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1 Introduction

Equilibrium problems have emerged as an effective and powerful tool for studying a wide
class of problems which arise in economics, finance, image reconstruction, ecology, trans-
portation, and network; see [1-12] and the references therein. Equilibrium problems in-
clude fixed point problems, variational inequality problems, variational inclusion prob-
lems, saddle point problems, the Nash equilibrium problem, complementarity problems
and so on. For the solutions of equilibrium problems, there are several algorithms to solve
the problem. The classical algorithm is the Krasnoselskii-Mann iterative algorithm. How-
ever, the Krasnoselskii-Mann iterative algorithm is weak convergence for the solutions of
equilibrium problems. Haugazeau’s projection method [13] recently has been considered
for the approximation of solutions of equilibrium problems and fixed point problems. The
advantage of the projection methods is that strong convergence of iterative sequences can
be guaranteed without any compact assumptions. The aim of this paper is to study an
equilibrium problem and a fixed point problem of an asymptotically strict pseudocon-
traction based on hybrid iterative algorithms and establish a strong convergence theorem
of common solutions in the framework of Hilbert spaces.

2 Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and the norm || - ||. Let C be a nonempty closed convex subset of H, let
A : C — H be a monotone mapping and F be a bifunction of C x C into R, where R
denotes the set of real numbers.

In this paper, we consider the following equilibrium problem.

Find x € C such that F(x,y) + (Ax,y —x) >0, VyeC. (2.1)
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The set of such an x € C is denoted by EP(F, A), i.e.,
EP(F,A) = {x € C: F(x,) + (Ax,y —x) > 0,¥y € C}.
If A =0, then the problem (2.1) is reduced to the following:
Find x € C such that F(x,y) > 0, VyeC. (2.2)
The set of such an x € C is denoted by EP(F), i.e.,
EP(F,A) = {x € C:F(x,y) = 0,¥y € C}.
If F =0, the problem (2.1) is reduced to the classical variational inequality problem.
Find x € C such that (Ax,y —x) >0, VyeC. (2.3)
To study the problems (2.1) and (2.2), we may assume that F satisfies the following con-
ditions:
(Al) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;
(A3) for eachx,y,z€C,

limsup F(éz + (1 - t)x,y) < F(x,);
£40

(A4) for eachx € C, y+— F(x,y) is convex and lower semi-continuous.
Recall that a mapping A is said to be monotone iff

(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be strongly monotone iff there exists a constant « > 0 such that
(Ax — Ay,x —y) > a||x —y||2, Vx,y € C.

For such a case, A is said to be «-strongly-monotone. A is said to be inverse-strongly
monotone iff there exists a constant « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, A is said to be «-inverse-strongly monotone.

Recall that a set-valued mapping 7: H — 2 s said to be monotone iff, for all x, yeH,
f€Txand g € Ty imply (x —y,f —g) > 0. T : H— 2" is maximal if the graph G(T) of T is
not properly contained in the graph of any other monotone mapping.

It is known that a monotone mapping 7 is maximal if and only if, for any (x,f) € H x H,
(x—v,f—g) >0 forall (y,g) € G(T) implies f € Tx.

Let S: C — C be a nonlinear mapping. In this paper, we use F(S) to denote the fixed
point set of S.
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Recall that S is said to be nonexpansive iff
Sx =Syl < llx=yl, VxyeC.

Recall that S is said to be asymptotically nonexpansive iff there exists a sequence {k,} C
[1, 00) with k,, — 1 as n — o0 such that

”S"x—S”y” <kyllx-yll, Vx,yeCmn=>1

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[14] in 1972. Since 1972, a number of authors have studied the convergence problems of
the iterative processes for such a class of mappings.

Recall that S is said to be strictly pseudocontractive iff there exists a constant « € [0,1)
such that

2
’

[1Sx = Syll*> < llx = ylI* + k|| (T = S)x - (I - S)y|

Vx,y € C.

For such a case, S is also said to be a k-strict pseudocontraction. The class of strict pseu-
docontractions is introduced by Browder and Petryshyn [15] in 1967. It is clear that every
nonexpansive mapping is a 0-strict pseudocontraction. We also remark that if « = 1, then
S is said to be pseudocontractive.

