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Abstract
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1 Introduction
In the last years the interest in weighted Sobolev spaces has been rapidly increasing, both
for what concerns the structure of the spaces themselves as well as for their suitability in
the theory of PDEs with prescribed boundary conditions. In particular, these spaces find a
natural field of application in the case of unbounded domains. Indeed, in this setting, there
is the need to impose not only conditions on the boundary of the set, but also conditions
that control the behavior of the solution at infinity.

In this paper, we study, in an unbounded open subset £2 of R”, n > 2, the uniformly
elliptic second-order linear differential operator with discontinuous coefficients:

n 82 n 8
L=-) aj——+ ai— +a,
Z "ax,»ax, ; " ox;

ij=1 L

and the related Dirichlet problem

ue WP (2)N WP (),

(1.1)
Lu=f, fell(R),
where p > 1, s € R, and W2¥(2), W;*(£2) and I£(£2) are certain weighted Sobolev and
Lebesgue spaces recently introduced in [1]. To be more precise, the considered weight p*
is a power of a function p of class C?(£2) such that p : 2 — R, and

aO(
sup M <+00, V| <2,
xe2 p(x)
1
lim (p(x) + —) =+00 and lim M =0.
|x|—+00 p(x) [x]—+00 p(x)
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To fix the ideas, one can think of the function
p@) = (1+x?)", teR\{0}.

Among the various hypotheses involving discontinuous coefficients, we consider here
those of Miranda type, referring to the classical paper [2] where the 4; have derivatives
in L"(£2). Namely, we suppose that the (a;), belong to suitable Morrey-type spaces that
extend to unbounded domains the classical notion of Morrey spaces (see Section 3 for the
details).

Always in the framework of unbounded domains, no-weighted problems weakening the
hypotheses of [2] have been studied. We quote here, for instance, [3-6] for p = 2 and
[7] for p > 1. A very general case, where the a;; have vanishing mean oscillation (VMO),
has been taken into account in [8] (for the pioneer works considering VMO assumptions
in the framework of bounded domains, we refer to [9-11]) and in [12, 13] in a weighted
contest. Variational problems can be found in [14—16]. Quasilinear elliptic equations with
quadratic growth have been considered in [17].

The main result of this work consists in a weighted W??-bound, p > 1, having the only
term || Lu|;p (o) on the right-hand side,

il ) < cllLullpgy V€ WP (2)NWIP(S2), (1.2)
where the dependence of the constant ¢ is completely described. Estimate (1.2) allows us
to deduce the solvability of the related Dirichlet problem. This work generalizes to all p > 1
a previous result of [1] where a no-weighted and a weighted case have been analyzed for
p =2.1In [18] we considered an analogous problem, with p > 1, but without weight. Related
variational results were studied in [19-21].

2 Weight functions and weighted spaces
We start recalling the definitions of our specific weight functions. Then we will focus on
certain classes of related weighted Sobolev spaces recently introduced in [1], where a de-
tailed description and the proofs of all the properties below can be found.

Let §2 be an open subset of R”, not necessarily bounded, # > 2. We consider a weight
p: £ — R, such that p € C%(£2) and

[0% p(x)]
xe2 P)

00, V]| <2. 2.1)

An example is given by
p(x) = (1+ |x|2)t, teR.

For k € Ny, p € [1,+00[ and s € R, and given a function p satisfying (2.1), we define
Wsk’P (£2) as the space of distributions u on £2 such that

letll oy = D 10°9“u] gy < +00, (2.2)

| <k

equipped with the norm given in (2.2). Furthermore, we denote the closure of C2°(£2) in
W (2) by Wi(£2), and put W,(£2) = L£(22).
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Let us quote the following fundamental tool, which will allow us to exploit no-weighted
results in order to pass to the weighted case.

Lemma 2.1 Let k € Ny, p € [1,+00[ and s € R. If assumption (2.1) is satisfied, then there
exist two constants ¢, ¢y € R, such that

cillull i o) = |01 i) < altll i g, VEER, Vi € WEP(82), (2.3)

with ¢ = ¢1(t) and ¢y = c»(t).
Moreover, if 2 has the segment property, then the map

u— p’u

defines a topological isomorphism from wr (2) to W*P(2) and from W (£2) to
Wh?($2).

