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Abstract

The projection algorithms for solving the constrained multiple-sets split feasibility
problem are presented. The strong convergence results of the algorithms are given
under some mild conditions. Especially, the minimum norm solution of the
constrained multiple-sets split feasibility problem can be found.

1 Introduction

Let H; and H; be two real Hilbert spaces. Let C, C,, ..., Cy be N nonempty closed convex
subsets of H; and let Q;,Qy,...,Quy be M nonempty closed convex subsets of H,. Let
A : H; — Hj be a bounded linear operator. The multiple-sets split feasibility problem is
formulated as follows:

N M
Findanx € ﬂ C; such that Ax € ﬂ Q. (11)

i=1 j=1

A special case If N = M =1, then the multiple-sets split feasibility problem is reduced to
the split feasibility problem which is formulated as finding a point x with the property

xeC and AxeQ.

The split feasibility problem in finite-dimensional Hilbert spaces was first introduced by
Censor and Elfving [1] for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction [2]. It has been found that the multiple-sets split
feasibility problem and the split feasibility problem can be used to model the intensity-
modulated radiation therapy [3—6]. Various algorithms have been invented to solve the
multiple-sets split feasibility problem and the split feasibility problem, see, e.g., [7—24]

and references therein.

The popular algorithm that solves the multiple-sets split feasibility problem and the split
feasibility problem is Byrne’s CQ algorithm [11] which is found to be a gradient-projection
method in convex minimization. Motivated by this idea, in this paper, we present the
composite projection algorithms for solving the constrained multiple-sets split feasibil-
ity problem. The strong convergence results of the algorithms are given under some mild
conditions. Especially, the minimum norm solution of the constrained multiple-sets split
feasibility problem can be found.
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2 Preliminaries

2.1 Concepts

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively,
and let © be a nonempty closed convex subset of H. Recall that the (nearest point or
metric) projection from H onto €2, denoted by Py, is defined in such a way that, for each
x € H, Pq(x) is the unique point in  with the property

||x—PQ(x) || = min{||x—y|| 1y € Q}
It is known that Pg, satisfies

2
)

{x =3, Pa(x) - Pa(y)) = | Pa(x) - Pa(y) Vx,y € H.

Moreover, Pg, is characterized by the following properties:
{x = Po(x),y — Pa(x)) < 0

forallx € H and y € Q.

We also recall that a mapping f : Q@ — H is said to be p-contractive if || Tx — Ty|| < p|lx —
y|| for some constant p € [0,1) and for all x,y € Q. A mapping T : Q — Q is said to be
nonexpansive if ||Tx — Ty|| < ||x — y|| for all x,y € Q. A mapping T is called averaged if
T =(1-8)]+8U,whered € (0,1) and U : 2 — Q is nonexpansive. In this case, we also say
that T is §-averaged. A bounded linear operator B is said to be strongly positive on H if
there exists a constant « > 0 such that

(Bx,x) > a||x||>, VxeH.

Let A be an operator with domain D(A) and range R(A) in H.
(i) A is monotone if for all x,y € D(A),

(Ax —Ay,x—y) > 0.

(ii) Given a number v >0, A is said to be v-inverse strongly monotone (v-ism) (or

co-coercive) if
(Ax — Ay,x —y) > v||Ax —Ay||2, x,y € H.

It is easily seen that a projection Pg, is a 1-ism and hence Pq, is %—averaged.
We will need to use the following notation:
« Fix(T) stands for the set of fixed points of T;
+ %, — x stands for the weak convergence of {x,} to x;
+ x, — x stands for the strong convergence of {x,} to x.

2.2 Mathematical model
Now, we consider the mathematical model of the multiple-sets split feasibility problem.
Let x € C;. Assume that Ax € Q;. Then we get (I — Pg,)Ax = 0, which implies yA*(I —
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Pg,)Ax = 0, hence x satisfies the fixed point equation x = (I — yA*(I — Pg,)A)x. At the same
time, note that x € C;. Thus,

x=Pc, (I - yA*(I - Pg,)A)x.