Recall that S is said to be an asymptotically strict pseudocontraction iff there exist a
sequence {k,} C [1,00) with k,, — 1 as n — oo and a constant « € [0,1) such that

|57 = S"y|* < kllx = yl1% + x| (1= 8")x = (1= S")y|*, VxyeCon>1.

For such a case, S is also said to be an asymptotically «-strict pseudocontraction. The
class of asymptotically strict pseudocontractions is introduced by Qihou [16] in 1996. It
is clear that every asymptotically nonexpansive mapping is an asymptotical 0-strict pseu-
docontraction. Every nonexpansive mapping is an asymptotically nonexpansive mapping
with the sequence {1}. We also remark that if ¥ = 1, then S is said to be an asymptotically
pseudocontractive mapping which was introduced by Schu [17] in 1991.

Recently, many authors considered the equilibrium problems (2.1), (2.2) and fixed point
problems based on hybrid iterative methods; see, for instance, [18—30]. In this paper, mo-
tivated by these recent results, we consider the shrinking projection algorithm to solve the
solutions of the equilibrium problem (2.1) and the fixed point problem of an asymptoti-
cally strict pseudocontraction. It is proved that the sequence generated in the purposed
iterative process converges strongly to some common element in the solution set of the
equilibrium problem (2.1) and in the fixed point set of an asymptotically strict pseudocon-
traction.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 [31] Let C be a nonempty closed convex subset of H and let F: C x C — R bea
bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r
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Further, define
1
Tx = {ze C:F(z,y)+-(y—zz—x)>0,Vye C}
r

forallr >0 and x € H. Then the following hold.:
(a) T, is single-valued,;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

”Trx_ Try||2 =< (Trx_ T, rx_y>;

(c) F(T,) = EP(F);
(d) EP(F) is closed and convex.

Lemma 2.2 [32] In a real Hilbert space, the following inequality holds:
2
”ax +(1- a)y” =alx|®>+A-a)|y|*-ad-a)|x-y||>, VYae[0,1],x,ycH.

Lemma 2.3 [33] Let H be a real Hilbert space, let C be a nonempty closed convex subset
of H and let S : C — C be an asymptotically k -strict pseudocontraction with the sequence
{k,}. Then

(a) F(S) is closed and convex;

(b) S is L-Lipschitz continuous.

Lemma 2.4 [33] Let H be a real Hilbert space, let C be a nonempty closed convex subset of
H and let S : C — C be an asymptotically strict pseudocontraction. Then the mapping I —S
is demiclosed at zero, that is, if {x,} is a sequence in C such that x, — x and x, — Sx, — 0,
then x € F(S).

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F,; be a bifunction from C x C to R which satisfies (Al)-(A4) and let A,,: C — H be a
&-inverse-strongly monotone mapping for each 1 < m < N, where N > 1 is some positive
integer. Let S : C — C be an asymptotically k -strict pseudocontraction. Assume that F :=
F(S)N ﬂﬁzl EP(F,,, A,,) is nonempty and bounded. Let {«,,} and {B,} be sequences in [0,1]
and let {r, ,} be a positive sequence. Let {y,,,,} be a sequence in [0,1] foreach1 <m <N
such that Z%zl Ymm = 1. Let {x,} be a sequence generated in the following manner:

x € H,

Ci=H,

Fot (s ) + (Al th — Uy ) + ﬁ (U = Uy s U — %) = 0, Yu e C,
Y = 0ty + (L= ) (B S0 Vgt + (L= Bu)S" S0 Visymthm)s
Crir = (W e Cy: llyn —wl* < llxy = wll* + 6},

Xn+l = PCn+1x1! n= 0:

where 6, = (1 — a,))(k, — 1)©,, and ©,, = sup{||lx, — w||> : w € F)}. Assume that the control
sequences {cty}, {Buls {Vual - AVunY {rur}s ..., and {ryn} satisfy the following restrictions:
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(@) 0<a,<a<lk<B,<b<l;
(b) O<c<yYym=<land0<d <ry, <e<2§, foreachl <m<N.

Then the sequence {x,} converges strongly to some point X, where x = Prx;.

