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1 Introduction

Fixed point theory of nonlinear mapping is a popular research topic of common interest in
two areas of nonlinear analysis and optimization. Over the last 60 years or so, the theory of
fixed points has been revealed as a very powerful and important tool in the study of non-
linear phenomena. In particular, fixed point techniques have been applied in such diverse
fields as biology, chemistry, economics, engineering, game theory, and physics; see [1-11]
and the references therein. There are many results on the existence of fixed points of non-
linear mappings. However, from the standpoint of real world applications, it is not only to
know the existence of fixed points of nonlinear mappings, but also to be able to construct
an iterative algorithm to approximate their fixed points. The computation of fixed points
is important in the study of many real world problems, including inverse problems; for
instance, it is not hard to show that the split feasibility problem and the convex feasibility
problem in signal processing and image reconstruction can both be formulated as a prob-
lem of finding fixed points of certain operators, respectively; see [1, 2] for more details and
the references therein.

For iterative algorithms, the oldest and simplest one is the Picard iterative algorithm. It
is known that T, where T stands for a contractive mapping, enjoys a unique fixed point,
and the sequence generated by the Picard iterative algorithm can converge to the unique
fixed point. However, for more general nonexpansive mappings, the Picard iterative algo-
rithm fails to converge to fixed points of nonexpansive mappings even if they enjoy fixed
points. The Krasnoselskii-Mann iterative algorithm has been studied for approximating
fixed points of nonexpansive mappings and their extensions. However, the Krasnoselskii-
Mann iterative algorithm is weak convergence for nonexpansive mappings only; see [12].
In many disciplines, problems arise in infinite dimension spaces. In such problems, strong
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convergence (norm convergence) is often much more desirable than weak convergence for
it translates the physically tangible property so that the energy ||x, — x| of the error be-
tween the iterate x,, and the solution x eventually becomes arbitrarily small. Strong conver-
gence of iterative sequences properties has a direct impact when the process is executed
directly in the underlying infinite dimensional space.

Projection methods which were first introduced by Haugazeau [13] have been consid-
ered for the approximation of fixed points of nonlinear mappings. The advantage of pro-
jection methods is that strong convergence of iterative sequences can be guaranteed with-
out any compact assumptions.

The purpose of this paper is to investigate a projection algorithm for asymptotically
quasi-¢-nonexpansive mappings in the intermediate sense. The organization of this pa-
per is as follows. In Section 2, we provide some necessary preliminaries. In Section 3,
a projection algorithm is investigated. Strong convergence of the purposed algorithm is
obtained in a reflexive, strictly convex, and smooth Banach space. Some deduced results
are also obtained.

2 Preliminaries

Let E be a real Banach space, C be a nonempty subset of E and 7 : C — C be a nonlinear
mapping. In this paper, we use F(T) to denote the fixed point set of 7. The mapping 7 is
said to be asymptotically regular on C if for any bounded subset K of C,

limsup{ | T""x - T"x| : x € K} = 0.
n—00

The mapping T is said to be closed if for any sequence {x,} C C such that lim,_, » x, = xo
and lim,_, o Tx, = yo, then Txg = yo. A point x € C is a fixed point of T provided Tx = x.
In this paper, we use — and — to denote the strong convergence and weak convergence,
respectively.

Recall that the mapping T is said to be nonexpansive iff

T is said to be quasi-nonexpansive iff F(T') # ¥, and
lp-Tyll <llp-yl, VpeF(T),VyeC.

T is said to be asymptotically nonexpansive iff there exists a sequence {k,} C [1, 00) with
k, — 1 as n — oo such that

|T7% = T"y| < kallx =31, Vx,yeCVn=1.

T is said to be asymptotically quasi-nonexpansive iff F(T') # ¥ and there exists a sequence
{k,} C [1,00) with k,, — 1 as n — oo such that

lp-T"y| <killp -yl VpeF(T),VyeC,V¥n=1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[14] in 1972. In uniformly convex Banach spaces, they proved that if C is nonempty
bounded closed and convex, then every asymptotically nonexpansive self-mapping 7" on
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C has a fixed point. Further, the fixed point set of T is closed and convex. Since 1972, a host
of authors have studied the weak and strong convergence of iterative algorithms for such
a class of mappings.