Now, we know x solves the split feasibility problem if and only if x solves the above fixed
point equation. This result reminds us that the multiple-sets split feasibility problem is
equivalent to a common fixed point problem of finitely many nonexpansive mappings. On
the other hand, x solves the multiple-sets split feasibility problem implies that x satisfies
two properties:

(i) the distance from x to each C; is zero and

(ii) the distance from Ax to each Q; is also zero.

First, we consider the following proximity function:

N M
1 1
g =3 > aillx - Pex|)* + 5 > " BillAx - P AxP?,
i=1 j=1

where {;} and {8;} are positive real numbers, and P¢, and Pq, are the metric projections
onto C; and Qj, respectively. It is clear that the proximity function g is convex and differ-
entiable with the gradient

N M
Vg(®) =Y aill -Pc)x+ Y BA™(I - Pg)Ax.
i=1 j=1

We can check that the gradient Vg(x) is L-Lipschitz continuous with constant

N M
L= ai+ ) BlAI>
i=1 j=1

Note that x* is a solution of the multiple-sets split feasibility problem (1.1) if and only
if g(x*) = 0. Since g(x) > 0 for all x € Hj, a solution of the multiple-sets split feasibility
problem (1.1) is a minimizer of g over any closed convex subset, with minimum value of
zero. This motivates us to consider the following minimization problem:

ming(x), (2.1)

xeQ2

where 2 is a closed convex subset of H; whose intersection with the solution set of the
multiple-sets split feasibility problem is nonempty, and get a solution of the so-called con-
strained multiple-sets split feasibility problem

x* € Q such that x* solves (1.1). (2.2)

2.3 The well-known lemmas
The following lemmas will be helpful for our main results in the next section.

Lemma 2.1 [25] Let {x,} and {z,} be bounded sequences in a Banach space X and let {$,}
be a sequence in [0,1] with 0 < liminf,_, B, < limsup,_, B, < 1. Suppose that x,,1 =
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(1= Bn)zn + Buxn for all integers n > 0 and limsup,,_, o (112441 — Zn || = %41 — %) < 0. Then

lim,;—, o 124 — %4l = 0.

Lemma 2.2 [26] Let K be a nonempty closed convex subset of a real Hilbert space H. Let
T : K — K be a nonexpansive mapping with Fix(T) # 0. Then T is demiclosed on K, i.e., if
x, — x € K weakly and x,, — Tx,, — 0, then x = Tx.

Lemma 2.3 [27] Assume that {a,} is a sequence of nonnegative real numbers such that
ans1 < (1= yu)a, + 8, where {y,} is a sequence in (0,1) and {8,} is a sequence such that
1) Z:il Vn =005
(2) limsup,_, o 8u/¥vn <0 o0r Y oo 18, < 00.
Then lim,,_, o a, = 0.

3 Main results
Let H; and H; be two real Hilbert spaces. Let C;, Cs, ..., Cy be N nonempty closed convex
subsets of H; and let Qy, Qy,..., Qs be M nonempty closed convex subsets of H,. Let
A : Hy — H; be a bounded linear operator. Assume that the multiple-sets split feasibility
problem is consistent, i.e., it is solvable. Now, we are devoted to solving the constrained
multiple-set split feasibility problem (2.2).

For solving (2.2), we introduce the following iterative algorithm.

Algorithm 3.1 Let f : H; — H;j be a p-contraction. Let B: H; — H; be a self-adjoint,
strongly positive bounded linear operator with coefficient « > 0. Let o and y be two con-
stants such that 0 < y < % and 0 < op < «. For arbitrary initial point xy € H;, we define a
sequence {x,} iteratively by

N M
Xni1 = Pg (1 -y (Z a(l=Pc)+ Y  BA( —PQ,)A))

i=1 j=1

X Po(&n0f + (I =§:B))xn, 3.1)
for all n > 0, where {&,} is a real sequence in (0,1).
Fact 3.2 The mapping I — y (YN, a;(I - Pc,) + Z;fl BiA*(I - Pg)A) is LL averaged.
In order to check Fact 3.2, we need the following lemmas.

