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1 Introduction
In reference [1], Chow and Teicher gave a limit theorem of almost certain summability of
i.i.d. random variables as follows.

Theorem (Chow et al., 1971) Let a(x), x > 0 be a positive non-increasing function and
an =a(n), Ay =Y 1, ar, by = Ayla,, where

1) Ay — oo

(2) 0<liminf, %"a(log b,) <limsup, b;”a(log b,) < 00;

(3) xa(log® x) is non-decreasing for x > 0, then i.i.d. {X,X,} are a, summable, i.e.,

n
T,=A; Zaka -C,—>0 ac
k=1

for some choice of centering constants C,, if and only if
El)(|¢z(log§r |X|) < 00,

Motivated by Chow and Teicher’s idea, in this paper we consider the problem of arbi-
trarily dependent random variables and their limiting behavior from a new perspective.

Throughout this paper, let N denote the set of positive integers, {X, X,,, F,,n € N} be
a stochastic sequence defined on the probability space (€2, F,P), i.e., the sequence of o-
fields {F,,n € N} in F is increasing in #, and {F,} are adapted to random variables {X,,},
Fo denotes the trivial o field {®, 2} and 1 the indicator function.

We begin by introducing some terminology and lemmas.

Definition 1 (Adler et al., 1987 [2]) Let {X,,n € N} be a sequence of random variables, and
it is said to be stochastically dominated by a random variable X (we write {X,,,n € N} < X)
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if there exists a constant C > 0, for almost every w € €2, such that

sup]P’{|Xy,| > t} < CIP’{|X| > t} forall £ > 0.
neN

Lemma 1 (Chow et al., 1978 [3]) Let {X,, F,n € N} be an L, (1 < p < 2) martingale dif-
Serence sequence, if Y ey E(1X,|P | 1) < 00, then Y ooy X, a.c. converges.

Lemma 2 Let {X,X,,n € N} be a sequence of random variables. If {X,,} < X, then for all
t>0,

EIX,[*1)x, 1< < C[EP(1X] > £) + EX*1x <4 -

Proof By the integral equality
t
2/ SP(1Xal > s) ds = P(1Xu| > t) + E1X,*1x, <05
0
it follows that
t
EIX, 1, 1< < 2/ sP(1X,| > s) ds
0
t
< 2c/ sP(IX| > s)ds = C[£P(1X| > t) + EX*1(x<4]- 0
0

2 Strong law of large numbers
In this section, we always assume that a(x), x > 0 is a positive non-increasing function and
an =a(n), Ay =Yy, ar, by = Ayla,, where

1) Ay — o0;

(2) 0 <liminf, %”a(log b,) <limsup, %”a(log b,) < 00;

(3) xa(log* x) is non-decreasing for x > 0.

Theorem 1 Let {X,X,} be a sequence of random variables with {X,} < X. If
E|X|a(log* |X|) < oo, then

1 ¢
lim = > ak[ Xk - EQGd <50 Fi1)] = 0, ac. (2.1)
" k=1

Proof To prove (2.1) by applying the Kronecker lemma, it suffices to show that

o0
X, — EQGA <11 P
the series Z n = EX, anl_bnﬂ 1)
n

converges a.c.

n=1

Since 0 < a(x) |, (1) guarantees that b, 1 co. Choose 1, such that n > m, implies
an < bya(logh,) < Bn (2.2)

whence b, > anla(logb,,)] ™ for n > m > m entailing

> 2(log b,,
3 b2 < 40080 (23)
k=m a m
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Put Yy, = Xy d[x,1<b,]s Zn = Xul[x,15b,)» ObViously, X, = Y, + Z,, n € N. Note that {X,,} <X
and the condition E|X|a(log* |X]) < oo, we have

> P(1Xal > ba)
n=1

mp-1 o)
= Y P(IXul > bu) + Y P(1Xul > b
n=1 n=mg

<m0—1+CZ |X|>b

n=mgy

<mg-1+C Z |X|a 10g|X|) > bya(logb, ))

n=mgy
<m0—1+CZ |X|a 10g|X|)>an)<oo, (2.4)
n=mgy
which shows
P(X, # Zy,i.0.) = 0. (2.5)

Let W, = Z—: - E(};—Z | Fu-1), then (W,,, F,,, n € N) is a martingale difference sequence.

Since

iEﬁ _ i EX{x;1<by)
2 2
k=1 bk bk

k=1

> EX?1x <

Z[El[l)bbk %} (by Lemma 2)

k=1 k

o0 mgo—1

EX? 1[\X|<b ]
Z Eljjxpsy) + C(Z Z) k
k=1 k=mg

[o¢] 00 k
SCZP(IXI>bk)+C(mo—1)+CZbk2</ X2+Z/ X2

k=1 k=mq (1 Xk <bmg-1] i=my ¥ i-1<1X|=bi]

W+CY Y b / X* (by(24)

i=mg k=i [bi-1<IX|<b;]
o0
<O +a”C ) i'a*(logh;) X (by (23))
i=mg (bi1<IX|<b;]
o0
<0 +aBC Y allogh) IXI (by (2.2)
i=mg [bi—1<IX|<b;]
<0Q) +a2pC Z / 1X|a(log |X]) < 0o (2.6)
[bi-1<I1X|<b;]

i=my
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Note that

E[iE(Wﬁl]—"ﬂ_l)}

IA
Ty
1
i[]e
try
N
:B::’;E
o
o
| I |

YVI
= ZEb_2 < 00, (2.7)
n=1 n

which implies that ) -, E(W?2|F,_1) < o a.c. Hence, by Lemma 1, we have Y 2, W, a.c.
convergence.
Theorem 1 follows from (2.5) and (2.7). O

Theorem 1 also includes some particular cases of means, we can establish the following.