T is said to be asymptotically nonexpansive in the intermediate sense iff it is continuous
and the following inequality holds:

limsup sup (|| 7% - T"y|| - lx - yIl) < 0.

n—>oo  xyeC

T is said to be asymptotically quasi-nonexpansive in the intermediate sense iff F(T) #
and the following inequality holds:

limsup  sup  (|lp-T1"y[ - llp-yl) <0.
n—o0 peF(T),yeC

The class of the mappings which are asymptotically nonexpansive in the intermediate
sense was considered by Bruck et al. [15]. It is worth mentioning that the class of mappings
which are asymptotically nonexpansive in the intermediate sense may not be Lipschitz
continuous. However, asymptotically nonexpansive mappings are Lipschitz continuous.

One of classical iterations is the Halpern iteration [16] which generates a sequence in
the following manner:

Vx1€C, xpaq=a,u+1-o,)Tx,, Vn=>1,

where {,} is a sequence in the interval (0,1) and u« € C is a fixed element.

Since 1967, the Halpern iteration has been studied extensively by many authors. It is well
known that the following two restrictions:

(C1) lim,— o oy = 0;

(C2) Y 02 oy =00
are necessary in the sense that if the Halbern iterative sequence is strongly convergent for
all nonexpansive self-mappings defined on C. To improve the rate of convergence of the
Halbern iterative sequence, we cannot rely only on the iteration itself. Hybrid projection
methods recently have been applied to solve the problem.

Martinez-Yanes and Xu [17] considered the hybrid projection algorithm for a nonex-
pansive mapping in a Hilbert space. Strong convergence theorems are established under
the condition (C1) only imposed on the control sequence. To be more precise, they proved
the following theorem.

Theorem 2.1 Let H be a real Hilbert space, C be a closed convex subset of Hand T : C —
C be a nonexpansive mapping such that F(T) # (). Assume that {o,} C (0,1) is such that
lim,, oo @, = 0. Then the sequence {x,} defined by

x9 € C  chosen arbitrarily,
Yn = tpXo + (1= o) Ty,
Co={z€ C:llyn—2l* < 1% — 2l1* + an(lIxoI* + 2(x, — %0,2))},

Qu={zeC: {x0— x4, %, —2) = 0},

%Xn+1 = Pc,no,%0, Yn >0,

converges strongly to PF(T)xO.
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Let E be a Banach space with the dual E*. We denote by J the normalized duality mapping
from E to 2" defined by

Jr= {f € B ff) = Il = 4]},

where (-, -) denotes the generalized duality pairing.
A Banach space E is said to be strictly convex if II% | <1 for all x,y € E with ||x|| =
Iyl =1 and x # y. It is said to be uniformly convex if lim,_, o |x, — y»ll = O for any

two sequences {x,} and {y,} in E such that ||x,|| = ||y, =1 and lim,_ II%H =1. Let
Ug = {x € E: ||x|| =1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided
t —
i 1 0= D
t—0 t

exists for each x,y € Ug. It is also said to be uniformly smooth if the above limit is attained
uniformly for x,y € Ug. It is well known that if E is uniformly smooth, then J is uniformly
norm-to-norm continuous on each bounded subset of E. It is also well known that E is
uniformly smooth if and only if E* is uniformly convex.

Recall that a Banach space E enjoys the Kadec-Klee property if for any sequence {x,} C E,
and x € E with x, — x, and ||x,|| — |lx|, then ||x, — x|| = 0 as n — oo. For more details
on the Kadec-Klee property, the readers can refer to [18] and the references therein. It is
well known that if E is a uniformly convex Banach space, then E enjoys the Kadec-Klee
property.

