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Abstract

Let 7;; and T, be singular integrals with non-smooth kernels, which are associated
with an approximation of identity or &/ (/ is the identity operator). Denote the
Toeplitz-type operator by T, = Zj'L TiaMy T2, where Myf (x) = b()f (x). In this paper, the
estimates of the Toeplitz operator Ty(f) related to singular integral operators with
non-smooth kernels and b € BMO(R") in weighted Morrey spaces is established.
MSC: 47B35

Keywords: Toeplitz operator; Morrey space; A, weights

1 Introduction

The classical Morrey spaces were introduced by Morrey in [1] to investigate the local be-
havior of solutions to second-order elliptic partial differential equations. The bounded-
ness of the Hardy-Littlewood maximal operator, the singular integral operator, the frac-
tional integral operator and the commutator of these operators in Morrey spaces have
been studied by many authors; see [2-5] and the references therein. In [6], Komori and
Shirai studied the boundedness of these operators in weighted spaces.

It is well known that the commutator [, T] is defined by [b, T|(f) = T'(bf) — bT (f), where
T is a Calderén-Zygmund operator and & € BMO. The commutator generated by the
Calder6n-Zygmund operators and a locally integrable function b can be regarded as a spe-
cial case of the Toeplitz operator T} = Zﬁl T;j:MTj,, where T}, and T, are the Calderdén-
Zygmund operators or £/ (I is the identity operator), Mf (x) = b(x)f (x). When b € BMO,
Krantz and Li discussed the L? boundedness of Tj on the homogeneous space, see [7,
8]. In [9], the authors studied the boundedness of 7} in Morrey spaces. In this paper, we
study the boundedness of Toeplitz-type operators related to singular integral operators
with non-smooth kernels in weighted Morrey spaces.

The singular integral operators with non-smooth kernels previously appeared in [10].
We say that T is a singular integral operator with non-smooth kernel if it satisfies the
following conditions.

(i) There exists a class of operators A; with kernels a;(x,y), which satisfy the condition
(2.3) in Section 2, so that the kernels k;(x, y) of the operators (T — A, T) satisfy the
condition

ty/m

|ke(x,9)| < a 1.1)

T
Xy
when |x — y| > ¢;£//" for some y,m > 0.
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(i) There exists a class of operators B, with kernels b;(x, y), which satisfy the condition
(2.3), such that (T — TB;) have associated kernels K;(x,y) and there exist positive
constants ¢y, ¢3 such that

/ |Kt(x,y)| dx<c3 foralyeR". (1.2)
lx—y|=cp et/

Note that the classes of operators A; and B, play the role of a generalized approximation
to the identity. It is not difficult to check that conditions (1.1) and (1.2) are consequences
of the standard Calderén-Zygmund operator. See Proposition 2 in [10].

The paper is organized as follows. In Section 2, we recall some important estimates on
BMO functions, maximal functions and sharp maximal functions. In Section 3, we prove
the main result.

2 Definitions and preliminary results
Let1 <p<00,0<k <1and wbe a weight. The weighted Morrey space is defined by

P (w) = {f € Lt, (W) : |l oo wy < 00},

where

1 1/p
K = p
IVl 2 Sgp<w(3)" ‘/B[fl de) ,

and the supremum is taken over all balls B in R”. If w =1 and « = A/n with 0 < A <, then
LP*(w) = [P*(R"), the classical Morrey spaces.
The standard Hardy-Littlewood maximal function M,f, 1 < r < 00, is defined by

1 . 1/r
mgw) = s (i [ ol a)

where the sup is taken over all balls containing x. If r = 1, M;f will be denoted by Mf. The
Fefferman-Stein sharp maximal function of f, f*(x), is defined by

F0) = sup — f 1F() —fs| b,

BxeB | Bl

where f3 = i L [of dx. We will say f € BMO(R") if f € L}
the BMO semi-norm of f is given by

(R™) and f*(x) € L®. If f € BMO,

loc

Ilfll*—SUPf”(x)—SUPiugﬁ/lf(y) — /5| dy.

