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1 Introduction and basic notes

Consider the Laplace-Stieltjes transforms
+00
F(s) = / e¥da(x), s=o+it, 1)
0

where o(x) is a bounded variation on any interval [0, Y] (0 < Y < +00), and ¢ and ¢ are two

real variables. We choose a sequence {1},
0=XA1 <Ay <Az<-- <A, 7 +00, (2)

which satisfies the following conditions:

n
limsup(A,41 — Ay) < +00, limsup — =D < 00, (3)
n—+00 n—+o0o0 An
logA*
lim sup E% _ 0, (4)
n—+00 n
where
* * ;
A, = sup / e da(y)‘.
An<x<Ay41,—00<t<+00|J Ay
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Remark 1.1 The Dirichlet series is regarded as a special example of Laplace-Stieltjes
transformations, and considerable attention has been paid to the growth and the value
distribution of analytic functions defined by the Dirichlet series; see [1-3] for some recent

results.

In 1963, Yu [4] proved the Valiron-Knopp-Bohr formula of the associated abscissas
of bounded convergence, absolute convergence and uniform convergence of Laplace-
Stieltjes.

Theorem A Suppose that Laplace-Stieltjes transformations (1) satisfy the first formula of
logn
An

(3) and limsup,,_, , . < +00. Then

. log A* . . logn
lim sup < a; < limsup + limsup ,
Hn—+00 n n—+00 n n—+00 n

*

log A}

F

where o,

is called the abscissa of uniformly convergent F(s).

It follows from (3), (4) and Theorem A that o = 0, i.e., F(s) is analytic in the right half-
plane. Put

’

u(o,F) = maA)[({A;e_k"“} (o >0), M(o,F)= sup ‘F(a + it)
ne.

—00<t<+00

M,(o,F) = sup

0<x<+00,—00<t<+00

f xe*“”’f)y da(y)‘ (o >0).

0

Remark 1.2 The concepts of M,(o,F), u(o,F) of analytic functions represented by
Laplace-Stieltjes transformations convergent in the complex plane were first introduced
by Yu.

Remark 1.3 From (4), for any o > 0, we have

logA, — A,0 Ao

lim sup o =-0<0 or limsuplogA,e
n—+00 n n—>+00

= —0Q.

This implies that (o, F) exists.

Many problems of analytic functions defined by Laplace-Stieltjes transformations have
been studied and some important results have been obtained in [5-11]. In those papers, the
authors mainly used the technique of a type function U(x) to control the denominator in
the definition of order. In 2012, Kong [12] investigated the growth of the Laplace-Stieltjes
transforms convergent in the right half-plane by using a type function of the infinite order.
In [13], the authors also investigated the growth and value distribution of infinite order
analytic functions represented by Laplace-Stieltjes transformations convergent in the right
half-plane. They introduced a completely new technique based on the concept of X(x) to
control the growth order of the numerator log M, (o, F) or log u(o,F), and obtained the

main theorems as follows.
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Theorem B (see [13]) Ifthe Laplace-Stieltjes transformation F(s) of infinite order has finite
X-order, and sequence (2) satisfies (3) and (4), then we have

X(log* My (o, F . X(log* ,F .
(og' My(o,F) _ timsup XL 1) .

lim su
P + log L
P o—0 p=

o—0* log

Theorem C (see [13]) Ifthe Laplace-Stieltjes transformation F(s) of infinite order and se-
quence (2) satisfies (3) and (4), then we have

X(log" M, (o, F s . X(A
limsup (Og—’;(o-)) = p <:’> llmsup % = p ,
o—0* log P n—00 lOg 10g+nA;

where 0 < p” < 00.

Remark 1.4 In Theorems B and C, the definitions of X-order and the function X(x) are
introduced in Section 2.

Thus, a question arises naturally: What will happen when p* = oo in Theorems B and C?
In this paper, we investigate the above question by using the type functions U (x) to en-
large the growth of the denominator log 1, where U(x) = x*®™ satisfies the following con-
ditions:
(i) p(x) is monotone and lim,_, » p(x) = 00;

.. . 1 /
(i) lim,_ o0 ]((’)gg LLII((’; )) =1, where &’ = x(1 +

1
log U(x) )

Theorem 1.1 If the Laplace-Stieltjes transformation F(s) of infinite order has infinite
X-order, and sequence (2) satisfies (3) and (4), then we have
X(log" My(o, F)) X(log" pu(o, F))

limsup——————=T <= limsup

1 1 =T,
o—>0* logU(;) o—>0* logU(;)

where 0 < T < c0.