Lemma 3.3 (Baillon-Haddad) [28] Ifh: H — R has an L-Lipschitz continuous gradient
Vh, then Vh is %—ism.

Lemma 3.4 Given T :H — H and let V =1 — T be the complement of T. Given also S :
H— H.
(i) T is nonexpansive if and only if V' is %—inverse strongly monotone (in short, %—ism).
(ii) IfS is v-ism, then for y >0, ySis %—ism.
(iii) S is averaged if and only if the complement I — S is v-ism for some v > %

Lemma 3.5 Given operators S, T,V :H — H.
(i) IfS=(1-a)T +aV for some a € (0,1) and if T is averaged and V is nonexpansive,
then S is averaged.
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(ii) S is firmly nonexpansive if and only if the complement I — S is firmly nonexpansive.
If S is firmly nonexpansive, then S is averaged.

(iii) IfS=Q-a)T +aV for some a € (0,1), T is firmly nonexpansive and V is
nonexpansive, then S is averaged.

(iv) If S and T are both averaged, then the product (composite) ST is averaged.

Proof of Fact 3.2 Since gradient Vg(x) = ZZI oI — Pc)x + ,1'\:41 BA*I - PQ/)Ax has
an L-Lipschitz constant L = Zf\il a; + Zj\fl BilAll%, by Lemma 3.4, Vg is %-ism and
y(Zﬁl oi(l — Pc,) + Zj‘fl BiA*(I - Pg)A) is V—lL—ism. Again, from Lemma 3.4(iii), we de-
duce that / — y(ZZl o;(I - Pc) + Z]Afl BA*(I - PQ/.)A) is ”Z—L—averaged. a

Now, we prove the convergence of the sequence {x,}.

Theorem 3.6 Suppose that S # (). Assume that the sequence {§,} satisfies the control con-
ditions:

(i) lim,_ o0 &, =0 and

(i) D252 &n = 00.
Then the sequence {x,} generated by (3.1) converges to a solution x* of (2.2), where x* also
solves the following VI

x* € S such that (of (x*) - Bx*,x - x*) <0 forallx €S, (3.2)
where S is the set of solutions of (2.2).

Proof Let x* € S. Since B is strongly positive bounded linear operator with coefficient
a > 0, we have |1 — §,B| <1 - a&, (without loss of generality, we may assume &, < é).
Thus, by (3.1), we have

e = 7]

N M
Pq (1 —y <Z a;i(I -Pc) + Z BA*(I - PQj)A>>

i=1 j=1

X PQ (Snaf + (1 - SnB))xn _x*

= ||$no—f(xn) + (I - §,B)x, —x* ”
<&,0 [f@n) —f ()| + I - &B|||2n —x*|| + &4 | of (x*) — Bx*||
< &0 —a | + (1= &) [0 — o | + &5 of (x*) - Ba*||

= [1 —(a — ap)“g‘,,] Hx,, —x* H + (. —op)é, Hf(x*) — Bx* H/(a —op).

An induction yields

*) _ *
s -] < manf -], LB
od—0p
<max{||x —x* M}
B ’ T a-—op ’

Hence, {x,} is bounded.
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It is well-known that the metric projection Pg, is firmly nonexpansive, hence averaged.
By Fact3.2,1- y(Zl 1oi(l—=Pc) + Z} 1 BA* (I =Pg)A) is —-averaged. From Lemma 3.5,
the composite of three averaged mappings is averaged. So, Po(l — y(Zﬁl a;(I - Pc;) +
Zj.\fl BiA*(I — Pq,)A))Pg is an averaged mapping. Thus, there must exist a positive con-
stant § € (0,1) such that

N M
Pq (1— % (Z ai(l - Pc,) + Z,B,A*(I—PQ/)A>)PQ =(1-8)I +8U,
i=1 j=1

where U is a nonexpansive mapping. Set y, = §,0f(x,) + (I — §,B)x, for all n > 0. Then we
have

Kpsl = ((1 -8+ 5U) (Snaf(xn) + (1 - EnB)xn)
= (1=8)x, +&,(1 - 8)(Uf(xn) _an) + 38Uy,
=(1-8)x, + 6(1;—8§n(0f(x,,) — Bx,) + Uyn)
=1 -8)x,+ 5z,

where

(1-8)éx
8

n =

(of (%) = Bxy) + Uyy.