Proof First, we show that C, is closed and convex for each n > 1. It is easy to see that C,
is closed for each n > 1. We only show that C, is convex for each n > 1. Note that C; = H
is convex. Suppose that C; is convex for some positive integer i. Next, we show that Cj,; is
convex for the same i. Note that

llyi = wll* < llxi = wl|* +6;
is equivalent to

2(x; = yi, w) < llxill® = lyill* + 6:. (3.1)
Take w; and w; in Cjy; and put w = twy + (1 — £)wy. It follows that wy € C;, wy € C;,

2(xi =y, w1) < llxill® = [lyill* +6; 3.2)
and

2(xi =y, wa) < Nl = yill® + 6. (3.3)
Combining (3.2) with (3.3), we can obtain that 2(x; — y;, W) < [lx;]|% = ||l:]|® + 6;, that is,
lly; = wi|? < |lx; — X||> + 6;. In view of the convexity of C;, we see that w € C;. This shows
that w € C;,;. This concludes that C, is closed and convex for each n > 1. Notice that

(I = ry,mA) is nonexpansive. Indeed, for any x,y € C, we find from the restriction (b) that

| = P A = (T = FmAn)y|)?
= =) = ram(Amx = A9 |
= [l =y 1% = 27m (% = 3, Ak = Ay) + 7, | At = Ay 1>
< 1% = 1% = 28mEm | Ax = Ay |* + 1 | Ak = Ay |1
=[x = YI1* + P (Fngn — 26m) 1A — Ay )

<llx -yl
It follows that

”Mn,m —P||2 = ” Tr,,,m (xn - rn,mAmxn) - Trn,m (P - rn,mAmp) ”2
S ” (xn - rn,mAmxn) - (P - rn,mAmp) H2
< lla = pII*. (3.4)

Putz, = szl Vu,mUnm for each n > 1. Next, we show that 7 C C, for all » > 1. It is easy to
see that 7 C C; = H. Suppose that 7 C C, for some integer s > 1. We intend to claim that
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F C Cpyy1 for the same k. For any p € F C Cjy, we have from Lemma 2.2 and the restriction
(a) that
lly - pII?
= || ewner + (1= cn) (Buzi + (1 - Br)S"z) - p|*
< apllon —pI> + (1 =) | Bulzn —p) + (1= Bi) ("2 — S"p) |
= allon —pI> + (U~ ) (Bullzn — pI? + (L - ) |S"2i — S"p |
= Bu(L=Bw)|zn —p — (S"z — S"p) ”2)
< anllon - pl* + (A= an)Bullzn - plI* + A - o)A = i) (Knlz — pII?
+iclzi-p = ("2 - S"p) ") - 1= an)Bu1 = B |21 - p - ("2 - S"p) |
< apllan — pl* + (- ap)knllzn — pII?
~ (= an)(1 = B (Br— )| 25— p — ("2 — S"p) |
< apllxn —plI* + - ap)knllzn - plI*
N
< aullan = plI* + (1 - ap)ks Z Vian | Ty Gon = PrmAmn) —PH2
ot
< aullxn = plI* + (1 = an)knllxn — plI

2
< llxn —plI” + Op.

This shows that p € Cj,;. This proves that 7 C C, for all # > 1. Since x,, = Pc,%; and
Xni1 = Pc,,1%1 € Cpi1 C Cy, we have that

0 f (xl =Xy Xn _xn+1>
= (X1 — Xy Xy — X1 + X1 — K1)

< —llwer = xull” + lloer — 2]l 121 = K - (3.5)
It follows that
[ler —%nll < 121 — %pe1 | (3.6)

On the other hand, for any p € 7 C C,, we see that ||x; —x,|| < |1 — p||. In particular, we
have

lloer = xull < Nl — Praa |

This shows that the sequence {x,} is bounded. In view of (3.6), we see that lim,,_, », ||, —%; |
exists. It follows from (3.5) that

2
1%, = Xl

2
= |l — 21 + 21 — X1l


http://www.journalofinequalitiesandapplications.com/content/2013/1/251

Cheng and Wu Journal of Inequalities and Applications 2013, 2013:251
http://www.journalofinequalitiesandapplications.com/content/2013/1/251

