(1+o¢)1n8+1(1+oz) Z2:(11+01)1n“1(n+oz)}

<k(l>p{;+/00 1 dx}q
P l+a)In®'Q+e) Ji x+a)In®(x+a)
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In(n+a) 1 a8
5+5-1
£+1 / Atz ? dt
(n+a)1n (n+a)to (t+1)
> 1

A e A &€
B(E +1_9’ 2 _1_9> ; (n+a)In°™ (n+ ) ~A)

A
B(5+p2 p)/ (y+oz)1n”1(y+) dy - A(e)

>
1 A A
- B(EiE LS A,
eln®l+a) \2 p 2 p
Ale) -:i . /oo L i a (19)
’ — (n+a) I (1 + @) Singrsay &+ 1) ’
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and then A(e) = O(1) (¢ — 0%). Hence by (18) and (19), it follows

1 A A
—— B(E 525 o
In®°(1 + &) 2" p2 p

k{ ¢ T + 1 }q, (20)
Q+o)In*"1+a) In°(l+a)

and B(k A) <k (e — 0%). Hence k = B(k A) is the best value of (13).

By equivalence, the constant factor B( ) in (14) and (15) is the best possible. Other-
wise, we can imply a contradiction by (16) and (17) that the constant factor in (13) is not
the best possible. O

Remark 1 (i) Define the first type half-discrete Hilbert-type operator Ti : L, s(R,) —

l

,wi-» as follows: For f € Lo (R, ), we define T1f € [, y1-, satisfying

o - [ N

Then by (14) it follows || T1f 1], g1-» < B 2 |[f||p o, and then T; is a bounded operator with
Tl < B(% 515 %). Since by Theorem 1 the constant factor in (14) is the best possible, we have
1Tl = B(%, % .

(i) Define the second type half-discrete Hilbert-type operator T3 : [,y — L, 41-4(R,) as

/(x) dx, neN.

In* e(n +a)

follows: For a € [, y, we define Tha € L, g1 (R4), satisfying

oo

Tra(x) = Z 1

—a,, x¢€(0,00).
=y In*e(n +a)y

Then by (15) it follows || Taall,¢1-¢ < B(%, %)Ilallq,\p, and then T is a bounded operator
with || 15| < B(%, %). Since by Theorem 1 the constant factor in (15) is the best possible,
we have || T2 = B(%,5).

Remark2 Forp=g=2,A=1,A1 =Xy = % = % in (13), (14) and (15), we have (7) and the
following equivalent inequalities:

T fw) 2) 2
{Zml[/o 1ne(n+§)xdx” <7lIf 1, (21)

n=1 2
o 2 (=, )
ay 1),
{/0 [;7lne(n+%)x:| dx} <n{;<n+2)an} . (22)
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