By virtue of &, — 0 (as n — 00) and the boundedness of the sequences {f(x,)} and {Bx,},
we firstly observe that

Jim |y, — x| = lim &, |[of (x,) = B, || = O,

and

o f () - B | = 0

i _(1-9)
Jim, Ve = Ul = i,

Next, we estimate ||z,,41 — 2z, ||. Note that

1-8)&., 1-8)&,
Zusl = Zn = ((Si(af(xm)—me) + Uyt — ( )E (of (x4) = Bxy) — Uyy.
It follows that
1-6
1Zns1 = zall < T(snﬂ ||6f Xu41) — Bxui1 ” +&, ||0f(xn) - Bxy, ||) + | Uynaa = Uyl
)
T(Erﬁl ||Gf(xn+l) an+1 || + En ||Gf(xn an ”) + ”yn+1 _yn”-

Since yu1 —yn = rs;‘.n+10'f(xn+1) + (I - &1B)Xyi1 — é:naf(xn) — (I —&,B)x,, we get

1Zns1 = zull < ||é;_n+10'f(xn+l) + (I = &1 B)xy — En0f(x4) — (I - £,B)x, ”

)
+ IT (§ﬂ+1 || O—JC(?‘C;'HI) - an+1 H + ‘é;:n || Uf(xn) - an ”)

Page 6 of 10
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< %ne1 = xull + Ensa ”O'f(xnﬂ) — Bxy ” +&y ”O'f(xn) — Bx, ”

-6
+ 1T ($n+1 || Uf(xn+1) - an+1 H + sn || Of(xn) - an || )

It follows that

”Zn+1 - Zn” - ||xn+1 _xn” S §n+1 “O'f(x;ﬁl) - an+1 H + %'n ”O'f(xn) - an”

)
+ 1—('§n+1 ||Uf(xn+1) — Bx,1 ” +&, ||Uf(xn) - Bx, ”)

8
Since lim,,_, , &, = 0 and the sequences {f(x,)}, {Bx,} are bounded, we deduce

limsup (/|21 — 2]l = %1 — %ull) < O.
n—00
By Lemma 2.1, we get
lim ||z, —x,]|| =0.
n—00

Therefore,

lim ||Ux, —x,]|
Hn— 00

N M
Pg (1 -y (Z (I - Pc,) + Zﬁ,»A*(I—PQ,.)A))PQ(xn) — %,

i=1 j=1

= lim =0.

n—00

By the definition of the sequence {x,}, we know that x,, € Q2. Hence, Pq(x,) = x,.. So,

lim =0.
n— o0

N M
Pq (1 —y (Z ai(l - Pc)+ Y BAN(I - PQj)A>>xn — %,

i=1 j=1

Next we prove

limsup(of (x*) — Bx*, Pa(y,) — x*) < 0.

n— 00

In order to get this inequality, we need to prove the following:

limsup(of (x*) — Bx*, %, — x*) <0,

n—0o0

where x* is the unique solution of VI(3.2). For this purpose, we choose a subsequence {x,, }
of {x,} such that

limsup(of (x*) — Bx*, %, — &%) = lim (o f (x*) — Bx*, x,,, — x%).

n—00 i—00

Since {x,,} is bounded, there exists a subsequence of {x,,} which converges weakly to a

point x. Without loss of generality, we may assume that {x,,} converges weakly to X. Since

