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1 Introduction
Bessel wavelet transforms have applications in the study of boundary value problems on
the half-line. The Hankel transform and pseudo-differential operators associated with the
Bessel operator have been studied on some Beurling-type function spaces by [, ] and []
respectively. The aim of the present paper is to study the continuity of the Bessel wavelet
transform on certain Beurling-type function spaces.
Let us define Lμ,p(R+),  ≤ p < ∞, as the space of those real measurable functions φ on

R+ = (,∞) for which

‖φ‖Lμ ,p =
[∫ ∞



∣∣φ(x)∣∣p dμ(x)
]/p

< ∞,  ≤ p < ∞, ()

‖φ‖Lμ ,∞ = ess sup
<x<∞

∣∣φ(x)∣∣ < ∞, ()

where dμ(x) = /μ�(μ + )xμ+dx.
From [, ], the Hankel translation φ ∈ Lμ,p(R+) is defined by

τyφ(x) := φ(x, y) :=
∫ ∞


φ(z)D(x, y, z)dμ(z),  < x, y <∞, ()

where

D(x, y, z) :=
∫ ∞


j(xt)j(yt)j(zt)dμ(t) ()

with j(x) = μ�(μ + )x–μJμ(x).
From [], in terms of the Hankel translation τy and dilation Da defined by Daφ(x, y) :=

φ(x/a, y/a), we define the Bessel wavelet θb,a by

θb,a(x) :=Daτbθ (x) =Daθ (b,x) = θ (b/a,x/a) :=
∫ ∞


D(b/a,x/a, z)θ (z)dμ(z). ()
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Let θ ∈ Lμ,p(R+), then the Bessel wavelet transform of g ∈ Lμ,q(R+), (/p + /q = ), is de-
fined by

(Bθg)(b,a) =
〈
g(t), θb,a(t)

〉
=

∫ ∞


g(t)θb,a(t)dμ(t) ()

=
∫ ∞



∫ ∞


g(t)θ (z)D(b/a, t/a, z)dμ(z)dμ(t)

=
∫ ∞


(bx/a)/Jμ(bx/a)x–μ–/b–μ–/aμ+

×
{∫ ∞


tμ+/g(t)(tx/a)/Jμ(tx/a)dt

×
∫ ∞


zμ+/θ (z)(zx)/Jμ(zx)dz

}
dx. ()

Now, using the Hankel transformation,

(hμφ)(u) =
∫ ∞


(xu)/Jμ(xu)φ(x)dx, μ ≥ –/ ()

which is known to be an automorphism on the Zemanian space Hμ(R+), R+ = (,∞),
consisting of all complex-valued infinitely differentiable functions φ on R+ which satisfy

γ
μ

m,k(φ) = sup
x∈R+

∣∣xm(
x–D

)kx–μ–/φ(x)
∣∣ < ∞, ∀m,k ∈ N. ()

From (), we have

(Bθg)(b,a)

= aμ+b–μ–/
∫ ∞


x–μ–/(bx/a)/Jμ(bx/a)hμ

(
tμ+/g(t)

)
(x/a)hμ

(
zμ+/θ (z)

)
(x)dx

= aμ+/b–μ–/
∫ ∞


(u)–μ–/(bu)/Jμ(bu)hμ

(
tμ+/g(t)

)
(u)hμ

(
zμ+/θ (z)

)
(au)du.

Now, let us set

u–μ–/hμ

(
tμ+/g(t)

)
= (hμf )(u),

zμ+/θ (z) = ψ(z)

and

(Bψ f )(b,a) = bμ+/a–μ–/(Bθg)(b,a)

to get the following convenient form of the Bessel wavelet transform:

(Bψ f )(b,a) :=
∫ ∞


(bu)/Jμ(bu)f̃ (u)ψ̃(au)du := hμ

(
f̃ (u)ψ̃(au)

)
(b), ()

where f̃ (u) = (hμf )(u).
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From [, p.], we shall use the following Leibnitz-type formula:

