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Abstract

In this paper, continuity of the Bessel wavelet transform of a suitable function ¢ in
terms of an appropriate mother wavelet ¥ is investigated on certain Beurling-type
function spaces.
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1 Introduction
Bessel wavelet transforms have applications in the study of boundary value problems on
the half-line. The Hankel transform and pseudo-differential operators associated with the
Bessel operator have been studied on some Beurling-type function spaces by [1, 2] and [3]
respectively. The aim of the present paper is to study the continuity of the Bessel wavelet
transform on certain Beurling-type function spaces.

Let us define L, ,(R,), 1 < p < 00, as the space of those real measurable functions ¢ on
R, = (0, 00) for which

oo 1/p
I@llz,,p = [/ lp()|” d/x(x)} <00, 1=<p<oo, o)
0
11100 = es5 sup|p(x)| < oo, )

where du(x) = 1/2*T (0 + 1>+ dx.
From [1, 4], the Hankel translation ¢ € L,, ,(R,) is defined by

T,¢(x) = (x,y) := /0 #(2)D(x,y,2)diu(z), 0<x,y<00, 3)
where
D,7,2) = fo Jat)t)j(a) dpu(e) (4)

with j(x) = 2T (i + 1)x7], (x).
From [5], in terms of the Hankel translation 7, and dilation D, defined by D,¢(x,y) :=
¢(x/a,yla), we define the Bessel wavelet 6, by

04 (%) := D, 150 (x) = D,0(b,x) = 0(bla,x/a) := /OOD(b/a, xla,2)0(z)du(z). (5)
0

© 2013 Prasad et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/29
mailto:ashumahato@gmail.com
http://creativecommons.org/licenses/by/2.0

Prasad et al. Journal of Inequalities and Applications 2013, 2013:29
http://www.journalofinequalitiesandapplications.com/content/2013/1/29

Let 6 € L, »(R.), then the Bessel wavelet transform of g € L, 4(R.), (1/p + 1/q = 1), is de-
fined by

(Bug) (b @) = (g(0), Opal0)) = /0 OO D dp® ©)
= /OO /wg(t)MD(b/a, tla,z) du(z) du(t)
0 0

:/0 (bx/a)l/zlu(bx/a)x"‘_l/zb’“’maz‘”1

X { / "2 g(t)(txla)" 2], (txla) dt

0

X /00 z“”/Z%(zx)l/zfu (zx) dz} dx. (7)
0

Now, using the Hankel transformation,

() (1) = /0 ()], () p) dx, 1= —1/2 (®)

which is known to be an automorphism on the Zemanian space H,(R,), R, = (0, 00),
consisting of all complex-valued infinitely differentiable functions ¢ on R, which satisfy

Vs (@) = Sl%) ‘xm(x_lD)kx_“_l/qu(x)‘ <00, Vm,keN. 9)

xRy

From (7), we have

(Bog)(b, a)

= az’“lb_”_m/ x‘“‘”z(bx/a)l/zj'ﬂ(bx/a)hu(t“”/zg(t))(x/a)h,l (z"““u@)(x) dx
0

— au,+3/2b—u,—l/2 / (u)—u—I/Z (bu)l/zj'ﬂ (blx[)hu (tu+1/2g(t)) (l/l)hu (Z,“uz@) ((lbt) du.
0

Now, let us set

u—/l,—l/zhﬂ (ﬂ“”zg(t)) = () (),
2129(0) = ¥ (z)

and
(Byf)(b,a) = b**2a~72(Byg)(b, a)

to get the following convenient form of the Bessel wavelet transform:

(Byf)(b,a) :=/0 (bu)"*], (bu)f (u) Y (au) du := h#(f(u)l/}(au))(b), (10)

where f(u) = (h,f)(u).
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From [6, p.134], we shall use the following Leibnitz-type formula:

k

(D) (" yg) = 3 (k) (D) (7 2¢) (x*D) "y (1)

s=0

2 The space H,
Let w be a continuous real-valued function defined on R, = (0, c0) such that w(0) = 0 and

@) O0<w+v)<w(lu)+owl), VYuveR,, 12)
*© w(u)du

(b) /0 T2 < 00, @13)

(¢) w(u)>1+dlog(l+u) (14)

for some real [ and d > 0.