As we all know, if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H— C is the metric projection of H onto C, then P¢ is nonexpansive. This fact ac-
tually characterizes Hilbert spaces, and consequently, it is not available in more general
Banach spaces. In this connection, Alber [19] recently introduced a generalized projection
operator Il¢ in a Banach space E which is an analogue of the metric projection in Hilbert
spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined by

d(x,9) = x> = 2(x. Jy) + ly|> forx,y € E. (2.1)

Observe that, in a Hilbert space H, (2.1) is reduced to ¢(x,y) = ||x — y||%, %,y € H. The
generalized projection ¢ : E — C is a map that assigns to an arbitrary point x € E the
minimum point of the functional ¢(x,y), that is, I1¢cx = X, where x is the solution to the

minimization problem
¢ (%, x) = min ¢ (y,x),
yeC

the existence and uniqueness of the operator I1¢ follow from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping J; for more details, see [18] and [19]
and the references therein. In Hilbert spaces, I1¢ = Pc. It is obvious from the definition of
a function ¢ that

(Il = y)* < .y) < (Iyll + Ixl)’, Yxy€E, (2.2)
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and

d(x,9) = p(x,2) + d(z,y) +2(x —2z,Jz - Jy), Vx,y,z€E. (2.3)

Remark 2.2 If E is a reflexive, strictly convex, and smooth Banach space, then for x,y € E,
¢(x,y) = 0ifand only if x = y. It is sufficient to show that if ¢(x, y) = 0, then x = y. From (2.2),
we have |x|| = ||y||. This implies that {x,Jy) = |x||> = ||Jy||>. From the definition of J, we
have Jx = Jy. Therefore, we have x = y; for more details, see [18] and [19] and the references

therein.

Let C be a nonempty closed convex subset of E and let T'be a mapping from C into itself.
A point p in C is said to be an asymptotic fixed point of T [20] if C contains a sequence
{x,} which converges weakly to p such that lim,_, » ||x,, — Tx,|| = 0. The set of asymptotic
fixed points of T will be denoted by F(T). A mapping T from C into itself is said to be
relatively nonexpansive [21] if E(T) = F(T) # ¢ and ¢(p, Tx) < ¢(p,x) for all x € C and
p € F(T). The mapping T is said to be relatively asymptotically nonexpansive [22, 23] if
E(T)=F(T) # () and there exists a sequence {k,} C [1, 00) with k,, — 1 as n — oo such that
o(p, Tx) < k,p(p,x) forallx e C,p € F(T) and n > 1.

The mapping T is said to be quasi-¢-nonexpansive [24] if F(T) # # and ¢(p, Tx) < ¢(p,x)
for allx € C and p € F(T). T is said to be asymptotically quasi-¢-nonexpansive [25-27]
if F(T) # @ and there exists a sequence {k,} C [0,00) with k, — 1 as n — oo such that
o(p, Tx) < k,¢(p,x) forallx e C,p e F(T) and n > 1.

Remark 2.3 The class of asymptotically quasi-¢-nonexpansive mappings is more gen-
eral than the class of relatively asymptotically nonexpansive mappings which requires the
restriction F(T) = f(T).

In 2007, Qin and Su [28] extended the results of Martinez-Yanes and Xu [17] from
Hilbert spaces to Banach spaces. To be more precise, they established the following theo-

rem.

Theorem 2.4 Let E be a uniformly convex and uniformly smooth Banach space, let C be
a nonempty closed convex subset of E and let T : C — C be a relatively nonexpansive map-
ping. Assume that {o,} is a sequence in (0,1) such that lim,_, o, = 0. Define a sequence

{x,,} in C in the following manner:

x0 € C chosen arbitrarily,

Y =T N etfxo + (1 = o) Tx),

Cr={ve C:9(,yn) < @np(v,x0) + (1 — ) p (v, )},
Qu={veC: Jxo—Jxnx,—v) 20},

xn41 = g,ng,x0, Vr > 0.

If F(T) is nonempty, then {x,} converges to Il1rirxo.
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T is said to be an asymptotically quasi-¢-nonexpansive in the intermediate sense [29] if
F(T) # @ and

limsup sup (¢(p, T”x) - qb(p,x)) <0. (2.4)

n—>00 peF(T)xeC

Put

&= max{O, sup (¢(p, T”x) - o(p, x)) }

PpeF(T)xeC

It follows that &, — 0 as n — co. Then (2.4) is reduced to the following:
¢(p, T"x) < ¢(p,x) + &, VpeF(T),VxeC. (2.5)

Remark 2.5 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense is a generalization of the class of asymptotically quasi-nonexpansive mappings

in the intermediate sense in the framework of Banach spaces.