Remark 1.5 If the Laplace-Stieltjes transformation F(s) of infinite order has infinite
X-order and satisfies

X(logM,(o,F
lim sup (mg_(;c)) =T, (5)
o—0* logU(3)

then T is called the X;;-order of the Laplace-Stieltjes transform F(s).

Remark 1.6 From Lemma 2.1 and Lemma 2.2 in Section 2, we can prove the conclusion
of Theorem 1.1 easily.

Theorem 1.2 If the Laplace-Stieltjes transformation F(s) has infinite X-order and se-
quence (2) satisfies (3) and (4), then we have

X(log"* M (o, F X(n
lim sup (og—u(la)) =T <= limsup (—n)k =T
o—0* lOg LI(;) n—00 10g+ LI(W)
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From Theorem 1.2, we further investigate the value distribution of analytic functions
with infinite X-order represented by Laplace-Stieltjes transformations convergent in the
right half-plane and obtain the following theorems.

Theorem 1.3 Suppose that sequence (2) satisfies (3) and (4) and the Laplace-Stieltjes
transformation F(s) has infinite order. Let o(x) = a1 (x) + iy (x), where oy (x) is an increasing
function, and for any positive number K > 0 and |8|, ap(x) satisfies (5) and

’az(x +8) - az(x)} < K|a1(x +38) — oy (%)

, 0<x,x+38<+00.

Then s = 0 is the X-point of F(s) with finite Xy -order ¢ > T, that is, for any n > 0, the

inequality
X(n(o,0,n,F =
lim sup (o, 0.1 T ) =o0>T
o—0* logU(3)

holds for any a € C with one exception, where n(o,0,n,F = a) is the counting function of
distinct zero of the function F(s) — a in the strip {s: R(s) > o, |3(s)| < n}.

Theorem 1.4 Suppose that sequence (2) satisfies (3) and (4), and the Laplace-Stieltjes
transformation F(s) is of infinite order. Let a(x) = f(f ()€ dy, where r(y) is a continu-
ous function on y € [0, +00), r(y) > 0, &y is a positive real number, and if F(s) satisfies (5),
then s = ity is the Xy-point of F(s) with finite X;-order o > T, that is, for any n > 0, the

inequality
X(n(o,ito,n, F =
lim sup (il ito 771 a))zng
o—0* logU(3)

holds for any a € C with one exception, where #(o , ity, n, F = a) is the counting function of
distinct zeros of the function F(s) — a in the strip {s: 0N(s) > o, |3(s) — to| < n}.

Theorem 1.5 Under the assumptions of Theorem 1.4, | (> 1) is a positive integer. Then
s =0 is the Xy-point dealing with multiple values of F(s) with finite Xi;-order 0 > T, that
is, for any n > 0, the inequality

lim su =0>T
ot logU() 0=

holds for any a € C with at most q (>1 + [%]) exceptions, where 7(0,0,n,F = a) is the
counting function of distinct zeros of the function F(s) —a in the strip {s : R(s) > 0, |3J(s)| < n},
whose multiplicities are not greater than .

Theorem 1.6 Under the assumptions of Theorem 1.4, | (> 1) is a positive integer. Then
s = ity is the Xy-point dealing with multiple values of F(s) with finite Xy;-order o0 > T, that
is, for any n > 0, the inequality

) X(#@ (o, ito,n, F = a))
lim sup =

1 =T
o—>0* logU(3)
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holds for any a € C with at most q (> 1+ [%])possible exceptions, where (o, ito,n, F = a) is
the counting function of distinct zeros of the function F(s) — a in the strip {s : R(s) > o, |3J(s) —

to| < n}, whose multiplicities are not greater than [.

The structure of this paper is as follows. In Section 2, we introduce the concepts of
X-order and X;;-order. Section 3 is devoted to proving Theorem 1.2. Section 4 is devoted

to proving Theorems 1.3-1.6.

2 The definitions of X-order and Xy-order

We first introduce the concept of X-order of such functions as follows.

Definition 2.1 [14] If the Laplace-Stieltjes transform F(s) satisfies o} = 0 (sequence (2)
satisfies (3) and (4)) and

then F(s) is called a Laplace-Stieltjes transform of infinite order.