= [lxy _x1”2 + 2(x, — X1,%1 — Xp41) + |21 _xwrlll2
= [l — 2112+ 200, — %1, %1 — % + X — K1) + 21 — X |12
= llown = w1 lI* = 2% — 211> + 20 — %1, % — K1) + %1 = X1 |12

< [y = Fpaa I1* = 1% — 21117,

which implies that
lim (%, — %4411 = 0. (3.7)
n—00

In view of %41 = Pc,,,;%1 € Cpy1, we find that
”yn - xn+l||2 = ”xn _xn+1”2 + 971

This combines with (3.7) yielding that
lim ”yn = %1l = 0. (3‘8)
n— 00

Notice that ||y, — %41l < |¥x — Zns1ll + %441 — %4]|. Combining (3.7) with (3.8), we find that
lim %, -yl = 0. (39)
n— 00

Note that

1% = yull = ”xn — Xy — (1 - an)(ﬁnzn +(1- /3”)5"2,,,) ”

= (1= a)||%n = (Bazn + (1= B2)S"24) |-
In view of the restriction (a), we obtain from (3.9) that
Jim [, — (Buzn + (1= Bn)S"22) | = 0. (3.10)
Notice that
et =PI = || Trs (U = P = T (I = oAl |
< (U = rumAm)%n = (I = TnnA)Ds tinm — )
= 2= raAnt U =] + Vit~ I
U = FrnAn = (I = Trs)p = (Wt~ D))
< 5 (1= I + Nt = I = | 5 = ) = s~ Ap)|)

1
2 2 2
= E(Hxn =PI + st =PI = %0 = U

+ 2rn,m <xn - Mn,m:Amxn - Amp) - rﬁ,m ”Amxn - Amp||2)
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and hence

2
”Mn,m —P”
2 2 2 2
< %n = pI° = 1% = U |l” + 270, (X0 — Unyms A — Ap) — rn,m”Amxn —Aupll

=< “xn —P||2 - ”xn - un,m”2 + 2rn,m||xn - un.m” ”Amxn _Am”- (3-11)
It follows from Lemma 2.2 and the restriction (a) that

lyn - pII?
= Jleun + (1 = @) (Buzn + (1 = B)S"2,) - p||*
< aull%n —plI* + (1= )| Bulzn —p) + (1 = Bn)(S"2, = S"p)
= aplln = pI2 + (1= ) (Bullza = p1I% + (1= B) Sz - S"p|
— Bl = B) |20 —p — (52, = 5"P) )
< ayllxn = plI* + A = @) Bullzy — pI? + (1= @)1 = B,) (kullzw — pI?
1) = A=) Bul = )| 2w —p — (520 — S") |*

<aylx, —plI* + A - a)kallzy - plI?

I

+K Hz,, -p- (S”z,, - S”p)

-1 —a)1- BB - K)Hzn -p- (Snzn - Snp) H2

< ayllxn = plI* + (1= an)knlizs - pII*. (312)
It follows that
N 2
”_yn —19||2 S (1 - an)kn Z yn,m ” Tr,,,m (xn - rn,mAmxn) - Tr,,,m(p - rn,mAmp) H
m=1
+ ot lloen — plI?
N
2
< oyl —P||2 + (1= anky Z Vnm ”(xn — TnmAm%n) = (P = TumAmp) H
m=1
< o = plI* + (1= @) (ky = Dl — plI®
N
= P (2Em — Tum) (1 — )k, Z Vi | A% _Amp”Z'
m=1
This implies that
P (26m — V) (1 — ) Ky Vi | A X _Amp”2
< ltn = pII* =y =PI + @ = a)(ky = 1) |15 — p|I?
=< (”xn —17|| + ||yn _pH)”xn _yn” + (1 _an)(kn - 1)||xn —P||2~
In view of the restrictions (a) and (b), we find from (3.9) that
lim ||Ax, — Amupll = 0. (3.13)

n—00
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On the other hand, we find from (3.11) and (3.12) that

N
Iy = pI* < ctulln =PI + (L= )k D Viuyullthn — pII

m=1

N
< an = pII* + (1= @)k = Dlles = pI* = (L= )k Y Yooy 160 = st

m=1
N
+ 2Vn,m(1 —a,)k, Z Yiml%n = tnm || Amxn — Appll.

m=1

This implies that

(1- Oln)knyn,m 24, — % ”2

< 1% = pI* = Iy = pI* + (1 = 2) (ki = D)1, = pI?