Recently, many authors investigated fixed point problems of asymptotically quasi-¢-
nonexpansive mappings and asymptotically quasi-¢-nonexpansive mappings in the in-
termediate sense based on projection algorithms; for more details, see [30-36]. In this
paper, we investigate the fixed point problems of asymptotically quasi-¢-nonexpansive
mappings in the intermediate sense based on a projection algorithm. Strong convergence
of the proposed algorithm is obtained in a reflexive, strictly convex, and smooth Banach
space such that both £ and E* have the Kadec-Klee property. The results presented in this
paper mainly improve the corresponding results in Cho et al. [30].

In order to prove our main results, we need the following lemmas.

Lemma 2.6 [18] Let C be a nonempty, closed, and convex subset of a smooth Banach space
E,and x € E. Then xo = T cx if and only if

(xo -y, Jx—Jxo) =0, VyeC.

Lemma 2.7 [18] Let E be a reflexive, strictly, convex, and smooth Banach space, let C be a

nonempty, closed, and convex subset of E, and x € E. Then

¢, cx) + ¢(Mex, x) < d(y, %), VyeC.

3 Main results

Theorem 3.1 Let E be a reflexive, strictly convex, and smooth Banach space such that both
E and E* have the Kadec-Klee property. Let C be a nonempty closed and convex subset
of E.Let T : C — C be a closed and asymptotically quasi-¢-nonexpansive mapping in the

intermediate sense. Assume that T is asymptotically regular on C and F(T) is nonempty
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and bounded. Let {x,} be a sequence generated in the following manner:

x9 € E  chosen arbitrarily,

G =¢C,

x1 = [ xo,

Y =T Hawfnr + (L= )] T"x,),

Crn1 = (2 € Cu: 9(2,9) < P(2,%0) + an(ll21]|* + 2(2, Jxn = 1)) + &),

Xne1 = ¢, %1,

where

£, = max{O, sup  (¢(p, T"x) — ¢(p,)) ]

PpeF(T)xeC

Ifthe sequence {«,} satisfies the restriction lim,_, o o, = 0, then the sequence {x,} converges
strongly to Ilrcryx1, where I () is the generalized projection from C onto F(T).

Proof First, we show that F(T) is closed and convex. Since T is closed, we can easily con-
clude that F(T') is also closed. This proves that F(T) is closed. Next, we prove the convex-
ness of F(T). Let py,p» € F(T), and p = tp; + (1 — t)py, where ¢ € (0,1). We see that p = Tp.
Indeed, we see from the definition of T that

¢(p1, T"p) < d(p1,p) + &0, (31)
and

¢ (P2, T"p) < (P2, p) +én. 3.2)
In view of (2.2), we find that

¢(p1, T"p) = d(p1,p) + d(p, T"p) + 2(p1 — p,Jp —JT"p) (3.3)
and

¢(p2, T"p) = ¢ (02, 0) + & (p, T"p) + 2(p2 — p,Jp — JT"p). (3.4)
Combining (3.1), (3.2), (3.3) with (3.4) yields that

¢(p, T"p) <2(p - pr.Jp —JT"p) + &p, (3.5)
and

¢ (0. T"p) < 2(p ~ p2.Jp ~JT"p) + &n. (3.6)
Multiplying ¢ and (1 - £) on the both sides of (3.5) and (3.6), respectively, yields that

lim ¢(p, T”p) =0.
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In light of (2.3), we arrive at

lim [ 7"p| = lIp. (3.7)
n—00

It follows that
Tim [7(77p) | = pl- (3.8)

Since E* is reflexive, we may, without loss of generality, assume that J(T"p) — e* € E*. In
view of the reflexivity of E, we have J(E) = E*. This shows that there exists an element e € E
such that Je = e*. It follows that

6(p. T'p) = IpI* = 2(p,J (T"p)) + | TP = IpN* = 2(p,J (T"P)) + |1(T"p) |

Taking liminf,_, o on the both sides of the equality above, we obtain that

0= |pll® - 2(p,e) + "
~ Il = 2(p,Je) + el
~ Ipl2 - 2(p.Je) + llell”
~p(p.e).