By studying a lot of papers, we found that to control the growth of the molecule M, (o, F)
or u(o,F) in the definition of order, many mathematicians proposed the type functions
U(x) to enlarge the growth of the denominator log% or —o (see [4, 6, 7, 10, 11]). In this
paper, we investigate the growth of the Laplace-Stieltjes transform of infinite order by
using a class of functions to reduce the growth of M, (o, F) or u(o, F) which is different
from the previous form. Thus, we should give the definition of the new function as follows.

Let § be the class of all functions X (x) satisfying the following conditions:

(i) X(x) is defined on [a, +00), a > 0, is positive, strictly increasing, differential and
tends to +00 as x — +00;

(ii) xX'(x) = 0(1) as x — +00.
Definition 2.2 If the Laplace-Stieltjes transformation F(s) of infinite order satisfies

. X(logM,(o,F))
limsup —————— =
o—0* 10g P

’

where X(x) € F, then p’ is called the X-order of the Laplace-Stieltjes transform F(s).

Remark 2.1 In particular, if we take X(x) = log,x, p > 2, p € N,, where log, x = logx and
log, x = log(log,_; x), X-order is p-order of the Laplace-Stieltjes transformations with in-

finite order.

Remark 2.2 In addition, X-order is more precise than p-order to some extent. In fact, for
p (> 2) being a positive integer, we can find a function X(x) € § and a positive real function
M(x) satisfying

. X(log M(x))
limsup ——

=A (0<A<o0)
x—00 logx
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and

log, (log M(x log,,, (log M(x
lim sup M =00 and limsup M =0
X— 00 lng 00 logx

For example, let M(x) = expp+1{(tlog )V, X (x) = (logp x)?, where t is a finite positive real

constant and 0 < d < 1. We can get that p,(M) = 00, p,,1(M) = 0 and px(M) = t, where
pp(f) denotes the p-order of f and px(f) the X-order of f.

Remark 2.3 If p* = co in Definition 2.1, then F(s) is called a Laplace-Stieltjes transform
of infinite X-order.

Lemma 2.1 Let X(x) € § and let B(x) be the function satisfying

1 +
limsupLﬂx(x) =0 (0<p<o0).

X—>00 1

If M(x) satisfies imsup,_, ., X(l‘l’og%;i(x)) =v (>0), then we have

. X(B(x)log M(x))
imsup ———= = .
X— 00 lng
Proof We consider two cases as follows.

Case 1. If B(x) is not a constant. From the assumptions of Lemma 2.1, we can get that
B(x) = oo as ¥ — o0o. Thus, for sufficiently large x, we have S(x) > 1. From X(x) € §,
we have lim,_, o log M(x) = co. Then from the Cauchy mean value theorem, there exists
&(logM(x) < & < B(x)log M(x)) satisfying

X(B(x)logM(x)) ~ X(log M(x))  X'(§)

log(B(x) log M(x)) — loglog M(x) _ (log&) EX'(§),
that is,
X((x)log M(x)) = X (log M(x) + log B()EX'(€). ®)
log B(x) _

Since xX'(x) = 0(1) as x — +o0 and limsup,._, ., =0 (0 < o < 00), by (6), we can get

logx
the conclusion of Lemma 2.1 easily.

Case 2. If B(x) is a constant. By using the same argument as in Case 1, we can prove the
conclusion of Lemma 2.1 easily.

Thus, the conclusion of this lemma is true. O

The following lemma is very crucial in the study of the growth of analytic functions
represented by Laplace-Stieltjes transforms convergent in the right half-plane which show
the relation between M, (o, F) and u(o, F) of such functions.

Lemma 2.2 [8, 11] If the abscissa o = 0 of the uniformly convergent Laplace-Stieltjes
transformation and the sequence (2) satisfies (3), then for any given ¢ € (0,1) and for o
(> 0) sufficiently reaching 0, we have

L0, F) < My(0,F) < K@p(0 1o, F)
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where K () is a constant depending on ¢, (3) and

. logx, x>1,
log"x =
0, x<1.
3 The proof of Theorem 1.2
We prove the conclusions of Theorem 1.2 by using the properties of two functions X (x)
and U(x). This method is different from the previous method of [13] to some extent.
We first prove ‘<=’ of Theorem 1.2. Suppose that

X(Ay
limsu # =T. (7)
P o
n—00 log u(lugA;)

Then, for any positive real number t > 0, for sufficiently large #, we have

An
A< WI(T +7)logl — | )
log™ A,

where W (x) is the inverse function of X(x). Let V(x) and U(x) be two reciprocally inverse

functions, then we have

1 )\‘}’l + * 1 -1
V| exp mX(/\n) <log+ T logt A, < A,| V| exp mX()Ln) i

Thus, we have

a1
log*(A,,e™7) < Ay ((V(exp{ ﬁX(AH) })) - o>. (8)

