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1 Introduction

Let f be a real-valued function defined on / € R. The function f is called convex if
S(ra+ @ -0)b) <Arf(a)+ (1-1)f (b)

for all 2 € [0,1] and a,b € I. The function f is called concave if
f(ra+ (1 —-2)b) = Af(a) + (1 - 1)f (b)

forallx € [0,1] and a,b € I.Letf : [a,b] — R be a convex functionand a,b € R, witha < b,
then the inequality

f(”’;b>_b_ /f(x)d S@+/0) f(b), abeR, (11)

is known in the literature as the Hermite-Hadamard inequality for convex functions, see
[1]. Such inequality is very useful in many mathematical contexts and contributes as a tool
for establishing some interesting estimations. Both inequalities in (1.1) hold in the reversed
direction if f is concave.

Let X be a vector space, x,y € X, x #y and [x,y] = {(1 - £)x + £y, ¢ € [0,1]}. We consider
the function f : [x,y] — R and the associated function

gx,y):[0,1] - R, glx,y)(2) ::f[(l —bx+ ty], te[0,1].

Note that f is convex on [x, y] if and only if g(x, y) is convex on [0, 1].
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For any convex function f defined on a segment [x,y] C X, we have the Hermite-
Hadamard integral inequality

f(“y) /f(l—t)x+ty]dt<fx);f(y) (1.2)

which can be derived from the classical Hermite-Hadamard inequality (1.1) for the convex
function g(x,) : [0,1] — R.

On a finite-dimensional inner product space, a self-adjoint operator is an operator that
is its own adjoint, or, equivalently, one whose matrix is Hermitian, where a Hermitian
matrix is one which is equal to its own conjugate transpose.

A real-valued continuous function f on an interval I is said to be operator convex (op-
erator concave) if

F((L=2)A +4B) < (=)A - A)f(A) + Af (B)

in the operator order for all A € [0,1] and for every self-adjoint operator A and B on a
Hilbert space H whose spectra are contained in /. Notice that a function f is operator
concave if —f is operator convex.

In recent years many authors have been interested in giving some refinements and ex-
tensions of the Hermite-Hadamard inequality (1.1). For more about convex functions and
the Hermite-Hadamard inequality, see [2—6].

The author in [7] presents the Hermite-Hadamard type inequality for convex functions
by sequences. But the inequality therein is established on 2”. In this paper, a new refine-
ment of the Hermite-Hadamard type inequality is presented. Our inequality is an im-
proved version of the inequality given in [7]. Namely, this inequality includes not only
2", but also all positive real numbers as the number of partition.

The author in [8] shows some new integral inequalities analogous to the well-known
Hermite-Hadamard inequality. We give a general form of the first of these inequalities
and show that the inequalities therein are satisfied for operator convex functions.

View more results about operator convex functions and Hermite-Hadamard type in-
equalities in [9]. The authors in [9] show further results analogous to the results in this
paper.

Dragomir proved the following theorem in [3].

Theorem1 Letf : 1 — R be an operator convex function on some interval I. Then, for any
self-adjoint operators A and B with spectra in I, we have the inequality

((557) )b (57) o (57))
< /olf((l—t)A+tB)dt

Sl[f(A+B> +f(A)+f(B)}(Sf(A)+f(B)>‘ (1.3)
2 2 2 2

Zabandan gave a refinement of the Hermite-Hadamard inequality for convex functions
in [7].


http://www.journalofinequalitiesandapplications.com/content/2013/1/262

Bacak and Turkmen Journal of Inequalities and Applications 2013, 2013:262
http://www.journalofinequalitiesandapplications.com/content/2013/1/262

Theorem 2 Let f be a convex function on [a,b]. Then we have

H(557) -0 %[f<3“4”) +f(“1‘°’”)}

=x <---<ux, / wdx<--- <y,

<<yl [f(a)+2f( )f(b)]
f@ ) "

and

ﬂ

i —1 i—1
>a+l b)
n "

S )

_ 2:“ |:f(a) +f(b) + 2,»21:f(<1 - zi)a v %b)}

Pachpatte gave some integral inequalities analogous to the well-known Hermite-

Hadamard inequality by using a fairly elementary analysis in [8] as follows.

Theorem 3 Let f and g be real-valued, nonnegative and convex functions on [a, b]. Then

b
) —— / FWg) dx < lM(a, B+ le, b), (L5)
b-—a

(ii) 2f(“+b> <“;b )_ — / Fx)g(x) dx + M(a,b)+ N(a,b) (1.6)

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, ) = f(a)g(b) + f (b)g(a).

2 Main results
Theorem 4 Let f : I — R be an operator convex function on some interval 1. Then for any
self-adjoint operators A and B with spectra in I, we have the inequality

A+B 18 /@k-2i-1)A+(2i+1)B
((537) < e ()

i=0

1
S/Of((l—t)A+tB)dt

1 [kZ y ((k DA+ iB) S +f(B)} (Sf(A) ;f(B)), o

k 2

where k is the number of steps.
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Proof The function f is continuous, fol f((1-1t)A + tB) dt exists for any self-adjoint oper-
ators A and B with spectra in /.