(
x–D

)k(x–μ–/ψφ
)
=

k∑
s=

(
k
s

)(
x–D

)s(x–μ–/φ
)(
x–D

)k–s
ψ . ()

2 The space Hω
μ

Let ω be a continuous real-valued function defined on R+ = (,∞) such that ω() =  and

(a)  ≤ ω(u + v)≤ ω(u) +ω(v), ∀u, v ∈ R+, ()

(b)
∫ ∞



ω(u)du
 + u

< ∞, ()

(c) ω(u) ≥ l + d log( + u) ()

for some real l and d > .
The class of all such ω functions is denoted byM.
Now, assume that ω is a function inM. A function f is said to be in the spaceHω

μ , where
f and hμf are smooth functions, and for every μ ∈ R+, n ∈ N and m is a positive real
number,

αμ
m,n(f ) = sup

u∈R+
emω(u)∣∣(u–D)nu–μ–/f (u)

∣∣ < ∞. ()

On Hω
μ we consider the topology generated by the family {αμ

m,n}m∈R+,n∈N of seminorms.
From [, ], we have

βμ
m,n(f ) = sup

u∈R+
emω(u)∣∣(u–D)nu–μ–/(hμf )(u)

∣∣ < ∞, ∀m ∈R+,n ∈N. ()

In what follows, we study the Bessel wavelet transform Bψ of infinite order onHω
μ . For this

purpose, we define the symbol class Sρ,ω .

Definition . The function ψ̃(x) : C∞(R+) → C belongs to class Sρ,ω if and only if
∀m ∈R+

emω(x)∣∣(x–∂/∂x)pψ̃(x)
∣∣ ≤ cp,ρ

(
 + x

)ρ–p, ∀p ∈N,ρ ∈R, ()

where c is a constant and ψ̃ denotes the Hankel transform of the basic wavelet ψ .

In this section, certain spaces of functions of Beurling-type are introduced on which
Bessel wavelet transforms can be defined. First, we recall the definition of the Zemanian
space Hμ(R+).

Definition. The set of all infinitely differentiable functions (Bψφ)(b,a) onR
+ satisfying

the condition

γ
μ,m,m′
n,l (Bψφ) = sup

a,b
emω(b)–m′ω(a)∣∣(b–D)n(a–D)lb–μ–/(Bψφ)(b,a)

∣∣ < ∞, ()

∀n, l ∈N, is denoted by Hω
μ (R

+), where μ,m,m′ ∈ R.
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Theorem . The Bessel wavelet transform Bψφ is a continuous linear map of Hω
μ (R+)

into Hω
μ (R

+) for μ ≥ –/.

Proof To complete the proof of the theorem, we need to show that (Bψφ)(b,a) satis-
fies (). From the property (b) of the function ω(u), it follows that to every ε > , there
exists a constant c(ε) such that

ω(u) ≤ εu + c(ε); ()

so that

emω(u) ≤ emc(ε)
∞∑
ν=

(mε)ν

ν!
uν . ()

Using equation () and the technique of Zemanian [, p.], we can write

emω(b)∣∣(b–D)nb–μ–/(Bψφ)(b,a)
∣∣

≤ emc(ε)
∞∑
ν=

(mε)ν

ν!
bν

∣∣(b–D)nb–μ–/(Bψφ)(b,a)
∣∣

= emc(ε)
∞∑
ν=

(mε)ν

ν!
bν

∣∣(b–D)nb–μ–/hμ

(
φ̃(u)ψ̃(au)

)∣∣

= emc(ε)
∞∑
ν=

(mε)ν

ν!

×
∣∣∣∣
∫ ∞


uμ+n+ν+{(u–D)ν(u–μ–/ψ̃(au)φ̃(u)

)}
(bu)–μ–nJμ+ν+n(bu)du

∣∣∣∣. ()

Since for μ ≥ –/, |(bu)–μ–nJμ+ν+n(bu)| is bounded on  < b, u < ∞ by Qμ, the right-hand
side of equation () can be estimated by

≤ emc(ε)Qμ

∞∑
ν=

(mε)ν

ν!