The class of all such w functions is denoted by M.

Now, assume that w is a function in M. A function f is said to be in the space HZ’, where
f and h,f are smooth functions, and for every u € R,, n € Ny and m is a positive real

number,

oy, ,(f) = sup em“’(”)‘(u‘lD)nu_"_mf(u)‘ < 00. (15)

ueRy

On Hj; we consider the topology generated by the family {&mn}meRr, nen, of seminorms.
From [1, 2], we have

e (f) = sup & |(u D) u A (h, )W) <00, VmeR,,neN,. (16)

uelkRy

In what follows, we study the Bessel wavelet transform By, of infinite order on H};. For this
purpose, we define the symbol class $”*.

Definition 2.1 The function v/ (x) : C*(R,) — C belongs to class $” if and only if
VmeR,

"W ’ (x_lalax)p&(x)’ <cbr (1 + xz)p_p, VpeNg,p €R, 17)
where ¢ is a constant and v/ denotes the Hankel transform of the basic wavelet .

In this section, certain spaces of functions of Beurling-type are introduced on which
Bessel wavelet transforms can be defined. First, we recall the definition of the Zemanian
space H,(R,).

Definition 2.2 The set of all infinitely differentiable functions (By ¢)(b, @) on R? satisfying
the condition

Y5 By $) = sup e @@ (b7 D)" (a7 D) b (B, ¢) (b, )| < oo, (18)
a,b

Vn,l € Ny, is denoted by HZ’(RE), where u, m,m’ € R.
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Theorem 2.1 The Bessel wavelet transform By ¢ is a continuous linear map of H;(R,)
into H?(R?) for n > -1/2.

Proof To complete the proof of the theorem, we need to show that (By¢)(b,a) satis-
fies (16). From the property (b) of the function w(u), it follows that to every € > 0, there

exists a constant c(¢) such that

o(u) < eu + cle); (19)
so that
ma) ) e G)Z (mé) (20)

Using equation (10) and the technique of Zemanian [6, p.141], we can write
emw(b) ! (b—lD)Vlbfp,—l/Z (B¢¢)(b, ﬂ) |

<05 iy gt

v=0

:emaqzwbq(b—lp) 2, (P(w) P (aw))|

v!
v=0
e v
_ mC(é)E :(me)
=€ |
v!
v=0

X

/ T2 (D) (VT ) B b . (21)
0

Since for p > -1/2, |(bu)™*7"] 1 1v+n(bu)| is bounded on 0 < b, u < 0o by Q,,, the right-hand
side of equation (21) can be estimated by

<e mcle QuZ(ME) / 2;/_+2n+v+1|( —lD) ( —p— 1/21//(au)¢(u))|du

v=0

o0 00
_ emc(e) QV-Z M / y2Hr2mivl
v! 0

v=0

v

S () ) () 0) G

r=0

X du.

Therefore,
(57D (D) 5By )b,

> (me)” [ ey
(E)QMZ . / u2;4+2n+v+lz<r>

v=0 ! 0 r=0

x |(u™'D) v (u""md;(u)) I (u’lD)r(a’lD)lm‘ du. (22)
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In view of estimate (17), we have for ¢ = au

| (u_lD)r (a_lD)llzf(au) |
’aZV 21( 1d/dt)r+lm|
< Cr+l,p (1 + t2)0*7*1a2ru21

=t (1 + a2u2)p_r_la2’u21. (23)
Therefore, (22) becomes

0| (57'D) (aD) 6By )b,

[e¢]

(E)QHZ (W:j)v /:o y2hr2nrvel

v=0

XZ( > —ID V= "( - 1/2¢(u))| r+l,p(1+d2u2)l)_’”_la2ru21du

00 v v

(€) (WZE) % 1 o\ p—r—1 N

<10, 33 (Mot 1 iy 1)

* 1
% / u2/4+2n+v+1+21(1 + uZ)P*V* ’( —ID) ( —— 1/2 )|du (24)
0
Suppose P is an integer not less than 2 + 21 + 2/ + 1, then

y2ur2niv+le2l <1+ M)Pw. (25)