We can give two proofs of the theorem. The first using the definition of operator convex
functions and the second using the Hermite-Hadamard inequality for real-valued func-
tions.

1. From the definition of operator convex functions, we have the inequalities

X+Y 1-)X+tY (l—t)Y+tX
f(2>:f< 2 T 2 )

<f((l -HX +tY)+f(1-0)Y +tX)
- 2
_f®) ;f(Y) 22)

for any t € [0,1] and self-adjoint operators X and Y with spectra in I. If we integrate the

inequality (2.2) over ¢ and take into account that

/1f((1—t)X+tY)dt=/1f(tX+(1—t)Y)dt,
0 0

then we conclude the Hermite-Hadamard inequality for operator convex functions

f(X;Y> S/Olf((l—t)X+tY)dt

< JM (2.3)

that holds for any self-adjoint operators X and Y with spectra in I. Utilizing the change of

variable u = kt, we have

1

/OFf((l—t)A+tB)dt= %/01f<<1—%)A+%B>du

=

1
/ f((l—u)A+uW> du
0

and by the change of variable u = kt — 1, we have

2
3 1 ! u+l u+l
1-t)A+tB)dt =~ 1- A Bld
J, ra-oarem Lo )ae s
1 (! Au A Bu B
== A-— - +=4+2)d
/</0f< 3 k+k+k) "

1 ! (k-1)A+B  (k-2)A+2B
:%/of<(1‘”’ Tk )d”'
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We can change the variables until the variable u = kt — (k — 1) by using the same procedure

above. By the change of variable u = kt — (k — 1), we get

1 1 (! u+k-1 u+k-1
/k;lf((l—t)A+tB)dt=%/0f<(l— 3 >A+ 3 B)du
1t Au A Bu B
=%</O‘f(A—7—A+z+7+B—%)du
1 p—
= l/ f (l—u)w+u3)du.
k 0 k

Using the Hermite-Hadamard inequality in (2.3), we have

P (A 4 (DAB ) s ((2/< DA+ B)

2 2k
! (k—l)A+B>
l-wWA+u—2"2\ 4
§/Of<( WA +u X u
< %[f(A) +f<7(k_ll)<A +B)], (2.4)
e IZA*B (k-2)4+25 (2k —3)A + 3B
f( ) ( 2k )
f (1—u)(k_1/)<A+B+u(k_2):+23)du
< %[f((k—ll)(A +B> +f<(k_2):+23):|, @5)
f <(k—2)A+ZB " (k_3)1?+33>
<(2k —-5)A+ 53)
-2)A +2B (k-3)A +3B
S/ (1— u) 73 +u 3 )du
k—2)A+2B k—3)A+3B
S%[f(i( 2)k 2 )+f(7( 3)]( 3 >] (2.6)

By induction we have

AvlkolB 2k 1)
(=50 (5
/ ((1— )A+(k 1)B+uB>du
1
5

[ <A+ (k1) >+ f(B)] 2.7)
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By summing (2.4), (2.5), (2.6), (2.7) and the other inequalities between (2.6) and (2.7), we

have
(k-1)A+B (k-DA+B | (k-2)A+2B
f A+ = of S S
2 2
(k-2)A+2B | (k-3)A+3B A+(k-1)B
+f(( Et ok )+...+f<k7+3)
2 2

1
§k/ f((-1)A +B)dt
0

< %[f(A)+2f((k_1/)(A +B> +2f((k_2):+23> .\
+ Zf(w) +f(B)i|. (2.8)

When regulating the inequality (2.8), we get the desired inequality in (2.1). It is obvious
from the left-hand side of the inequality (2.1) for k =1, we get f (%), and it is obvious the
right-hand side of the inequality (2.1) is provided for k = 2.

2. Letx € H, ||x|| =1 and let A and B be two self-adjoint operators with spectra in I.
Define the real-valued function ¢, 45 : [0,1] = R by ¢, 45(¢) = {(f((1 — £)A + tB)x, x). Since
f is operator convex, then for any ¢, £, € [0,1] and «, 8 > 0 with @ + 8 =1, we have

Peanlats + Bt) = (f(1— (at + Bt))A + (aty + Bt2)B)x,x)
= {f(«[(1 - 0)A +uB] + B[(1 - £)A + 1,B])x,x)
<alf([(1-1)A + uB])x, %)
+ B{f (B[(1 - 2)A + &B])x, %)
= a@yap(h) + Boxas(ts)

showing that ¢, 4 g is a convex function on [0, 1]. Now we can use the Hermite-Hadamard
inequality for real-valued functions

<— d
2 )5 ) gWds 2

<a+b) 1 b <g(a)+g(b)

to get that

1
1 13 0 1/k
(pM,B(_) - kfk ons(t)dt < ©x,4,8(0) + @ 4,8( /()’
2k 0 2

3 <k/2 (O dt < @xa8(7) + Puap(3)
Px,.A,B k)= 1 Px,A,B = 5 )

2k -1 ! Pra () + @uan(l)
‘/’x,A,B( % ) <k o Pxa5(8)dt < 5 :
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By summing the inequalities above and multiplying with %, we get

1 1 3 2k -1
k|:‘/’x,AB<2k) §0x,AB<2k> '+§0x,A,B( 2% ):|
1
S/O @xa,8(2)dt

< l (px,A,B(O) + (px,A,B(l) " l " % b g k- 1)
=% 5 Px,A,B P Px,A,B P Px,A,B % .