N
+ 2’"n,m(l —a,)k, Z Vi 1%n = U || Ay — Apmp||

m=1

< (150 = 2l + 19 =PI 196 = 9l + (1 = ) (ki = D6, = plI®

N
4 20m(L = )k Y Vim0 = | | At = Apl.

m=1

In view of the restrictions (a) and (b), we obtain from (3.9) and (3.13) that
M [t — %l = O. (3.14)
n— o0

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — g. Next, we
show that g € F(S). Note that

N
E J/n,mun,m — X

m=1

”Zn =X =

N
= Z Vi | U m — % .
m=1

It follows from (3.14) that
lim ||z, —x,| = 0. (3.15)
On the other hand, we have

% = (Buzen + (1= B)S"%4) |
< [ (Batn + (U= Bi)S" ) = (Buzn + (L= B)S"20) | + || (Buzn + (1= B2)S"2) = s
< Bull%n = zall + A = B)||S"%n = "2 | + || (Buzn + (1 = Bu)S"2u) — x|
< Bulln = zull + A = Bu)Llitw — zull + || (Bazn + A = Bn)S"2n) — % |

< Lllxy — 2|l + ” (ﬂnzn +(1- ﬂn)SnZn) —Xn ”
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From (3.10) and (3.15), we find that
Jim [, — (B + (1= Br)S"x) | = 0. (3.16)
Note that
157 = 2| < (| S"%0 = (Bun + A= Bu)S %) | + || (Butn + (1 = Bu)S™ %) — 24|
< Bul S"% = x| + | (Budon + A= Bu)S %) — %4,

which yields that

(1 - ,Bn) Hsnxn —Xn || = || (ﬂnxn + (]- - /Bn)Snxn) —Xn || .
In view of the restriction (a), we find from (3.16) that

lim ||$"x, —x,]| = 0. (317)

n—00

Note that

”xn - an” = ”xn - xn+1|| + Hxn+1 - Sn+lxn+l H
+ ]| S e = S || + || S — S

= (1 + L)”xn - xn+1|| + ||xn+1 - Sn+1xn+1|| + L”Snxn —Xn ||
It follows from (3.7) and (3.17) that
lim ||Sx,, —x,]|| = 0.
n—0o00

With the aid of Lemma 2.4, we find that g € F(S). Next, we prove g € ﬂi\nle EP(F,,). In view
of (3.14), we find that u,,,, — g for each 1 < m < N. From (3.14) and the restriction (b),
we see that

”un,m _xn” _

lim

n—00

0, Vi<m<N. (3.18)

Tnm

Notice that

Fm(un,m: M) + (Amxn: u-— un,m) + (Lt = Upmr» Unm — xn) >0, VYue C.

T'nm

From (A2), we see that

(A, U — Uy ) + (U = Upny Uy — Xn) = Fu(u, un,m)«

Tnm
Replacing n by n;, we arrive at

unv,m — Xn;
(Amxn,-r u-— un,-,m) + <u - uni,m: %> = Fm(”x uni,m)- (319)
ni,m
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For any t with O <t <1and u € C, let p; = tu + (1 — t)q. Since u € C and g € C, we have
ot € C. It follows from (3.19) that

(pt - un,-,mrAmpt)

un,',m - xn,-

2 <pt - uni,m: Ampt) - (Amxn," Iot - uni,m) - <:Ot - uni,m: > + Fm(pb uni,m)

ni,m
={ps — un,-,myAmpt — Al im) + {pr = uni,m:Amun,i,m _Amxnl->

Mni,m - xni

- <pt - Mn,',m’ > + F(pt: uni,m)' (320)

nj,m

Since A,, is Lipschitz continuous, we find from (3.14) that A,,1,,; sy — A%, — 0 as i — oo.
From the monotonicity of A,,, we get that

(0t = Unjyms Am Pt — AmUniym) = 0.
In view of (A4), we find from (3.20) that

(0t =@ Ampr) = F(pr, q)- (3.21)
With the aid of (A1), (A4), we obtain from (3.21) that

0 = F(py, pt) < tF(ps, u) + (1 - £)F (s, q)
S tF(ptx M) + (1 - t)(:Ot - q¢AmPt)

= tF(pr,u) + (1= )t (u — q, A pr),
which implies that
F(pgu) + (1= t)(u - g, Ampy) = 0.
Letting ¢ — 0 in the above inequality, we arrive at
F(q,u) + (u—q,Anq) > 0.