A weight w is a non-negative locally integrable function. We say that w € A,(R"), 1< p <
00, if there exists a constant C such that for every ball B C R”,

1 1 S\
<—/wdx) (—/Wl_p dx) <C,
|Bl Jg |Bl Jg
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where }7 + 1% =1. For p = 1, we say that w € A;(R”) if there is a constant C such that for
every ball BC R”,

1
— f wdy < Cw(x) fora.e.xé€B,
|B| /s

or, equivalently, M(w) < Cw a.e. We denote A, (R") = U1§p<ooAp(R”). For the above def-
inition, see [11].

A family of operators A,, ¢ > 0, is said to be a ‘generalized approximation to the identity’
if, for every t > 0, A; can be represented by kernels a;(x, y) in the following sense: For every
function f € LP(R"), p > 1, Aif (%) = [gu a+(x,y)f (y) dy, and the following condition holds:

|at(x,y)| <hx,y) = t’"/ms(|x —y|’”t’1), (2.1)

in which m is a positive constant and s is a positive, bounded, decreasing function satisfy-

ing

lim r”*N“s(r’”) =0 (2.2)

r—0o0

for some € > 0.
Note that (2.2) implies that

—(n+e)
x_
’at(x,y)‘ <My (1 + | yl) .

tl/m

In [12], the sharp maximal function Mif associated with a ‘generalized approximation
to the identity’ {A,, ¢ > 0} is defined by

1

MEF() = sup— / 1F(3) = A )] b, 2.3)
xeB 1Bl JB

where tg = rj, and f € L?(R") for some p > 1.
The following results are proved in the context of spaces of homogeneous type in [13,
14] and [10].

Lemma 2.1
(i) Foreveryp € [1,00), there exists a constant C such that for every f € LP(R"),

Af (x) < CMf (x);
(i) Assume that b € BMO and M > 1. Then, for every ball B(x;r), we have
|bg — bys| < C||b]|, log M;

(iii) (John-Nirenberg lemma) Let 1 < p < 00 and B C R”, then b € BMO if and only if

1

— [ |b-bglPdx < |b|~.
5 [ 1= balrdx < 1o
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Lemma 2.2 Forl<p<oo,0<«k <landweA, wehave |Mf] rxw) < CIIf llox w).
For the proof of this lemma, see [2, Theorem 3.2].

Lemma 2.3 Let {A.,t > 0} be a generalized approximation to the identity’ and let b
BMO. Then, for every function f € LP(R"),p>1,x € R" and 1 < r < 00, we have

sup — / Ay (b - b)f )| dy = ClIbILMF (), (2.4)
1B] /s

xeB

where tg =g

For the proof of this lemma, see Lemma 2.3 in [15].
Now, we have the following analogy of the classical Fefferman-Stein inequality [11, Chap-

ter IV] for the sharp maximal function Mgf For the proof, see Proposition 4.1 in [12].

Lemma 2.4 Take . >0, w € A(R"), f € L110C and a ball By such that there exists xy € By

with Mf (xo) < M. Then, for every 0 < 1 < 1, there exist r,y > 0 (independent of 1, By, f, x0)
and C,, which only depend on w such that

w{x € By : Mf(x) > DA, Myf (x) < y 1.} < Cri"w(Bo),

where D > 1 is a fixed constant which depends only on the ‘generalized approximation to
the identity’ {A;, t > 0}.

3 The main results
In this section, we consider the Toeplitz operator related to a singular integral with non-
smooth kernel T}, = Zj\fl T;j:MyTj,, where T}, and T, are singular integrals with non-
smooth kernels, which are associated with an approximation of identity or +/. For i =
1,...,M,j=1,2, we assume that if T;; # &/, then:
(a) T;;are bounded operators on L*(R").
(b) There exist ‘generalized approximations of the identity’ {Bij, t > 0} such that
(Tij— Ti_,'Bij) have associated kernels Ktij (x,9) and there exist positive constants Cj,
C, such that

/ |K/(x,9)|dx < C, forally e R™.
|x—y|>Cy t1/m

(c) There exists a ‘generalized approximation to the identity’ {A,, ¢ > 0} such that the
kernels k/ (x,y) of the operators (T;j — A, T;;) satisty

toz/m ta/m

Kl<cp—m—m —
|t|— 4|x—y|”“" d(x’y)oz

(3.1)

when |x — y| > C3t" for some Cs, Cy, 0 > 0.
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It is proved in [10] that if T is an operator satisfying (a) and (b) above, then T is of weak
(1,1) and of strong type (p, p) for 1 < p < 2. In addition, if (c) is also satisfied, the operator
T is bounded on L*(R") for all 1 < p < 0co. Moreover, if w € A, then T is bounded on L? (w)
(see [12]).