Thus, we can write
(-2 2
+f(<1 - 2/(2]; 1)A + 2’;/: 13)}x,x>
S/OI(f((l—t)A+tB)x,x)dt
OB (D ) (12 2s)
(=5 ) )

By regulating these inequalities above, we get

1/[&E f@k-2i-1)A+(2i+1)B
() o
1
< / (f(0 - A + tB)x,x)dt
0

1/[f4)+fB) [ (k-i)A+iB

i=0

Finally, since by the continuity of the function f, we have

fo (= A + Bw) de - < /0 (-4 +B) dtx,x>

for any x € H, and any two self-adjoint operators A and B with spectra in /, from (2.9) we

get the desired result in (2.1).

Remark 5 Our result for operator convex functions in Theorem 4 is more general than
the inequality in Theorem 1. In the inequality (2.1) if we take k = 2, we get the inequality

in (L.3).

Remark 6 Our result for operator convex functions in Theorem 4 is more general than
the inequality in Theorem 2. In the inequality (2.1), if we take k = 2", we get the inequal-
ity in (1.4). In Theorem 2, there are no cases of k € N\ {2",n=0,1,2,...}. But our result

involves these statements.
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Theorem 7 Let f,g:1 — R be an operator convex function on some interval 1. Then for
any self-adjoint operators A and B with spectra in I, we have the inequality

1
/ (L= A + tB)x,2){g (1 DA + tB)x,x) dt
0
< %M(A,B) + éN(A,B), (2.10)

where

M(A, B) = (f(A)x, x)(g(A)x, x) + {f (B)x, x)(g(B)x, x),
N(A,B) = (f(A)x, x)(g(B)x, x) + (f (B)x, x)(g(A)x, x).

Proof Let x € H, ||x|| =1 and let A and B be two self-adjoint operators with spectra in 1.
Define the real-valued functions ¢, 45 : [0,1] — R by ¢, 45(f) = (f((1 - t)A + tB)x,x) and
Yras: [0,1] = R by ¥, 45(t) = (g((1 — £)A + tB)x,x). Since f and g are operator convex
functions, then for every ¢ € [0,1], we have

(f(A-1A + tB)x,x) < (1 - 0){f (A)x, x) + t{f (B)x, x), (2.11)
(g(@-0A + tB)x,x) < (1 - 1){g(A)x, x) + t{g(B)x, x). (2.12)

From (2.11) and (2.12), we obtain

(f(Q-0A + tB)x,x)g((1 - )A + tB)x, x)
< @ - 0*{f(A)x, x)(g(A)x, x) + £{f (B)x, x)(g(B)x, x)
+t(1 - ) ([f(A)x, x){g(B)x, x) + (f (B)x, x)(g(A)x, x)). (2.13)

Since @, 4,5(t) and ¥, 4 5(t) are operator convex on [0,1], they are integrable on [0, 1] and
consequently ¢, 4 5(£)W,4,5(¢) is also integrable on [0,1]. Integrating both sides of the in-
equality (2.13) over [0,1], we get

/ (= 04 + By a)lg((L - DA + Bl de

0
1 1

< (f(A)x,x)(g(A)x, x) / (1 - 1) dt + {f (B)x, x)(g(B)x, x) / 2dt
0 0
1
+ ((f(A)x, x)(g(B)x, x) + (f(B)x, x)(g(A)x, x)) /0 t(1—1t)dt.
It can be easily controlled that

1 1 1 1 1
/(1—t)2dt=/ 2dt=—, /t(l—t)dt:—.
0 0 3 0 6

When above equalities are taken into account, the proof is complete. 0

Remark 8 In the inequality (2.10), if we take x = (1 — £)A + tB, a = 0 and b = 1, we get the
inequality (1.5).
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Theorem 9 Let f,g:1 — R be an operator convex function on some interval 1. Then, for

any self-adjoint operators A and B with spectra in I, we have the inequality

/01<f((1 - 1A + tB)x, x)(g((l - 1A + tB)x, x) dt

ik({f(A)x, x)(g(A)x, x) + f (B)x, x)(¢(B)x, x))

2 &L J/A(k-i)+iB Ak —i) + iB
s (T el (5 o)
k-1 . .
ikZHf(A(k—z)+lB)x’x><g(A(k—l—IIZ+(L+1)B)x’x>:|
i=0
1 & Ak—i—-1)+(i+ 1B Ak —i) + iB
8 R

where k is the number of steps.

Mz &

Proof The proof is obvious from the proof of Theorem 4 and Theorem 7. O

Remark 10 The inequality (2.14) is a general form of the inequality (2.10). When k =1 in
the inequality (2.14), we get the inequality (2.10).
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