This shows that g € EP(F,,;,A,,), V1 < m < N. This completes the proof that g € F. Put
X = Prx;, we obtain that

ey = X[l < [l — gll < liminf [lx; — x|
=00

< limsup [lx; — %, | < [l — X[,

i—00
which yields that
Tim [l — %, || = ll%1 — gl = [l = X]].
I—> 00

It follows that {x,, } converges strongly to x. Therefore, we can conclude that the sequence
{x,,} converges strongly to Xx = Prx;. This completes the proof. O
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Based on Theorem 3.1, we have the following results.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R which satisfies (A1)-(A4) and let A : C — H be a &-inverse-
strongly monotone mapping. Let S : C — C be an asymptotically k-strict pseudocontrac-
tion. Assume that F := F(S) N EP(F,A) is nonempty and bounded. Let {o,} and {B,} be
sequences in [0,1] and {r,} be a positive sequence. Let {x,} be a sequence generated in the
following manner:

x1 €H,

Ci=H,

F(u,,u) + (Ax,, u — u,) + %(u—un,un -x,)>0, VuedC,
In = onn + (L= 0n)(Butty + (1 = B1)S" ),

Cn+1 = {W € Cn : ”_yn - W”2 =< ”xn - W”z + 9,,},

Kn+l = PCn+1x1! n= 0:

where 6, = (1 — a,,)(k, — 1)®, and ©, = sup{|lx, — w||?> : w € F}. Assume that the control
sequences {o,}, {B,} and {r,} satisfy the following restrictions:

@ 0<a,<a<l,0<k<B,<b<l;

(b) 0<d=<r,<e<?2é.
Then the sequence {x,} converges strongly to some point x, where X = Prx;.

Proof Putting F,, =F, A,, = A and r,,,, = r, in Theorem 3.1, we see that ZZZI VimWnm =
uy,. With the aid of Theorem 3.1, we can easily conclude the desired conclusion. O

If S is asymptotically nonexpansive, then Corollary 3.2 is reduced to the following.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R which satisfies (A1)-(A4) and let A : C — H be a &-inverse-
strongly monotone mapping. Let S : C — C be an asymptotically nonexpansive mapping.
Assume that F := F(S)NEP(F, A) is nonempty and bounded. Let {«,,} and {B,} be sequences
in [0,1] and let {r,} be a positive sequence. Let {x,} be a sequence generated in the following

manner:
X1 € H,
Cl = H)

F(uy,u) + (Ax, u — u,) + %(u—un,un -x,)>0, VuedC,
Yn = OpXy + (1- Oln)(ﬁnun +(1- ,Bn)Snun),
C;’1+1 = {W € Cn : ”yn - W”2 S ”xn - W”Z + 9,,},

Xn+l = PCn+1xl! n= 0:

where 6, = (1 — a,,)(k, — 1)®, and ©, = sup{|lx, — w||?> : w € F}. Assume that the control
sequences {o,}, {B,} and {r,} satisfy the following restrictions:

(@ 0<a,<a<l,0<p,<b<l;

(b) 0<d=<r,<e<?2é.
Then the sequence {x,} converges strongly to some point x, where x = Prx;.
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Putting B, = 0 in Corollary 3.3, we have the following.

Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R which satisfies (A1)-(A4) and let A : C — H be a &-inverse-
strongly monotone mapping. Let S : C — C be an asymptotically nonexpansive mapping.
Assume that F := F(S) NEP(F, A) is nonempty and bounded. Let {«,,} be a sequence in [0,1]
and {r,} be a positive sequence. Let {x,} be a sequence generated in the following manner:

xleH,

Ci=H,
1

F(uy, u) + (Ax,, u — u,) + E(u—un,un -x,)>0, VuedC,
Yn=0pXy + (1 - an)Snun’

Cr = (W€ Gyt llyn = wl* < [y = Wil + 6,),

Xn+l = PCn+1x1! n= Oy

where 6, = (1 — a,,)(k, — 1)®, and ©, = sup{|lx, — w||*> : w € F}. Assume that the control
sequences {o,} and {r,} satisfy the following restrictions:

@) 0<a,<ac<l;

(b) 0<d=<r,<e<?2&.
Then the sequence {x,} converges strongly to some point x, where X = Prx;.