For any fixed and sufficiently small ¢ > 0, set

1 1
G-= W((T+ ‘L’)lOgU(; + m))y
that is,
1 1 1
ol

If A, < G, for sufficiently large #, let V(exp{TLﬂX()n,,)}) > 1, from o > 0, (8), (9) and the
definition of U(x), we have

-1
10g+A;ef)W,a < G((V(exp{%)(()tn)}>) —O’)
1 1
<G- W((Tw)logU(;*m»

< W((T+t)log[(1+o(1))u(£>:|>. (10)
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If A, > G, from (8) and (9), we have

-1
log" A, e <2, ((V(exp{ LX(G)})) - o)
T+t

(. 1 ) 0 (11)
= "<<a+alogue)> _”>< ‘

For sufficiently large #, from (10) and (11), we have

log u(o, F) < W((T + f)log[(l * 0(1))u<§)]>-

Since 7 is arbitrary, by Theorem 1.1 and Lemma 2.1, we can get

X(logM,(o,F)) -

lim sup <T.

o—0* 10g u( %)
Suppose that

. X(logM, (o, F))
limsup ———F—
o—0* logU(3)

Thus, there exists any real number ¢ (0 < ¢ < %). For any positive integer # and any suffi-

ciently small o > 0, from Lemma 2.2, we have

1
logt A e <logM,(o,F) < W((T —2¢)log U(—)). 12)
o

From (7), there exists a subsequence {A,)}; for sufficiently large p, we have

An
X(hup) > (T — &) log u<+7(‘”1). (13)
log An(p)

Take a sequence {o,} satisfying

1 log" A
W((T—Zs)log u(—)) - (f)w . (14)
O" A
I 1+logU(log+A;(p))
From (12) and (14), we get
) 1 log" A,
10g" A,y p) = An(p)0p = W((T—Ze)log U(g-p)) " L+ log U o X
g log”A;(p)
that is,
1 An(p) 1
‘7_10 = log" A;(p) <1 i log U( At ))'
log*An(p)

Page 8 of 15
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Thus, we have

1 A 1 Antp)
U(—) < U( - (p) (1 + )) < L[l“’(l)(—(p) 15)
% log" 4,4\ logLU( ) )

log" A
lo +A (o)

From (14) and (15), we have

An 1 An
An :—(’zW (T -2¢)logU| — 1+logl i
(p) + +
log An(p) oy log An(p)
An(p)

An An(p)
=——VW (T—28)(1+0(1))10gl,[ i 1+logl —(p
log* A log* A log An(p)

Thus, from the Cauchy mean value theorem, there exists a real number £ between
1og+A (1 + logl,[(l A (p)) (T —2¢e)1 + o(1))log L(
logU (

o +A ) and W(T —2¢&)(1 + o(1)) x
n(p)

- +A )such that

A An
X(hugp) = X(+—"’l<1 +log u(i))
log An(p) log An(p)
W ( (T =2¢)(1 + o(1)) log U | —22¥)
(( )(1+ o) log <1og An@)))
An
=X<W((T—28)(1+0(1))logU(+7(pi)>)
log An(p)
An An ,
+10g(—@2<1 +logu(7@2>)>§X &).
log+An(p) log+An(p)

Since
A
log(i~ y;> <1 +log U( logm )
lim "W,
p—>00

log u(

)
Tog +A(p)

then for sufficiently large p, we have

An
X(upy) = (T = 2¢)(1 + 0(1)) log u(lgi(j) +IGEX (E) log U(ﬁ), (16)

where K is a constant.
From (13) and (16), we can get a contradiction. Thus, we can get

i X(logM, (0, F))
limsup ————= =
o—0* logU(3)

Hence, the sufficiency of Theorem 1.2 is completed.

We can prove the necessity of Theorem 1.2 by using a similar argument as in the proof
of sufficiency of Theorem 1.2.

Thus, the proof of Theorem 1.2 is completed.

Page 9 of 15
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4 Proofs of Theorems 1.3-1.6
In this section, we give the definition of X;;-order of Laplace-Stieltjes transformations in
the level half-strip as follows.