∫ ∞


uμ+n+ν+∣∣(u–D)ν(u–μ–/ψ̃(au)φ̃(u)

)∣∣du

= emc(ε)Qμ

∞∑
ν=

(mε)ν

ν!

∫ ∞


uμ+n+ν+

×
∣∣∣∣∣

ν∑
r=

(
ν

r

)(
u–D

)r(u–μ–/φ̃(u)
)(
u–D

)ν–r
ψ̃(au)

∣∣∣∣∣du.

Therefore,

emω(b)∣∣(b–D)n(a–D)lb–μ–/(Bψφ)(b,a)
∣∣

≤ emc(ε)Qμ

∞∑
ν=

(mε)ν

ν!

∫ ∞


uμ+n+ν+

ν∑
r=

(
ν

r

)

× ∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣∣∣(u–D)r(a–D)l

ψ̃(au)
∣∣du. ()
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In view of estimate (), we have for t = au

∣∣(u–D)r(a–D)l
ψ̃(au)

∣∣
=

∣∣arul(t–d/dt)r+lψ̃(t)
∣∣

≤ cr+l,ρ
(
 + t

)ρ–r–larul

= cr+l,ρ
(
 + au

)ρ–r–larul. ()

Therefore, () becomes

emω(b)∣∣(b–D)n(a–D)lb–μ–/(Bψφ)(b,a)
∣∣

≤ emc(ε)Qμ

∞∑
ν=

(mε)ν

ν!

∫ ∞


uμ+n+ν+

×
ν∑

r=

(
ν

r

)∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣cr+l,ρ(

 + au
)ρ–r–larul du

≤ emc(ε)Qμ

∞∑
ν=

(mε)ν

ν!

ν∑
r=

(
ν

r

)
cr+l,ρ

(
 + a

)ρ–r–l( + a
)r

×
∫ ∞


uμ+n+ν++l( + u

)ρ–r–l∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣du. ()

Suppose P is an integer not less than μ + n + l + , then

uμ+n+ν++l ≤ ( + u)P+ν . ()

Using (), the right-hand side of equation () can be bounded by

emc(ε)Qμ

∞∑
ν=

ν∑
r=

(
ν

r

)
cr+l,ρ

(mε)ν

ν!
( + a)(ρ–l)

×
∫ ∞


( + u)P+ν( + u)(ρ–r–l)

∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣du

= emc(ε)Qμ( + a)(ρ–l)
∞∑
ν=

ν∑
r=

(
ν

r

)
cr+l,ρ

(mε)ν

ν!

×
∫ ∞


( + u)P+ν+ρ( + u)–l

∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣du.

Using inequality (), the above expression is bounded by

emc(ε)Q′
μ,l,ρe

–(ρ–l)l/de(ρ–l)ω(a)/d
∞∑
ν=

ν∑
r=

(
ν

r

)
cr
(mε)ν

ν!
e–(P+ρ+ν)l/d

× sup
u∈R+

e((P+ρ+ν)/d)ω(u)∣∣(u–D)ν–r(u–μ–/φ̃(u)
)∣∣ ∫ ∞



du
( + u)l

. ()
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Using property (), we can estimate the right-hand side of () by

emc(ε)Q′
μ,l,ρe

–(P+ρ–l)l/de(ρ–l)ω(a)/d
∞∑
ν=

ν∑
r=

(
ν

r

)
cr
(mε)ν

ν!
e–(νl)/dβμ

(P+ρ+ν)/d,(ν–r)(φ)

=Q′
μ,l,ρe

(ρ–l)ω(a)/d exp
(
mc(ε) – (P + ρ – l)l/d

) ∞∑
ν=

((mε)e–l/d)ν

ν!
( + c)ν

× max
≤r≤ν

[{
β

μ

(P+ρ+ν)/d,(ν–r)(φ)
}/ν]ν

=Q′
μ,l,ρe

(ρ–l)ω(a)/d exp
(
mc(ε) – (P + ρ – l)l/d

) ∞∑
ν=

((mε)e–l/d( + c))ν

ν!