From now on, we also suppose that the weight p satisfies the further assumptions

lim (p(x) + L) =+00 and lim M =0. (2.4)
|x|—+00 p(x) |x|—+00 ,o(x)

As an example, we can then consider
p@) = (1+x?)", teR\{0}.
Let us associate to p the function o defined by

o=p if p— +oo for x| > +o0,

(2.5)
a:% if p — 0 for |x| — +o0.

It is easily seen that o verifies (2.1) too, and, moreover,

lxllin:ooo(x) = +00, le1_i>n+1Oo W =0. (2.6)
Now, we fix a cutoff function f € C§°(11§<+) such that

0<f<1l, f@=1 iftel0,1], f(&)=0 ifte[2,+o0],
and we set

;k:xeS_Z—>f<¥(x)), keN,
and

Q2 = {xe.Q:o(x)<k}, keN. (2.7)

Let us finally introduce the sequence

k% € 2 = 2kg(x) + (1- 5(x))o(x), keN.
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One has that, for any k € N, ¢ and 7y are equivalent, namely

o <nk <cho in£2. (2.8)

Furthermore, concerning the derivatives, we have also, for any k € N,

(1) <cj sup % ing, (2.9)
Nk e ¢
o2+00 _
Ok )sn <c, sup —= 5 Z in£. (2.10)
Nk a2 o
Moreover,
x) + x
lim sup ZW =W (2.11)

k—+00 a2, o(x)

3 Aclass of spaces of Morrey type

Here we recall the definitions and the main properties of a class of spaces of Morrey type
where the coefficients of our operator will be chosen. These spaces are a generalization to
unbounded domains of the classical Morrey spaces and were introduced for the first time
in [22]; see also [23] for more details.

Thus, in the sequel let £2 be an unbounded open subset of R”, n > 2. The o -algebra
of all Lebesgue measurable subsets of 2 is denoted by X' (£2). Given E € X (£2), |E| is its
Lebesgue measure, xf its characteristic function and E(x,7) = ENB(x, ) (x e R", 7 € R}),
where B(x, 7) is the open ball centered in x and with radius 7.

For A € [0,n[, g € [1, +00], the space of Morrey type M%*(£2,¢) (t € R,) is the set of all
functions g in L7 (£2) such that

loc

gl = sup T|gllLa@ ) < +00, 3.1)
7€]0,t]
xef2

endowed with the norm defined in (3.1). One can easily check that, for any arbitrary
t,t, € R,, a function g belongs to M (2,t) if and only if it belongs to MP(£2,1,) and
the norms of g in these two spaces are equivalent. Hence, we limit our attention to the
space M?*(2) = M4*(£2,1).

The closures of C>(£2) and L®(£2) in M?*(£2) are denoted by M?*(£2) and M%*($2),
respectively.

The following inclusions (algebraic and topological) hold true:

MP(2) C M?(82).
Moreover, one has

Ao — A—
MP*(2) € MP*(R2) if gy < g and 0T _ "

90 q

We put M?(£2) = M#0(R2), M4(2) = M?°(2) and ML(2) = M?°(Q2).

Page 4 of 11
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Now, let us define the moduli of continuity of functions belonging to M?*(£2) or
M (2). For h € R, and g € M?*(2), we set

Flgl(h) = sup g xEll par (g2)-

Eex(R)
SUpyeq [E(1)I <3

Given a function g € M%*(£2), the following characterization holds:
geM(Q) — Jim Flgl(h) =0,
—>+00
while

FEMIND) e (Fle) () + (1= e yas ) = O

lim
h—+00
where ¢;, denotes a function of class C2°(R”) such that

0=<& <=1, Snlzom =1 supp &, C B(0,2h).

Thus, if g is a function in M%*(£2), a modulus of continuity of g in M%*(£2) is a map 59" [g] :
R, — R, such that

Flgln) <6 (gl0n,  lim 5%*[g]() = 0.

While if g belongs to MP*(82), a modulus of continuity of g in MP*(2) is an application
o [¢g] : R, — R, such that

Flgl0) + [ (1= 5 yos o) = 027 glh), - Tim o 2*[g](h) = 0.

We finally recall a result of [18], obtained adapting to our framework a more general
embedding theorem proved in [24].