Using (25), the right-hand side of equation (24) can be bounded by

mce)QHZZ< ) r+lp(m€) ( +6l)2(p_l)

v=0 r=0

X /00(1 + )PV (L + u)2erD | (u_lD) V_r(u‘“‘l/zq;(u)) | du
0

Q/4(1+6l)zp IZZ( ) r+lp )

v=0 r=0

X/ (1+ M)P+v+2p(1 +M 2]’ —ID) ( —pu— 1/2 )|du
0

Using inequality (14), the above expression is bounded by

&nel©) -DU/d p2p-Nwl@)d (me) —(P+2p+v)l/d
Qe ey ()

v=0 r=0

X sup e ((P+2p+v)/d)w |( —ID)V r uh 1/2 7 (M) |/ 1+ )21' (26)

uelR,
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Using property (16), we can estimate the right-hand side of (26) by

o0 v v
- —20)i/d 2(p—1 d v\ ,(me)"
ema(e)Q;t,l,pe (Prto=201 62(p ot ZZ<r>cr ) e v 'B(l;’+2p+v)/d,(v—r)(¢)

v=0 r=0

> ((me)e 'y
= Q€ exp(me(e) ~ (P + 4p ~ 21)1/d)z(()T) 1+0)

v=0

X max [{ﬂ(llt’+2p+v)/d,(v—r)(¢)}I/U]U

0<r<v

o0

~QL, 2p-Dol@)d exp(mc(e) — (P +4p — 2l)l/d)z
v=0

((me)e (1 + ¢))”
v!

X max [{'B(l;’+2p+v)/d,(v—r)(¢)}I/U]U'

0<r=<v
Therefore,
&0 (571 D)" (a”' D) b (By $)(b,a)|
<Q,,,,exp(mc(e) - (P+4p —21)l/d)

o ((me)e'*(1+ )’ v]Y
x ZuI:OHS]ESXU{'B(LIL’JerJrv)/d,(v—r)(¢)}1/ :I ’

v!
v=0

where m' = 2(p — [)/d. Now, choosing

I v —l/d -1
€< { max ﬂ(P+2p+v)/d,(v—r)(¢)} (vime™?(1+¢)) ",

0<r<v

we find that the last series is convergent. Therefore,
emw(b)—m’w(a) | (b—lD)n (ﬂ_lD)lb—u—1/2 (Bw(ﬁ)(b, 61)| < o0,
Hence, (By¢) € Hfj(Rf). O

3 The space G,
The Bessel-differential operator S, is defined by

> (1-4u?)

ﬁ + 42 . (27)

Sux =
From [6, p.139] we know that for any ¢ € H,(R,),
hu(5u¢) = _yzhu¢ (28)

and

SL,xd)(x) _ chx2j+u+1/2 (x—lD)”'j (x—;4—1/2¢(x)), (29)

j=0

where c; are constants depending only on .


http://www.journalofinequalitiesandapplications.com/content/2013/1/29

Prasad et al. Journal of Inequalities and Applications 2013, 2013:29
http://www.journalofinequalitiesandapplications.com/content/2013/1/29

Now, assume that w is a function in M. A function ¢ € C*°(R,) is said to be in the space
G;j if for every u € R, n € Ny, and m is a positive real number,

Al (@) = sup e”‘“’(")|SZ¢(x)| < 00. (30)

xe(Ry)
The family {4}, }mer nen, Of seminorms generates the topology of Gy

Definition 3.1 The set of all infinitely differentiable functions (By ¢)(b, a) on R? satisfying
the condition

8;"”””4/(31/,(1)) = suE em‘”(b)_m/‘”(“)\Sﬁyb(B¢,¢)(b,a)| <00, VmeN,
a,

is denoted by G (R?), where p, m,m’ € R.

Theorem 3.1 The Bessel wavelet transform By, is a continuous linear map of G;(R.,) into
G2(R?) for = —1/2.