Page 7 of 10
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Po(l - y(Zfil o;(I - Pc,) + Zj\fl BA*(I - PQi)A)) is nonexpansive, by Lemma 2.2, we have
%, — % € Fix(Po( - y(ZZl oI -Pc,) + Z]Afl BiA*(I = Pg,)A))). Therefore,

limsup(of (x*) — Bx*, %, — &%) = lim (of (x*) — Bx*,x,, — x*)

n—00 i—00

= (of(x*) —Bx*,fc—x*) <0.
Since [lx, = Po(ya) |l = IPa(xs) = P ()|l < 1% — ¥ull = O, we obtain

limsup(of (x*) — Bx*, Pa(y,) — x*) < 0.

n—o0

Note that

2 *
1Pan) = &* |~ = (Pan) = ¥ Pa(yn) = %) + (yu — 5%, Pa(y,) — x*).
From the property of the metric Pg, we have (Po(y,) — ¥4, Pa(y,) —x*) < 0. Hence,

|Paa) = 2| < (s — 5%, Pa(9) - &°)
= (840 (f(%4) = f(x*)) + (I — £:B) (%0 — %), Pa(yn) — x7)
+ Eu(of (x*) — Bx*, Pa(ya) — %)
< (&0 [f@n) =f (&%) | + 1 = &:BIl [ = 27[) | Pay) - * |
+ Eulof (x*) — Bx*, Pa(y,) — &%)
= (1=&ula = 0p)) Jn =" | [ Paly) - #7|
+ &Eu(of (x*) — Bx*, Pa(y,) — %)

< 1-§,(a—-op)
- 2
+ Eulof (x*) — Bx*, Pa(y,) — x%).

Joa ="+ 5 [P "

It follows that

|Pan) —x*|* < [L = (@ = 00)8n] || — 2% ||* + 26{0f (x) = Bx*, Pa(y) — x°).

Finally, we show that x,, — x*. From (3.1), we have

N M 2
|1 —a||* = |Pa (1 -y (Zai(f—l’q) +Y _BATU _PQj)A)>PQ(yn) —-x"
i-1 j-1

< [Pa(y) - #*|°
< [1-(@-op] |5 -5’

. —zap (of (x*) = Bx*, Pa(y,) — x*)

+(a—-o0p)é,

=(@1- Vn)“xn -x" ”2 + 3,
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where y, = (@ —0p)&, and 8, = (a — 0 )&, —= (o f (x*) — Bx*, Po(y,) — x*). Since Y Vn=

a—op
oo and limsup,,_, ., f/—z =limsup,_, o, ﬁ(of(x*) — Bx*, Po(y,) — x*) <0, all conditions of

Lemma 2.3 are satisfied. Therefore, we immediately deduce that x,, — x*. This completes
the proof. d

From (3.1) and Theorem 3.6, we can deduce easily the following results.

Algorithm 3.7 For an arbitrary initial point xy € H;, we define a sequence {x,} iteratively
by

N M
Xni1 = Pg (1— y (Z (I - Pc,) + Zﬂ,A*(I—PQ,)A))

i=1 j=1

x Pq (Enaf(xn) +(1- En)xn)r (3.3)
for all n > 0, where {§,} is a real sequence in (0, 1).

Corollary 3.8 Suppose that S # (). Assume that the sequence {&,} satisfies the conditions
(i) lim,_ o0 &, =0 and
(if) ZZZ() §n = 00.

Then the sequence {x,} generated by (3.3) converges to a point x*, which solves the following

variational inequality:
x* € S such that (of (x*) —x*,%—x") <0 forallx€S.

Algorithm 3.9 For an arbitrary initial point xy, we define a sequence {x,} iteratively by

N M
Xn1 =P (1 -y (Z a(l-Pg)+ Y  BANI - PQ,)A) )PQ((l — £1)%), (3.4)

i=1 j=1
for all n > 0, where {§,} is a real sequence in (0, 1).

Corollary 3.10 Suppose that S # (). Assume that the sequence {£,} satisfies the conditions
(i) lim,_ o0&, =0 and
(if) 32020 & = 0.

Then the sequence {x,} generated by (3.4) converges to a point x* € S which is the minimum

norm element in S.
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