Corollary 3.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
Ay : C — H be a &,,-inverse-strongly monotone mapping, for each 1 <m < N, where N > 1
is some positive integer. Let S : C — C be an asymptotically k-strict pseudocontraction.
Assume that F := F(S) N ﬂﬁzl VI(C,A,,) is nonempty and bounded. Let {«,} and {B,} be
sequences in [0,1] and {r,,,} be a positive sequence. Let {y, .} be a sequence in [0,1] for
each 1 <m < N such that ZZZI Yum = 1. Let {x,} be a sequence generated in the following

manmner:
X1 € H,
Ci=H,

Upm = PC(xn - rn,mAmxn)r
yn =0pXy + (1 - an)(,Bn Zly\nlzl yn,mun,m + (1 - ﬂn)Sn Z%ﬂ Vn,mun,m):

Cor = (W € Gt llyn = Wi < [l = Wil + 6,),

Xn+l = PCn+1xl1 n= O’

where 6, = (1 — a,))(k, — 1)©,, and ©,, = sup{||x, — w||> : w € F}. Assume that the control
sequences {ay}, {Bu}s {Vu1lr - {Vun} {ru1}s - .. and {r, N} satisfy the following restrictions:
(@ 0<a,<a<l,k<B,<b<l
(b) O<c<yym=<land0<d<r,,, <e<2§, foreachl <m<N.

Then the sequence {x,} converges strongly to some point x, where x = Prx;.

Proof In Theorem 3.1, put F,(x,y) = 0 for all x,y € C. From

(Amxm u— Mn,m) + <Lt - un,m: un,m - xn):

T'n,m
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we have

(U — Uy Xy — U — TmAmxn) >0, YueC.
This implies that

Unm = Pc®y — TymAm%n)-

In view of Theorem 3.1, we can immediately obtain the desired conclusion. This completes
the proof. 0

Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F,,
be a bifunction from C x C to R which satisfies (A1)-(A4) for each 1 <m < N, where N > 1
is some positive integer. Let S : C — C be an asymptotically k-strict pseudocontraction.
Assume that F := F(S) N ﬂ%zl EP(F,,) is nonempty and bounded. Let {a,} and {B,} be
sequences in [0,1] and {r,,,} be a positive sequence. Let {y, .} be a sequence in [0,1] for
each 1 <m < N such that anfﬂ Yum = 1. Let {x,} be a sequence generated in the following

mamnmner-.
X1 € H,
C, =H,

Fm(un,m: M) + ﬁ(u = Unm> Un,m _xn) >0, VYuecC,

Yn = OpXy + (I —a,)(Bn Z],\nlzl VYnmUnm + (1-pB,)S" 25:1 Vn,mun,m),

C';'1+1 = {W € Cn : ”yn - W”2 S ”xn - W”Z + 9,,},

Xntl = PCn+1xl! n= 0:

where 6, = (1 — a,,)(k, — 1)©,, and ©,, = sup{||x, — w||? : w € F)}. Assume that the control
sequences {a,}, {Bu}s Vi1l - (Vun} {rn1}s - .. and {r, N} satisfy the following restrictions:
(@) O<a,<a<l,k<B,<b<l;
(b) O<c<yym=<land0<d <ry, <e<ooforeachl <m<N.

Then the sequence {x,} converges strongly to some point x, where X = Prx;.

Proof In Theorem 3.1, put A,, = 0. Then, for any &, > 0, we see that
(x—y,Amx—Amy) > Sm”Amx_Amy”z, Vx,ye C.

Let {r,,,} be a sequence satisfying the restriction d < r, < e, where d,e € (0,00). Then
we can obtain the desired conclusion easily from Theorem 3.1. This completes the proof.
O
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