In order to study the boundedness of T}, in weighted Morrey spaces, we need the fol-

lowing result.

Lemma3.1 Letw € A, 0 <k <landl<p < oo. Then, foreveryf € L} with Mf € LP*(w),

loc

there exists a constant C,,, which only depends on w, such that

1M ) < Co|MAS [ e (3.2)

Proof Let B be a ball in R”. Set E; = {x € B: Mf(x) > A}. Then from the Whitney de-
composition theorem, we know that there exist mutually disjoint cubes Qi such that
E, = Uy Qv and 10Q, N B\ E; # @. Denote By to be the ball with the same center as Qi
and rp, = % diameter Q. Let By = 10By. Then there exists an xx € By N B \ E;, that is,
Mf (xx) < A. Let us use Lemma 2.4. There are Cy,; r >0 and D > 1 such that, if 0 < 7 < 1 (to

be chosen later), we can find y > 0 in such a way that
w{x € Ek : Mf(x) >D)»,Mif(x) < yk} < Cwn’w(ﬁk).

Set U, = {x € B: Mf(x) >DA,Mif(x) <yilandso U, CE, =J, Qc C ngk since D > 1.
Then

w(ll) < ZW{x € Bi: Mf(x) > DA, My f (x) < Y}
k

< Cwnr Z W(Ek)

k

< Cn" Yy w(Qu) = Cn'w(Ey)
k

= Cn'w{x € B: Mf(x) > A},

where we used the fact that A, weights are doubling measures and C is a constant that

only depends on the weight. One can prove that
/ |Mf1Pwdx = D"/ pkp_lw{x € B: Mf(x) >DA} d
B 0
o
< D”/ P (wll) +wix e B: M f(x)> yA}) da
0
r P llp &P
< CDn" | IMfPPwdx + |MAf| wdx.
B v’ JB

Let us choose 1 such that CD?n" =1/2. The former inequality turns out to be

D?
/|Mf|pwdx§2—f|Mif’pwdx.
B vP Jg
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This implies that

UM iy < CMAS |
The proof of this lemma is completed. d
The aim of this section is to prove the following theorem.

Theorem 3.2 Let T;; be operators satisfying the above conditions (a), (b) and (c) or 1. Let
l<p<oo,0<k <landweA, Suppose that T\(f) = 0 when f € LP*(w). If b € BMO(R"),
then there exists a constant C such that

M M
[Ty < c(Z || T,,1||L2<Rn>> (Z || T,,2||L2<Rn>) 1B 1 1 Nz (3.3)

j=1 j=1

forall f € LP*(w).

Proof Without loss of generality, we may assume that
ITjillpn <1 foralll<j<M,i=1,2.

For w € A, it is well known that there exists ¢ > 1 such that w € A,;;. Then we can choose
two real numbers r and s larger than 1 such that 1 < rs < p < 0o and w € A,(5. We will
prove that there exists a constant C such that

M
M(Tof)®) < Y ClIblMis(Tjof ) () (3.4)
j=1

for all x € R”.
We now prove (3.4). For an arbitrary fixed x € R”, choose a ball B(xg;7) = {y € R" : |xo —
y| < r} which contains x. We have that T’ (f) = 0, and so Tp,(f) = bgT1(f) = 0. Thus

To(f) = To-bp)128 ) + Tto-bp)x0c F)

and

Ay (Tof) = Ay (To-bp)xapf) + At (T(o-bp) xS s
where ¢z = rj'. Then

1
|B

1 1
< 5 [T 00 &+ o [ 140 T 10|

/B| Tb(f)(y) —AtB(Thf)(y)| dy

1
+ E'/B:|T(b7b3)x(23)c(f)(y)_AtB(T(h’bB)X(ZB)Cf)(y”dy

=I+1I+1I

Page 6 of 9
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Let 7’ be the dual of  such that 1/r + 1/r' = 1. By Lemma 2.1 and the boundedness of Tj,,

we have

| /\

1/s
/ To. bB>X23<f>(y>de)