Definition 4.1 Let F(s) be an analytic function with infinite X-order represented by
Laplace-Stieltjes transformations convergent in the right half-plane. Set S(¢,/) = {0 + it :
o >0,|t — | <}, where £ is a real number and / is a positive number. Let X € §
and

’

Xu 4 X(log" Ms(o, F))
TS =lim sup W
o—0" P

where Ms(o, F) = sup|,_,,|<; |[F(o +it)|. Then té(” is called the X;;-order of F(S) in the level
half-strip S(zy, /).

To prove Theorems 1.3-1.6, we need some lemmas as follows.
Lemma 4.1 Ifthe Laplace-Stieltjes transformation F(s) is of infinite X-order, sequence (2)

satisfies (3) and (4), and o(x) = a1 (x) + ictp (x), where oy (x) is an increasing function, and for
any positive number K > 0 and |5, o (x) satisfies

’az(x +6) — ag(x)} < K|a1(x +8) — oy (%)

, 0<x,x+38<+00,

then for any € > 0, we have

X(log* M,(o,F . X(log* Ms, (o, F
T = limsup “UE M@ B _ i, o XU Ms (@ 5) _
o0 logU(3) o0 logU(3) ‘

Proof We will prove this lemma by using a similar argument to that in [11]. From the
assumptions of Lemma 4.1, for any 0 < x < oo,

Mg, (0,F) > / e da(y) 2/ eV da(y)
0 0
o0 1 X
> 9\ d > Y\ d
—1<+1/0 e d0)] = 1 b C [deay)
1 o0 )
> / e—(zrﬂt)y dO((y) .
K+1|Jy
Then

M(o,F) > Mg (0,F) > ——M,(0,F) > ——M(o,F)
o, o, o, o,F).
- Se =K+l u “K+1

Since F(s) is an analytic function with infinite X-order, from the above inequality and
the definition of X;;-order, we can get the conclusion of Lemma 4.1. g

Lemma 4.2 [11, Lemma 2.4] Let

1 -sinhs m() |(\( )| T
=—) GB_ M >(', S - (-
z 1+ sinhs N S S SS)| <
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Then
(i) this mapping maps the horizontal half-strip B to the unit disc {z : |z| <1}, and its

inverse mapping is

s=W(z) =sinh* l_z
1+

(i) ming<p=ar RW(re?)] = W(r) (0 <7 <1);

(iif) maxo<p<z R[W(re?)] < W () (0<r<1);

(iv) W({z: |zl <r}) S {s:0(s) > W(r), [3(s)| < T} (0 <7< 1)

Lemma 4.3 (see [14]) Let f be an admissible function in the unit disc D, let q be a positive
integer, and let ay, ..., a, be pairwise distinct complex numbers. Then, forr — 17, r ¢ E,

q
(q_z)T(rrf) = Zﬁ<r’f_1g) +S(I",f),
=1

7

where E C (0,1) is a possibly occurring exceptional set with [, { ﬂ < 00, and the term

N(r, f—u,) is replaced by N(r,f) when some a; = 0o. We use S(r,f) to denote

S(r,f)=0 {log—} + Oflog" T(r,f)}

as r — 17 possibly outside the set E such that [, % < 00. If the order of f is finite, the
remainder S(r,f) is an O(log ﬁ) without any exceptional set.

Remark 4.1 Under the assumptions of Lemma 4.3, for a positive integer /, we can get the

following inequality easily:

(4-2-3)r nf)<ZN”( ) S0

where N' (r, Fa ) is the counting function of poles of the function — f w1th multiplicities

<lin{z:|z| < r}, each point counted only once.

Lemma 4.4 [15, p.282, (1.8)] Let h be an analytic in the disc |z| = r < 1, then
1+r
T(r,h) <logM(r,h) < l—T(r, h),
-r
where M(r, h) is the maximum modulus of h in the disc |z| =r < 1.

4.1 The proof of Theorem 1.3
Since sequence (2) satisfies (3) and (4), the Laplace-Stieltjes transformation F(s) of infinite
X-order, and limsup,,_, o og X()‘”)

UG +A r)

=T (0 < T < 00), from Theorem 1.2, we have

. X(log" My (o, F))
limsup ———— =

17
o—0% log U(%) a7
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and from Lemma 4.1 and (17), for any ¢ > 0, we have

. X(log* Ms, (0, F))
limsup——————=T
o—0* loglU(3)

Thus, it follows

X(logM(o,F,S,
limsupM =T, (18)

o—0* 10g u(%)

where S, = {s:0(s) > 0, |J(s)| < e} and M(c,F,S;) = sup{|F(s)| : N(s) > 0,5 € S}
Setg(z) = F (i—g‘-ll(z)), where W(z) is stated as in Lemma 4.2. Then from Lemma 4.2, we
get that g(z) is analytic in the unit disc |z| < 1 and satisfies