× max
≤r≤ν

[{
β

μ

(P+ρ+ν)/d,(ν–r)(φ)
}/ν]ν .

Therefore,

emω(b)–m′ω(a)∣∣(b–D)n(a–D)lb–μ–/(Bψφ)(b,a)
∣∣

≤ Q′
μ,l,ρ exp

(
mc(ε) – (P + ρ – l)l/d

)

×
∞∑
ν=

((mε)e–l/d( + c))ν

ν!

[
max
≤r≤ν

{
β

μ

(P+ρ+ν)/d,(ν–r)(φ)
}/ν]ν

,

wherem′ = (ρ – l)/d. Now, choosing

ε <
{
max
≤r≤ν

β
μ

(P+ρ+ν)/d,(ν–r)(φ)
}–/ν(

ν!me–l/d( + c)
)–,

we find that the last series is convergent. Therefore,

emω(b)–m′ω(a)∣∣(b–D)n(a–D)lb–μ–/(Bψφ)(b,a)
∣∣ < ∞.

Hence, (Bψφ) ∈Hω
μ (R

+). �

3 The space Gω
μ

The Bessel-differential operator Sμ is defined by

Sμ,x =
d

dx
+
( – μ)

x
. ()

From [, p.] we know that for any φ ∈Hμ(R+),

hμ(Sμφ) = –yhμφ ()

and

Srμ,xφ(x) =
r∑
j=

cjxj+μ+/(x–D)r+j(x–μ–/φ(x)
)
, ()

where cj are constants depending only on μ.
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Now, assume that ω is a function inM. A function φ ∈ C∞(R+) is said to be in the space
Gω

μ if for every μ ∈R, n ∈N, andm is a positive real number,

Aμ
m,n(φ) = sup

x∈(R+)
emω(x)∣∣Snμφ(x)

∣∣ < ∞. ()

The family {Aμ
m,n}m∈R,n∈N of seminorms generates the topology of Gω

μ.

Definition . The set of all infinitely differentiable functions (Bψφ)(b,a) onR
+ satisfying

the condition

δμ,m,m′
n (Bψφ) = sup

a,b
emω(b)–m′ω(a)∣∣Snμ,b(Bψφ)(b,a)

∣∣ <∞, ∀n ∈N,

is denoted by Gω
μ(R

+), where μ,m,m′ ∈R.

Theorem . The Bessel wavelet transform Bψ is a continuous linear map of Gω
μ(R+) into

Gω
μ(R

+) for μ ≥ –/.

Proof As in the proof of Theorem ., using inequality (), we have

emω(b)∣∣Snμ,b(Bψφ)(b,a)
∣∣

≤ emc(ε)
∞∑
ν=

(mε)ν

ν!
bν

n∑
j=

|cj|bj+μ+/∣∣(b–D)n+jb–μ–/(Bψφ)(b,a)
∣∣

= emc(ε)
∞∑
ν=

n∑
j=

|cj| (mε)ν

ν!
bj+ν+μ+/∣∣(b–D)n+jb–μ–/(Bψφ)(b,a)

∣∣. ()

Assume that  ≤ μ + / < p, where p is a positive integer, then bμ+/ ≤ ( + b)μ+/ ≤
( + b)p, and the right-hand side of equation () is bounded by

emc(ε)
∞∑
ν=

n∑
j=

|cj| (mε)ν

ν!
( + b)j+ν+p∣∣(b–D)n+jb–μ–/(Bψφ)(b,a)

∣∣

= emc(ε)
∞∑
ν=

n∑
j=

|cj| (mε)ν

ν!

j+ν+p∑
k=

(
j + ν + p

k

)
bk

× ∣∣(b–D)n+jb–μ–/hμ

(
ψ̃(au)φ̃(u)

)
(b)

∣∣.
Using Zemanian’s technique, equation () and the Leibnitz-type formula (), the last
expression can be estimated by

emc(ε)
∞∑
ν=

n∑
j=

|cj| (mε)ν

ν!

j+ν+p∑
k=

(
j + ν + p

k

)

×
∣∣∣∣
∫ ∞


uμ+(n+j)+k+

(
u–D

)k(u–μ–/ψ̃(au)φ̃(u)
)

× (bu)–(μ+n+j)Jμ+k+(n+j)(bu)du
∣∣∣∣

http://www.journalofinequalitiesandapplications.com/content/2013/1/29
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≤ emc(ε)Qμ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

|cj| (mε)ν

ν!