Lemma3.1 Letp >1landr,t € [p,+00l. If 2 is an open subset of R" having the cone prop-
ertyand g € M"(82), withr > p if p = n, then

is a bounded operator from WYP(82) to LP(£2). Moreover, there exists a constant ¢ € R,
such that

lgellzr(@) = cllgllar @) lullwirq), (3.4)

with ¢ = ¢(82,n,p,r).
Ifg € MY (82), with t > p if p = n/2, then the operator in (3.3) is bounded from W*?(2) to
LP(£2). Moreover, there exists a constant ¢’ € R, such that

ligullzr(2) < ClIgllme @)l wep o), (3.5)

with ¢ =c'(§2,n,p,t).
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4 Anapriori bound
Let p > 1 and assume that

£2 has the uniform C-regularity property (ho)

(we refer the reader, for instance, to [25] for the definition).
Consider the differential operator

n

32 S
L=-) aj———+) ai—+a, 4.1
ijZ:I v 39(3,' 8x, ; laxi ( )

with the following conditions on the leading coefficients:

aj=a; €L>(82), ij=1,...,n,
v >0: )0 agkid = v|€|? a.e.in £2,VE e R”,

(@), € MEN(R), i,jh=1,...,n, with (1)
g>2and A =0forn=2,
qg€l2,n]and L =n—-gqforn>2.

For lower-order terms, we suppose that

a;e M)(2), i=1,...,n, with
r>2ifp<2andr=pifp>2forn=2, (h2)

r>pandr>n, withr>pifp=nforn>2,

aeM(R), with

t=pforn=2,
(h3)
t>pandt> 75, witht>pifp=17forn>2,

essinfp a =ag > 0.

Let us start observing that, in view of Lemma 3.1, under the assumptions (/)-(%3), the
operator L : W??(2) — LP(£2) is bounded.

Then let us recall some known results contained in Theorem 3.2 and Corollary 3.3
of [18].

Theorem 4.1 Let L be defined in (4.1). If hypotheses (hg)-(hs3) are satisfied, then there exists
a constant ¢ € R, such that

Il wene) < clllullp), Yue WP (2)NWH(R2), (4.2)

) n ~
with ¢ = ¢($2,m,v,p,1,t, |ajll 1), 08" [(ay)x, ), 0l [ai], 5 [al, ao).
Moreover, the problem

ue W (Q2)N W (),
Lu=f, felP(2),

(4.3)

is uniquely solvable.
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Now we prove the claimed weighted W?”-bound.

Theorem 4.2 Let L be defined in (4.1). Under hypotheses (ho)-(hs), there exists a constant
c € R, such that

ltll g2 ) < llLullpiqy  Yu € WPP(2) N WiP($2), (4.4)

. » ~
with ¢ = C(.Q,l’l, SV,p, 1, t, ||atj||L°°(Q): ||ai||Mr(.Q): ot? [(ai/')xh]; og[ﬂi]’at[a]x ﬂ0)~

Proof Fix u € Wi (2) N WP (£2). If p — +00 for || — +00, & = p. Thus, in view of the
isomorphism of Lemma 2.1, one has that o5u € W>?(2) N VOVLP(.Q).

Now if we write, nx = 1, for a fixed k € N, since 1 and o are equivalent, one also has that
nue W*(2)N wie (£2). Hence, the estimate in Theorem 4.1 applies giving that there

exists ¢y € R, such that
||'7$”|| w2r() = €0 ”L(”Su) “LP(Q)’ (4-5)

. 2 -
with ¢g = ¢o(2,1,v,p,7, 1, a2y, 08" [(ay)x, ) 0 lai], 5 [al, ao).
Simple computations give then

n
L(n'u) =n'Lu—s Y ag((s = )0 0 te + 1°
ij=1

n
+ 2775_177xiuxj) +s Z ain* g, u. (4.6)
i=1

Using (4.5) and (4.6), we deduce that

n
[l yange = cl(n Ll g+ 3 (1 0l
ij=1

Sl L Pl L ||LP(.Q))
n

+ Z ||”i7ls_1’7xi”||[,p(g)>’ (4.7)
i-1

where ¢; € R, depends on the same parameters as ¢y and on s.
On the other hand, from Lemma 3.1 and (2.9), we get

||”i775_1’7xi“”u’(9) =G

o
sup — ||aillaer ()| n°u Wip(2) (4.8)
22 ©
with ¢ = ¢2(2,m,p, 7).

