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Abstract

In this article, based on Marino and Xu's method, an iterative method which
combines the regularized gradient-projection algorithm (RGPA) and the averaged
mappings approach is proposed for finding a common solution of equilibrium and
constrained convex minimization problems. Under suitable conditions, it is proved
that the sequences generated by implicit and explicit schemes converge strongly.
The results of this paper extend and improve some existing results.
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1 Introduction

Let H be a real Hilbert space with the inner product (-, -) and the induced norm || - ||. Let C

be a nonempty, closed and convex subset of H. We need some nonlinear operators which

are introduced below.

Let T,A : H — H be nonlinear operators.

.

T is nonexpansive if || Tx — Ty|| < ||x — y|| for all x,y € H.

T is Lipschitz continuous if there exists a constant L > 0 such that

| Tx — Ty|| <L|x—y| forallx,y € H.

A is a strongly positive bounded linear operator if there exists a constant y such that
(Ax,x) > 7 |x||? for allx € H.

A:H — H is monotone if (x — y,Ax — Ay) > 0 for all x,y € H.

Given is a number >0, A : H — H is n-strongly monotone if

(x —y,Ax — Ay) > n|lx —y||> forall x,y € H.

Given is a number v > 0. A : H — H is v-inverse strongly monotone (v-ism) if

(x —y,Ax — Ay) > v||Ax — Ay||? for all x,y € H.

It is known that inverse strongly monotone operators have been studied widely (see
[1-3]) and applied to solve practical problems in various fields; for instance, in traffic
assignment problems (see [4, 5]).

T is firmly nonexpansive if and only if 27 — I is nonexpansive or, equivalently,
(x—y, Tx = Ty) > | Tx - Ty||? for all %,y € H.
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o T:H — H is said to be an averaged mapping if T = (1 — «)I + «S, where « is a number
in (0,1) and S : H — H is nonexpansive. In particular, projections are (1/2)-averaged
mappings.

Averaged mappings have received many investigations, see ([6—10]).

Let ¢ be a bifunction of C x C into R, where R is the set of real numbers. The equilibrium

problem for ¢ : C x C — R is to find x € C such that

¢(x,y) >0 forallyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(¢). Given a mapping 7 : C — H, let ¢(x,y) =
(Tx,y — x) for all x,y € C. Then z € EP(¢) if and only if (Tz,y —z) > 0 for all y € C, i.e.,
z is a solution of the variational inequality. Numerous problems in physics, optimization
and economics reduce to finding a solution of (1.1). Some methods have been proposed to
solve the equilibrium problem; see, for instance, [11-15].

In 2000, Moudafi [16] introduced the viscosity approximation method for nonexpansive
mappings. Let /1 be a contraction on H, starting with an arbitrary initial xy € H, define a
sequence {x,} recursively by

Xnsl = anh(xn) + (1 - an)Txm n>0, (12)

where {o,} is a sequence in (0,1). Xu [17] proved that under certain conditions on {«,},
the sequence {x,} generated by (1.2) converges strongly to the unique solution x* € F(T)
of the variational inequality

(I -h)x*,x—x*)>=0 VxeF(T).

We use F(T') to denote the set of fixed points of the mapping T’ thatis, F(T) ={x e H: x =
Tx}.

In 2006, Marino and Xu [18] introduced a general iterative method for nonexpansive
mappings. Let /1 be a contraction on H with a coefficient p € (0,1), and let A be a strongly
positive bounded linear operator on H with a constant y > 0. Starting with an arbitrary
initial guess x¢ € H, define a sequence {x,,} recursively by

Xpe1 = oY hlx,) + [ —,A)Tx,, n>0, (1.3)

where {o,} is a sequence in (0,1), and 0 < y < y/p is a constant. It is proved that the se-
quence {x,} converges strongly to the unique solution x* € F(T) of the variational inequal-

ity
((yh —A)x*,x — x*) <0 VxeF(T).
For finding the common solution of EP(¢) and a fixed point problem, Takahashi and

Takahashi [11] introduced the following iterative scheme by the viscosity approximation
method in a Hilbert space: x; € H and

Uny) + L —upu, —x,) >0 VyeC,
P y) + 5y ) > 'y (1.4)

X1 = oh(x,) + (1 — o) Suay,
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for all n € N, where {&,} C (0,1) and {r,} C (0,00) satisfy some appropriate condi-
tions. Further, they proved {x,} and {u,} converge strongly to z € F(S) N EP(¢), where
z = Ppsnep(g)h(2).