This implies that p = e, that is, Jp = €*. It follows that J(T"p) — Jp € E*. In view of the
Kadec-Klee property of E*, we obtain from (3.8) that lim,_, , [|/(7"p) - Jp|| = 0. Since J™* :
E* — E is demicontinuous, we see that 7”p — p. By virtue of the Kadec-Klee property
of E, we see from (3.7) that T"p — p as n — oo. Hence TT"p = T"*'p — p as n — 0. In
view of the closedness of 7', we can obtain that p € F(T). This shows that F(T') is convex.
This completes the proof that F(T) is convex and closed. This means that ITz(7)x is well
defined for any x € C. Next, we show that C,, is closed and convex. It is obvious that C; = C
is closed and convex. Suppose that Cj, is closed and convex for some 4 € N. For z € C;,, we
see that

®(z,y1) < d(z,xn) + an(Il%11* + 2(z, Joon — 1)) +
is equivalent to

2(z Jxn — Jyn) + 2002 Joer = Jon) < llnl® = lyall® + tnllo | + &
It is not hard to see that Cj,,; is closed and convex. Then, for each n > 1, C, is closed and
convex. This shows that I1¢,,, x; is well defined.

Next, we prove that F C C,,. F(T) C C; = C is obvious. Suppose that F(T) C Cy, for some
h € N. Then, for Vw € F(T) C C;,, we have

Sw,yi) = (w,J ™ (cnfr + (1 - )] T"x;,))

= Wl = 2w, apey + (L= ) ") + ey + (L= ) T |
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< IWl? = 2a,(w, Jar) = 2(1 = a){w, T3) + g a2 + (1 = ) | T3 |
= app(w,%1) + (1 — ) (w, T"xy,)
< d(w,x) + o (Pp(w, 1) — pw,xp)) + (1 — p)§y

< dpw,xn) + an ([l + 22, Joon — Jx1)) + En.
This shows that w € Cj,1. This implies that 7 C C,,. In view of x,, = I1¢, %1, we see that
(0 —2z,J01 = Jxy) 20, VzeCp.
Since F(T) C C,,, we arrive at
(X, —w, Jx1 — Jx,) >0, Vwe F(T). (3.9)
It follows from Lemma 2.7 that

O X, x1) = (I, 1, %1)
< (I peryxr,%1) — @XM p(ryx1, %)

< @My, %1).

This implies that the sequence {¢(x,,%¢)} is bounded. It follows from (2.2) that the se-
quence {x,} is also bounded. Now, we are in a position to show that x,, — X, where x € F(T)
as n — o0. Since {x,} is bounded, and the space is reflexive, we may assume that x,, — x.
Since C, is closed and convex, we see that ¥ € C,. On the other hand, we see from the
weakly lower semicontinuity of the norm that

G x1) = %1% - 2(%, Jw1) + ol

< timinf(J, 12 = 2 1) + 1))

= liminf ¢ (x,,%x1)

n—00

< limsup ¢(x,,, %)
n— 00

=< ¢(~7_Crx1)r

which implies that lim,_, o, ¢(x,,%1) = ¢(%,x1). Hence, we have lim,_, o ||x,| = [|X]. In
view of the Kadec-Klee property of E, we see that x, — X as n — 00. Next, we show
that x € F(T). Since x,, = Il¢,% and w1 = I¢,,, %1 € Cy1 C Cy, we find that ¢(x,,x1) <
@(x41,2%1). This shows that {¢(x,,x1)} is nondecreasing. It follows from the boundedness
that lim,,_, o ¢(xx1) exists. In view of construction of x,,; = I¢,,, %1 € C,1 C Cy, we arrive
at

¢(xn+1:xn) = ¢(xn+l¢ HC,,xl)
< ¢xn1,x1) — ¢(I %1, %1)