Corollary 1 Let {X,X,,n € N} be a sequence of random variables with {X,} < X. If for
1X]

—= < 00, then
log | X[1(1x|5¢] ’

somee >0, E

n

1 Z[Xk _E(Xkl[IXI/;Sklogk]LFkl)] 0, ac

Corollary 2 Let {X,X,,,n € N} be a sequence of random variables with {X,} < X and for

some k > 2,

a, = [n(log n)---(log;_; ”)]_1’

where log, n =logn, log; n = log(log,_, n), k > 2, if for all large C > 0,

X 1yx1>c)
(log|X])- - - (log, IX1)

< 00,

then
1 n
lim —— D ak[ Xk - EQGd <50 | Fi1)] = 0, acc.
" k=1

Corollary 3 Let {X,X,,n € N} be a sequence of random variables with {X,,} < X. Further,
let Fy=0(Xy,...,X,) and F_, = {¢, 2}, n> 0. IfE|X|a(log" | X|) < oo, then for any m > 1,

1 ¢
lim = > ak[ Xk - EQGd <50 Fiem)] = 0, ac. (2.8)
" k=1

Proof Since {Xym+1, Fum+i» 1 > 1} is an adapted stochastic sequence and {X,,.;} < X, by
Theorem 1, we have for [ = 0,1,...,m — 1 that

[e¢]

Z Kot = EXumet (1, 11 <bymgt) | F (n=Lymsd)

converges a.c.

-1 bnm+l
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Therefore, we have

o]

Z Xn _E(Xn1[|Xn\§bn] |]:n—m)
by,

n=m

m-1

— i Xnm+l — E(Xnerll[\Xnm”\gban] |‘/—-'(”*1)Wl+l)

converges a.c.

1=0 n-1 bnm+l

O

Corollary 4 Let {X,,n € N} be a sequence of m-dependent random variables. Further, let
Fun=0Xs,...,Xy) and F_, = {¢,2},n > 0. If there exists a random variable X such that
{X,,} < X and E|X|a(log" |X|) < oo, then

1
11;nA_ de[Xk_E(Xkl[\Xk\sbk])] =0, ac
" k=1

Proof Note that {X,,n € N} is a sequence of m-dependent random variables, then
E(Xy|Fy-m) = EX,, Corollary 4 follows directly from Corollary 3. O

Definition 2 (Stout, 1974) Let {X,,, n € N} be asequence of random variables, and let )" =
0(Xy..., Xin). We say that the sequence {X,,,n € N} is *-mixing if there exists a positive
integer M and a non-decreasing function ¢(n) defined on integers n > M with lim,, ¢(n) =
0 such that for n > M, A € F{" and B € F,\,,, the relation

[P(A N B) -~ PA)PB)] < p(nP(A)F(B)

holds for any integer m > 1.

It has been proved (cf [4]) that the *-mixing condition is equivalent to the condition
’]P’(B|]—'6”) - ]P’(B)’ <@n)P(B), a.c.

for Be F°°

oo »and m > 1 implies

|EXoisml FG") = EXovim | < @(ME| X il acc. (2.9)
Theorem 2 Let {X, X, n € N} be a sequence of *-mixing random variables with {X,} < X.

Further, let F,, = 0(Xy,...,X,) and F_, = {¢, 2}, n > 0. If max{E|X|, E|X|a(log" |X|)} < oo,
then

1
hignA— Zak[Xk - EXidyx, <601 =0,  a.c.
" k=1
Proof By Corollary 3, we have, for each m > 1,

1
11fgnA_ de[Xk _E(Xkl[\xk\sbkﬂfk—m)] =0, ac
" k=1
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Since {X,,, n € N} is *-mixing, by (2.8) and (2.9), we obtain

1 n
A Z ar[Xi = EXiclx; <y
" k=1
1 n
=4 D k[ X - EQG g <) | Fm) ]
" k=1
1 n
o > i [EQGL 120 | Fiom) = EXid 1 <ty ]|
" k=1
Ly o(m) ¢
=\ Zﬂk[Xk — EXL iy <ty ) | Fiem) ] | + Z”kE|Xk|1[\Xk|sbk]
" ke " k=l
1 n
e > ak[ Xk = EQXG < | Fiem) ] | + 9(mEIX| — 0 a.c. (as n — o0).
" k=1
Thus, using the Kroneker lemma, Theorem 2 follows. 0
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