Putting together (2.9), (2.10), (4.7) and (4.8), we obtain the bound

2
] = Il 500 2370 sup &
2\2; o a2 ©

[P

where c; depends on the same parameters as ¢; and on ||4; || ar ().
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Observe that by (2.11) it follows that there exists k, € N such that

o’ +o00 o 1
( sup x72xx + sup —x> <. (4.10)
Wko o mk o 263

0

Therefore, if we still denote by n the function ny,, combining (4.9) and (4.10), we obtain

” nSMH wae(2) = 263 “ nSLM”U?(Q)‘ (4.11)

This together with the fact that o and 7 are equivalent and in view of Lemma 2.1 (applied

with ¢ = s and considering o as weight function) gives

Z Hasaa””u’(m =G HUSLMHLP(.Q)’ (4.12)

Joe|<2

with ¢, depending on the same parameters as c3 and on k,, that is (4.4).

If p — 0 for |x| — +o0, then o = p7!, thus, always in view of the isomorphism of
Lemma 2.1, one has that o~ u € W2?(£2) N W'?(s2). Therefore arguing as to get (4.12),
one obtains

Y o™ 0%u] o) < eslloLu] o) (4.13)
Ja|<2
This concludes the proof of Theorem 4.2. O

5 Some uniqueness and existence results
In this last section we exploit our weighted estimate in order to deduce the solvability of
the related Dirichlet problem.

A preliminary result is needed.

Lemma 5.1 If hypothesis (ho) is satisfied, then the Dirichlet problem

ue WP (Q)N Wit (),

(5.1)
~Au+bu=f, felf(),
is uniquely solvable, with
b=1+ —s(s+1)ia—xzi+si% (5.2)
g2 Tl g | '
i=1 i=1
if p = +o0 for |x| — +00, or
b=1+ -s(s-1)2nja—"2f-si:%, (53)
i P

if p — 0 for |x| — +oo.
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Proof Let us first consider the case p — +00 for |x| — +00. Since o = p, the function u is
a solution of problem (5.1) if and only if w = o°u is a solution of

we W2 (2) N W (R), 54)
—A(e™w) +bo~w=f, feIl(R), '
with b given by (5.2).
Clearly, for any i € {1,...,n}, one has

82
—s _ =S —s—-1 =2 __2 —s-1
s (07°W) = 0" Wy — 250 Loy Wy, +8(s + 1)o ToW =50 O, W,
1

hence (5.4) is equivalent to the problem

we W2(2) N W (Q), 55)
—Aw+ Y Law, taw=g, geLl(R2), '

where

O—x,' .
o;=2s—, i=1,...,n,
o

n

02 n o
a:b—s(s+1)§ —2’+s2 —, g=0o'f.
o —~ o

i=1

Since o verifies (2.1) and (2.6), by (1.6) of [3] (which gives that both o,,/0 and oy, /0o are
in every M?(£2), T > 1) one has that we are in the hypotheses of Theorem 4.1, therefore
(5.5) is uniquely solvable, and then problem (5.1) is uniquely solvable too.

Now assume that o — 0 for |x| — +0o. Since in this case ¢ = p~!, now the function u

solves problem (5.1) if and only if w = 0 i is a solution of

we W2P(2)N W (),

(5.6)
-A(o*w) +bo*w=f, fe I2(2),
with b given by (5.3).
Thus, problem (5.6) is equivalent to
we W2P(2) N W (),
(5.7)

—Aw+ Y Law, taw=g, geL($2),

where
Oy
o, =-2s—, i=1,...,n,
o
n 2 n
=b 1 i Ouxixi ___-s
o —s(s—)E _2_SE p g=0"f
i=1 i=1

The thesis follows then arguing as in the previous case. O

Page9of 11


http://www.journalofinequalitiesandapplications.com/content/2013/1/263

Monsurro and Transirico Journal of Inequalities and Applications 2013, 2013:263 Page 10 of 11
http://www.journalofinequalitiesandapplications.com/content/2013/1/263

Theorem 5.2 Let L be defined in (4.1). Under hypotheses (hy)-(hs), the problem

ue WP (2)NWir(),

(5.8)
Lu=f, felf(),

is uniquely solvable.

Proof For each t € [0,1] we put
L=1t(L)+ (1 -1)(-A +b),

with b given by (5.2) if p — +00 for x| — +00, or by (5.3) if p — 0 for |x| — +o0.
By Theorem 4.2 one obtains

ltll 20 ) < lLettllpig) Vi€ W22 (2) N WH(£2),¥t € [0,1].

Thus, taking into account the result of Lemma 5.1 and using the method of continuity
along a parameter (see, e.g., Theorem 5.2 of [26]), we obtain the claimed result. a
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