On the other hand, let f : C — R be a convex function, and consider the following min-

imization problem:
minf(x). (1.5)
xeC

Assume that the constrained convex minimization problem (1.5) is solvable, and let U de-
note the set of solutions of (1.5). Then the gradient-projection algorithm (GPA) generates
a sequence {x,}5, according to the recursive formula

i1 = Projc (I — vu V)%,

where the parameters y,, are real positive numbers, and Proj - is the metric projection from
H onto C. It is known that the convergence of the sequence {x,}:°, depends on the behav-
ior of the gradient Vf. If the gradient Vf is only assumed to be inverse strongly monotone,
then {x,}°, can only be convergent weakly to a minimizer of (1.5). If the gradient Vf is
Lipschitz continuous and strongly monotone, then the sequence {x,}:°, can be convergent
strongly to a minimizer of (1.5) provided the parameters y,, satisfy appropriate conditions.

As everyone knows, Xu [9] gave an averaged mapping approach to the gradient-
projection method, and he constructed a counterexample which shows that the sequence
generated by the gradient-projection method does not converge strongly in the infinite-
dimensional space. Moreover, he presented two modifications of the gradient-projection
method which are shown to have strong convergence.

In 2011, motivated by Xu, Ceng [19] proposed the following iterative algorithm:
Kyl = Projc[s,,y Va, + (I - sn/LF)Tnx,,], n=>0, (1.6)

where V : C — H is an [-Lipschitzian mapping with a constant [ > 0, and F: C — H is
a k-Lipschitzian and n-strongly monotone operator with constants k,7 > 0. Let 0 < u <
29/k?,0<yl<t,andT=1- m Let T, and s, satisfy s, = Z_X”L, Proj (I -
A Vf) =s,I + (1 = s,)T,. Under suitable conditions, it is proved that the sequence {x,}52,

generated by (1.6) converges strongly to a minimizer x* of (1.5).
In 2012, Tian and Liu [20] introduced the following iterative method in a Hilbert space:
x1 € C and

1
¢(un’y) + lg_n<y_ Uy, Uy —Xy) > 0 V)’ eC, (1.7)

Xps1 =y Vi, + ([ -0, A)Tou, VneN,

where u,, = Qg, %, Projo(I-A,Vf) = s, L+ (1=5,) Ty, s = # and {A,} C (0,2/L), and {«,,},
{Bu}, {sn} satisfy appropriate conditions. Further, they proved the sequence {x,} converges

strongly to a point g € U N EP(¢), which solves the variational inequality

(A-yV)g.q-2)<0, zeUNEP@).
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It is the first time that the equilibrium and constrained convex minimization problems
have been solved.
Since, in general, the minimization problem (1.5) has more than one solution, so regu-

larization is needed. Now we consider the following regularized minimization problem:
: a
minf, (%) := f (x) + [l
xeC 2

where « > 0 is the regularization parameter, f is a convex function with a 1/L-ism continu-
ous gradient Vf. Then the regularized GPA generates a sequence {x,};-, by the following

recursive formula:
Xp+l = ProjC(I - Vvﬁxn)xn = Projc[xn - )/(Vf + O‘nl)(xn)]r (1.8)

where the parameter «, > 0, y is a constant with 0 < y < 2/L, and Proj. is the metric
projection from H onto C. We all know that the sequence {x,}32, generated by algorithm
(1.8) converges weakly to a minimizer of (1.5) in the setting of infinite-dimensional spaces
(see [21]).