Proof As in the proof of Theorem 2.1, using inequality (21), we have

e"V|s" (By¢)(b,a)|

< emc(e)z (W:)E‘) buzlcj|b2j+u+1/2 | (b"lD)mjb"“'l/z(B,/,¢>)(b, 61)|

v=0 : j=0
mc(e) N (me)” 2j+v+u+1/2 | (-1 1y 1, —p-1/2
="y Y gl =R (67 D) b By ) b, a) . (31)
v=0 j=0 ’

Assume that 0 < u +1/2 < p, where p is a positive integer, then b**/2 < (1 + b)**1/2 <
(1 + b)?, and the right-hand side of equation (31) is bounded by

33 g1 1+ | 51D 5, 00|

v=0 j=0
> - (me)"zjww 2j+v+p
-y S (1
v=0 j=0 s

x |(67D)" b2, (Y (ane) (w)) (1) |-

Using Zemanian’s technique, equation (10) and the Leibnitz-type formula (11), the last
expression can be estimated by

el o n | |(Wl6)v 2j+v+p 2]»+ Vp
e E E C; E
7l k

v=0 j=0 " k=0

X

/00 u2u+2(n+/’)+k+1 (u—lD)k(u_l‘_l/qu;(u))
0

X (bu)_(u+n+j)]u+k+(n+j) (bu) du
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o (me)’ (2j+v +
< emc(e)QMZ |Cj| ( ] p)

v=0 j=0 k=0 V! k
0 k _—
> / u2;4+2(n+j)+k+1 Z </S<) i( _1D)k—S( u—llz(z')(u)) | | (M_ID)S&(LZM” du.
0 s=0

In view of estimate (17), the above expression can be bounded by

oo n 2+v+p

mce) (WIE)V 2j+l)+p > 2 +2(n+j)+k+1
QY ) D gl e

v=0 j=0 k=0

k
X Z (S) ’ID ( Mfl/Zd;(u)) |a2scg,p (1 + azuz)p_s du

§=

n 2j+v+p

oo
(me)v 2j tv+p > 2p+2(n+j)+k+1
00,35 161 (V) [

v=0 j=0 k=0 ’

X Z ( ) ’ID ( M’Uzd;(u)) | (1 + az)scg"’ (1 + az)p_s(l + uz)p_s du

oo n 2+v+p

k 97 k
90,33 3 Y Jl(W:j </+Z+p) (s)(1+a2)2”c"”
k=0 s=0 ’

v=0 j=0

« /Oou2p.+2(n+j)+k+1(1+M)Z(p—s)|(u—1D)k—s( —u- 1/2 )|du
0

Suppose that N is a positive integer notless than 21 + 67 + p + 1, then the above expression
can be estimated by

n 2j+v+p k

90,33 3 5w (1) (e

v=0 j=0 k=0 s=0

X /00(1 + )N+ )2 | (u_lD)k_S (u_”_m(f)(u)) | du.
0

Using the inequality (1 + u) < e deo@ld from (14), the right-hand side of the above ex-
pression can be bounded by

oo n 2J+v+p k

pele (me)” (2j+v+p\ [k B ol@N/d —(N+v
)QMJZZ Z Zl ol : J . ) & e—20oD1d 2pw(@)/d p~(N+v+20)ld

v=0 j=0 k=0 s=0

X sup N+V+2p)0(w) /d|( ‘lD) —S( K= 1/2¢(u |/ m (32)

uelky
Using property (16), we can estimate the right-hand side of (32) by

00 2j+v+p n

ola) 2j+Vv+ (me) v
e)QW (N+4p)i/d ,(2p /dZ Z Z( ] P>| Gl =L Wid(q 4 o)

v=0 k=0 j=0

X On<lsa<xle (N+v+2p)/d,(k (¢)
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00 2j+v+p n . —l/d v
wla , 2j+v+ {(me)e™"?}
= l2r0! ))/dQMO exp(mc(e) — (N + 4,o)l/d)z ( / p>|c,-|—
=0 k=0 j=0

X u 1/vqv
X [{(1+ ¢) ggj‘}kﬂ(mHzp)/d,(k-s)(‘i’)} ] .

<

Therefore,
e sy (By ) (b, a)

oo 2j+v+p n ,
/ 2j+v+
< Q, ,exp(mc(e) — (N +4p)l/d) E ( / p)|cj|

V=0 k=0 j=0 k
{(me)e_l/d}v X “ 1/vqv
x T [{(1+C) OHSISaSXkﬂ(N+v+2p)/d,(k—s)(¢)} ] <00

as the infinite series can be made convergent by choosing

k n v ~ld\-1
€< [(1 + C) (}Iﬁlsa‘;k '3(N+v+2p)/d,(k—s) (¢)] (v!me ) ’

where m' = 2p/d.
This completes the proof. d
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