= 01, %1) — DX, %1).
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It follows that
lim ¢(x,,1,%,) = 0. (3.10)
n—0oQ
Since .1 = I, %1 € Cyq, we arrive at
¢(xn+1;yn) = ¢(xn+lrxn) + Oln(||x1||2 + 2<Z’]xn _]xl)) + én-
This in turn implies from (3.10) that
lim ¢(x,41,¥,) = 0. (3.11)
n— 00
In view of (2.2), we see that
lim ([[%u1]l = [lyull) = 0.
n— o0

This in turn implies that

Hm ly,ll = [l
n—oQ
It follows that
Lm [|Jy. | = /x|l (3.12)
n—0Q

This implies that {Jy,} is bounded. Note that both E and E* are reflexive. We may assume
that Jy, — y* € E*. In view of the reflexivity of E, we see that J(E) = E*. This shows that
there exists an element y € E such that Jy = y*. It follows that

¢(xn+1;yn) = ||xn+1||2 - 2<xn+1r]yn> + ||yn||2
= %ne1lI® = 21, Jyu) + yull®.
Taking liminf,_, o on the both sides of the equality above yields that
_ . )
0> [I%]” - 2(%,5*) + "
= 1x1* - 2(x, ) + Lyl
= [1%1% - 2 ) + Iyl
= ¢(‘7_ny)-

That is, x = y, which in turn implies that y* = Jx. It follows that Jy, — Jx € E*. Since E*
enjoys the Kadec-Klee property, we obtain from (3.12) that

lim Jy, = Jx.
n—00
Notice that

% =Tyl < xn =TI + 17X = Jyull-
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It follows that
lim ||Jx, = Jy.ll = 0. (3.13)
n— o0
In view of
(T"0) | < —— 1y — o it —
xn) M| = 1-a, I Yn — X |l + 1-a, % = Joerll,
we find from lim,,_, o, @, = 0 that
Jim |[7(T"%,) ~ Jau | = 0. (3.14)

Notice that

I(T7%) =T < |7(T"%0) = Ju || + e = I
This implies from (3.14) that

lim |[7(7"x,) - J&| = 0. (3.15)
The demicontinuity of /™ : E* — E implies that T"x,, — X. Note that

77| = 00| = [7(T7) | = W3] < 7(T"%0) - J5]

In view of (3.15), we see that lim,,_, || 7"x,|| = ||X||. Since E has the Kadec-Klee property,
we find that

lim | T"x, - % = 0. (3.16)

n—00
Notice that
1T sy = x| < || T 20w = T || + | T"% — %]
In view of the asymptotic regularity of T, we find from (3.16) that
lim | 7", - % =0,
n—0Q

thatis, TT"x, —x — 0 as n — o0. It follows from the closedness of T that Tx = x.
Finally, we show that x = I1r(7);. Letting # — o0 in (3.9), we arrive at

(X—w,Jo, —Jx) >0, VYweF(T).
It follows from Lemma 2.6 that x = I1r¢rx;. This completes the proof of the theorem. [

Remark 3.2 Since every uniformly smooth and uniformly convex Banach space is a reflex-
ive, strictly convex, and smooth Banach space such that both £ and E* have the Kadec-Klee
property, we find that Theorem 3.1 is still valid in the framework of uniformly smooth and
uniformly convex Banach spaces.
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If E is a Hilbert space, then we have the following result.

Corollary 3.3 Let E be a Hilbert space. Let C be a nonempty closed and convex subset of E.
Let T : C — C be a closed quasi-nonexpansive mapping in the intermediate sense. Assume
that T is asymptotically regular on C and F(T) is nonempty and bounded. Let {x,} be a
sequence generated in the following manner:

xo0 € E chosen arbitrarily,

G =C

x1 = Pc; %0,

In = tnXy + (1= ) T" %,

1>

Cu1={z€Cy:llyn— Z”2 < llz=xull” + Oln(”xl”2 +2(z,%, — %1)) + En}s

Xp+l = PC,Hlxl,

where

£, = max{O, sup  (|p- Tl.”x”2 - IIp—xllz)}-
peF(T;)xeC

Ifthe sequence {«,} satisfies the restriction lim,_, o o, = 0, then the sequence {x,} converges
strongly to Prryx1, where Pr(r) is the metric projection from C onto F(T).