1/s
o 1600~ 700 )

IA

S “Ma uﬁﬂ: A

<|B|/ |b(y) - hB‘Sr dy) S’)<|B|/ T ) 1(sr)

<) ClIbMs(Tjof ) ().

j=1

Similarly, by Lemma 2.1 and the boundedness of T}, we obtain

) 1 s 1/s
n=g | |M(Tp-1),5/) 0)| Ay < <|B| / M- 0] dy)

1/s
< (IBI / | Tio-bsys DO dy)

M
< > ClbllMs(Tjof ) ).
j=1

A

We now consider the term III. There are two cases:
(1) Suppose that Tj; # 1 (j=1,...,M), then using the assumption (c), we have

ir = Z // |k, (VZ)Hb(Z) bg) T;o(f)(2)| dzdy

rot
=¢ ——L——|(b(z) - bs) T; d
121 k=1 /; Krg<|xg—z|<2¥*tlrg [xg — z|"*e ’( @) B) 1v2(f)(z)’ 4
< C 7/(05 b T, .,
121 kXI: JC() 2krB)| lxg—z|<2k+rg | ( (Z) B) 2 (f)(Z)| Z
—ka ~ ‘
< C}Zl kZ B(xo; 2kr3)| wo—zl<2kHrg ‘b(Z) bzkuB’ ‘ le(f)(z)‘ dz
M o )
k Tl k. .
+ C/Xl: kZl: 27 |b2k+13 bB| |B X0; 2krB)| o—zl <2kl rg | T/Z(f)(2)| dz

M oo M oo
< ClbIL YD 27 M(Tjaf) ) + Cllbll YD 27 (k + DM(Tjf ) (%)

j=1 k=1 j=1 k=1

M
< ClIbll Y Mys(Tjof ().

j-1
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(2) Suppose that there are i identity or —I operators in {T;;}. Without loss of generality,
PP y % Jr g Y
we assume that T1,..., T;; are identity operators, then

1l < Z} é fB |(b(@) - bs) xosy Ty ()| de
e

N
+ FZI ﬁ /B}Atg ((b - bB)X(ZB)C le(f)) (Z)| dz

M

1
£y Bl /B | T Mot 0y T2 (@) = Ay (Tia M-y g e Tin ) (2)] dz
j=isl

= III) + 1T, + III5.

It is obvious that III; = 0.
By (2.4) and Lemma 2.1, we obtain

‘1
<Y L[, P e0)-ba)T10)| vz

i oo 1
=3 |B| /B -/(2’<+IB)\(2/<B) s (@) (b0) = bs) Tj2() )| dy dz

j=1 k=1

<CY Y akrs(atkoim) f |(b(y) - bs) Ty () )| dy dz

j=1 k=1 2418

< ClIbl. Y Y (k+ D)2 s(2E D) M(Tyof ) (x)

j=1 k=1

< Clbll. Y. Mu(Tih)@).

j=1
Moreover, from case (1) it follows that
M

I3 < Clbll, Y Mis(Tjof )(#).

j=i+l

So, III < C||bll, Y1 Mys(Tjof (@)

Combining the above estimates of I, II and III, we obtain (3.4).

From (3.4), we know that if T is an operator satisfying (a), (b) and (c), then there exists
1<s<psuchthat weA,;and

M (TF)(x) < CMf (x). (35)

For the proof of (3.5), one can also see [12, Proposition 5.4]. Then combining (3.5), Lem-

mas 2.2 and 3.1, we have

ITf lrw oy < CIMACTO ey < WM Nive oy < IF s -
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Combining this, (3.4), Lemmas 2.2 and 3.1, we have
M
I Tuf sy < CIMATIN | oy < D CIBINMis(Tiaf) | ey < CIBIIF o)
j=1

for all f € L”*(w). The proof of this theorem is completed. d

Corollary 3.3 Let T be operators satisfying the above conditions (a), (b) and (c). Let w € A,
1<p<oo.Ifbe BMO(R"), then there exists a constant C such that

108, TV | ) < CIBIIF (3.6)

forall f € LP*(w).
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