(
j + ν + p

k

)

×
∫ ∞


uμ+(n+j)+k+

k∑
s=

(
k
s

)∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣∣∣(u–D)s

ψ̃(au)
∣∣du.

In view of estimate (), the above expression can be bounded by

emc(ε)Qμ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

|cj| (mε)ν

ν!

(
j + ν + p

k

)∫ ∞


uμ+(n+j)+k+

×
k∑
s=

(
k
s

)∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣ascs,ρ( + au

)ρ–s du

≤ emc(ε)Qμ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

|cj| (mε)ν

ν!

(
j + ν + p

k

)∫ ∞


uμ+(n+j)+k+

×
k∑
s=

(
k
s

)∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣( + a

)scs,ρ( + a
)ρ–s( + u

)ρ–s du

≤ emc(ε)Qμ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

k∑
s=

|cj| (mε)ν

ν!

(
j + ν + p

k

)(
k
s

)(
 + a

)ρcs,ρ

×
∫ ∞


uμ+(n+j)+k+( + u)(ρ–s)

∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣du.

Suppose thatN is a positive integer not less than μ + n + p + , then the above expression
can be estimated by

emc(ε)Qμ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

k∑
s=

|cj| (mε)ν

ν!

(
j + ν + p

k

)(
k
s

)
cs,ρ( + a)ρ

×
∫ ∞


( + u)N+ν( + u)(ρ–s)

∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣du.

Using the inequality ( + u) ≤ e–l/deω(u)/d from (), the right-hand side of the above ex-
pression can be bounded by

emc(ε)Q′
μ,ρ

∞∑
ν=

n∑
j=

j+ν+p∑
k=

k∑
s=

|cj| (mε)ν

ν!

(
j + ν + p

k

)(
k
s

)
cse–(ρl)/de(ρω(a))/de–(N+ν+ρ)l/d

× sup
u∈R+

e(N+ν+ρ)ω(u)/d∣∣(u–D)k–s(u–μ–/φ̃(u)
)∣∣ ∫ ∞



du
( + u)s

. ()

Using property (), we can estimate the right-hand side of () by

emc(ε)Q′
μ,ρe

–(N+ρ)l/de(ρω(a))/d
∞∑
ν=

j+ν+p∑
k=

n∑
j=

(
j + ν + p

k

)
|cj| (mε)ν

ν!
e–lν/d( + c)k

× max
≤s≤k

β
μ

(N+ν+ρ)/d,(k–s)(φ)
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= e(ρω(a))/dQ′
μ,ρ exp

(
mc(ε) – (N + ρ)l/d

) ∞∑
ν=

j+ν+p∑
k=

n∑
j=

(
j + ν + p

k

)
|cj| {(mε)e–l/d}ν

ν!

×
[{

( + c)k max
≤s≤k

β
μ

(N+ν+ρ)/d,(k–s)(φ)
}/ν]ν

.

Therefore,

emω(b)–m′ω(a)∣∣Snμ,b(Bψφ)(b,a)
∣∣

≤ Q′
μ,ρ exp

(
mc(ε) – (N + ρ)l/d

) ∞∑
ν=

j+ν+p∑
k=

n∑
j=

(
j + ν + p

k

)
|cj|

× {(mε)e–l/d}ν
ν!

[{
( + c)k max

≤s≤k
β

μ

(N+ν+ρ)/d,(k–s)(φ)
}/ν]ν

< ∞

as the infinite series can be made convergent by choosing

ε <
{
( + c)k max

≤s≤k
β

μ

(N+ν+ρ)/d,(k–s)(φ)
}–/ν(

ν!me–l/d
)–,

wherem′ = ρ/d.
This completes the proof. �
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