If T is quasi-¢-nonexpansive, then we have the following result.

Corollary 3.4 Let E be a reflexive, strictly convex, and smooth Banach space such that both
E and E* have the Kadec-Klee property. Let C be a nonempty closed and convex subset of E.
Let T : C — C be a closed quasi-¢-nonexpansive mapping with a nonempty fixed point set.
Let {x,} be a sequence generated in the following manner:

xo € E  chosen arbitrarily,

G =C

x1 = I xo,

Y =T Hawfxs + (1= )/ Txy),

Cun = {2 € Cy: 9(2,90) < 92 x0) + (51 11* + 2(2, Jacn — Jx1)))},

Xn+l = HlexL

Ifthe sequence {«,} satisfies the restriction lim,_, o o, = 0, then the sequence {x,} converges
strongly to Tlp¢ryx1, where Ty is the generalized projection from C onto F(T).

Next, we consider an equilibrium problem based on the projection algorithm. Findp € C
such that

fp,y)=0, VyeC. (3.17)

We use EP(f) to denote the solution set of the equilibrium problem (3.17). That is,

EP(f)={peC:f(p,y) = 0,¥ye C}.


http://www.journalofinequalitiesandapplications.com/content/2013/1/265

Hecai and Aichao Journal of Inequalities and Applications 2013, 2013:265
http://www.journalofinequalitiesandapplications.com/content/2013/1/265

Given a mapping Q: C — E*, let

fxy) =(Qx,y—x), VxyeC.

Then p € EP(f) if and only if p is a solution of the following variational inequality. Find p
such that

(Qp,y—-p) =0, VyeC.

For studying the equilibrium problem (3.17), let us assume that f satisfies the following
conditions:

(Al) f(x,x)=0,Vx€C;

(A2) fis monotone, ie., f(x,y) +f(y,x) <0,Vx,y € C;

(A3)

lim supf(tz +(1- t)x,y) <fxy), Vxy,z€C;
£0

(A4) foreachx € C, y— f(x,y) is convex and weakly lower semi-continuous.
Lemma 3.5 Let C be a closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Let f be a bifunction from C x C to R satisfying (Al)-(A4). Let r > 0 and

x € E. Then
(a) [37]. There exists z € C such that

S+ Lz =0, Wyec

(b) [24, 38]. Define a mapping T, : E — C by
1
Srx = {ze C:f(z,y) + ;(y—z,]z—]x),‘v’ye C}.

Then the following conclusions hold.:

(1) S, is single-valued;

(2) S, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,
(8% = S, JSrx = JSyy) < (Syx = Spy, Jx = Jy)

(3) E(S,) = EP(f);

(4) S, is quasi-$-nonexpansive;

(5)

¢(qr Sx) + ¢(er:x) = ¢(%x): Vq € F(S,);

(6) EP(f) is closed and convex.

Page 13 0of 15
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Corollary 3.6 Let E be a reflexive, strictly convex, and smooth Banach space such that both
E and E* have the Kadec-Klee property. Let C be a nonempty closed and convex subset of E.
Let f be a bifunction from C x C to R satisfying (Al)-(A4) with a nonempty solution set.
Let r be a positive real number. Let {x,} be a sequence generated in the following manner:

xo € E  chosen arbitrarily,

G =¢C,

x1 = I %o,

Y =T ey + (1 - @,)Jz),

Cun = {2 € Cu: 02, 90) < B2, %) + (211> + 2(2, Jx, = 1))},

Xne1 = ¢, %1,

where z,, is such that
1
f(zu,s) + —(s—zn Jzu — Jxy) >0, VseC.
r

Ifthe sequence {«,} satisfies the restriction lim,_, o o, = 0, then the sequence {x,} converges
strongly to Tgp(r)x1, where Tlgp(s) is the generalized projection from C onto EP(f).

Proof Put z, = S;x,. In view of Lemma 3.5, we find that S, is quasi-¢-nonexpansive which
is an asymptotically quasi-¢-nonexpansive. We immediately find from Theorem 3.1 the

desired conclusion. O
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