M(i—g\ll(rz),F,Sgl) <M(r,g) SM(i—g‘lJ(r),F,SE), (19)

where 0 < &; < &. Therefore, from (18), (19) and Lemma 2.1, we have

+ +
lim su Xllog” M(r,g)) =00, lim su Xllog” M(r,g)) =

(20)
r1- log - - logU(

From (20), Lemma 4.4 and Lemma 2.1, we can get that g is an admissible function in |z| < 1
and

X(T(r,
lim sup L‘?) =T. (21)
r—1- lOg U(E)

Then from Lemma 4.3 and (21), we can get that at most there exists one exception a sat-

istying
X(N(r,g =
limsupM: >T. (22)
r—1- logu(ﬁ)
Since
1+r
_ 1+7r 2 ult,g=a) —(1+r 1+7r
,g =a)log — < —2 “dt<N|—,g=a|log—
n(r,g a)Ong_f, . < (2ga>ogzr
and
— — "ut,g=a) _ r
N(r,g=a)—N(ro,g =a) < 7dt§n(r,g=a)logr—, ro<r<l,
ro 0
we have
_ —(1+r _ r
n(r,g = a) §N<T,g= a) <ulr,g=a)log— +0Q1), ro<r<l. (23)
ro

Thus, from (22)-(23) and Lemma 2.1, we have

X(n(r, g =
lim sup M =o>T. (24)
r—>1- log U(E

Page 12 of 15
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Hence, for any n > 0 and (24), the inequality

. X(n(o,0,n,F = a))
lim sup =
o0 logU(3)

1
o

>T

holds for any a € C with one exception, where 7(c, 0,7, F = a) is the counting function of
zeros of the function F(s) — a in the strip {s: N(s) > o, |3I(s)| < n}.

Thus, we complete the proof of Theorem 1.3.

4.2 The proof of Theorem 1.4
Since r(y) is a continuous function on y € [0, +00), then we can get that «(x) = fox r(y)eoy dy

is a function of bounded variation on x € [0, Y] (0 < Y < 00). Set

S, = {S:Eﬂ(s) >0,

S‘(s)—t0|§£}, Mz, (0,F)= sup |F(o+it)|.

[t-tol=<e

From the assumptions of Theorem 1.6, for any real number x (0 < x < 00), we have

Mg, (0,F)= sup |F(o +it)|= sup

[t-tol<e [t-tol<e

Z/ e"’yr(y)dyzf e r(y)dy
0 0

0 .
/ e Vr(y)e o dy‘

0

>

)

/x e r(y)elo? dy‘ = ‘/‘00 e da(y)
0 0
that is,

M(o,F) <M,(o,F) EMES(U,F)EM(O,F). (25)
From the assumption of Theorem 1.4, by (25) and Theorem 1.1, we can get

. X(log* M, (o,F)) . X(log* Mg, (0, F))

limsup ——————— =limsup ————

o0+ logU(3) o0+ logU(3)
X(log* M(o, F))

=limsup —— =T. 26
or logU(2) 26

From (26), for any ¢ > 0, we have

_ X(log' M(o,F,S.))
lim sup i =
o—>0* logU(3)

)

where M(U,F,@) =sup{|F(s)| : N(s) > o,s 63\6}.
Set g(z) = F(2W(z) + ity), where W(z) is stated as in Lemma 4.2. Then from Lemma 4.2,

bLg
we can get that g(z) is analytic in the unit disc |z| < 1 and satisfies

2 2
M(—S\I/(rz),P, 552> <M(r,g) < M(—gllf(r),F,&?),
T T
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where 0 < &; < . Therefore, from the above inequality and Lemma 4.2, we have

. X(log* M(r,g)) . X(log* M(r,g))
limsup —————— =09, limsup —————— =
r—1- IOg i r—>1- lOg U(E

Then, similar to the proof of Theorem 1.3, we can prove that for any 1 > 0, the inequality

. X(n(o,ity,n, F = a)) .
lim sup 1 =0>p
o0 log

holds for any a € C with one exception, where 71(0, ito, n, F = a) is stated as in Theorem 1.6.
Thus, we complete the proof of Theorem 1.4.

4.3 Proofs of Theorems 1.5 and 1.6
From Remark 4.1, by using the same argument as in Theorems 1.3 and 1.4, we can prove
the conclusions of Theorems 1.5 and 1.6 easily.
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