In this paper, motivated and inspired by the above results, we introduce a new iterative
method: x; € H and

U Y) + 2y =ttty —x,) >0 VyeC,
D(uny) + 50y )20 Vy (1.9)

Kps1 = UtV + [ — a,A) Ty, u, VneN,

for finding a element of U N EP(¢), where u, = Qg,%,, Projc(I — y Vf,,,) = 0.l + 1= 6,) T},
0, = W, y € (0,2/L). Under appropriate conditions, it is proved that the sequence
{x,} generated by (1.9) converges strongly to a point z € U N EP(¢), which solves the vari-
ational inequality

(A-rV)z,z-x) <0, x€UNEP(®).

2 Preliminaries
In this section we introduce some useful properties and lemmas which will be used in the
proofs for the main results in the next section.

Some properties of averaged mappings are gathered in the proposition below.

Proposition 2.1 [7, 8] Let the operators S, T,V : H — H be given:
(i) IfT=Q0-a)S+aV forsome a € (0,1) and if S is averaged and V' is nonexpansive,
then T is averaged.
(i) The composition of finitely many averaged mappings is averaged. That is, if each of
the mappings {T;YY, is averaged, then so is the composite Ty - - - T. In particular, if
Ty is az-averaged and T, is ay-averaged, where oy, a3 € (0,1), then the composite
T1 T, is a-averaged, where o = o) + 0g — a1 0tp.

(iti) If the mappings {T;}N, are averaged and have a common fixed point, then

N
[\Fix(T3) = Fix(Ty - T).
i=1
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Here the notation Fix(T) denotes the set of fixed points of the mapping T'; that is,
Fix(T):={x € H: Tx = x}.

The following proposition gathers some results on the relationship between averaged

mappings and inverse strongly monotone operators.

Proposition 2.2 [7,22] Let T : H — H be given. We have:
(i) T is nonexpansive if and only if the complement I — T is (1/2)-ism;
(i) If T is v-ism, then for y >0, y T is (v/y)-ism;
(iii) T is averaged if and only if the complement I — T is v-ism for some v > 1/2; indeed,
fora €(0,1), T is a-averaged if and only if [ — T is (1/2a)-ism.

Lemma 2.1 [9] Assume that {a,}3., is a sequence of nonnegative real numbers such that
Aps1 = (1 - Vn)ﬂn + yrzan + ,Bm n= 0,

where {y,}:°o and {B,}52, are sequences in (0,1) and {5,,}52, is a sequence in R such that
(1) anio Yn = O0;
(ii) either limsup,_, 8, <0 or Y o) ¥uldul < 00;

(i) Y02y Bu < 00.

Then lim,,_, o a, = 0.
The so-called demiclosed principle for nonexpansive mappings will often be used.

Lemma 2.2 (Demiclosed principle [23]) Let C be a closed and convex subset of a Hilbert
space H and let T : C — C be a nonexpansive mapping with Fix(T) # 0. If {x,}°2, is a
sequence in C weakly converging to x and if {(I — T)x,}52, converges strongly to y, then
(I = T)x =y. In particular, ify = 0, then x € Fix(T).

Lemma 2.3 [18] Let H be a Hilbert space, let C be a closed and convex subset of H, let

V : C — H be a Lipschitzian operator with a coefficient | > 0, and let A : C — H be a
strongly positive bounded linear operator with a coefficient y > 0. Then, for 0 <r < y/I,

(k=3 A-rV)x—(A-rV)y)

> -mlx-ylI> ¥xyeC.
That is, A — rV is strongly monotone with a coefficient y — rl.

Recall the metric (nearest point) projection Proj- from a real Hilbert space H to a closed
and convex subset C of H is defined as follows: given x € H, Proj «x is the unique point in
C with the property

[lx = Proj- x|l = inf{ lx=yll:ye C}.

Proj - is characterized as follows.
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Lemma 2.4 Let C be a closed and convex subset of a real Hilbert space H. Given x € H
and y € C. Then y = Proj- x if and only if the following inequality holds:

(x—y3,y-2)>0 VzeC.

Lemma 2.5 [18] Assume that A is a strongly positive bounded linear operator on a Hilbert
space H with a coefficient y >0 and 0 <t < ||A||™ . Then | I —tA| <1-ty.

For solving the equilibrium problem for a bifunction ¢ : C x C — R, let us assume that
¢ satisfies the following conditions:

(A1) ¢(x,x) =0 forallx € C;

(A2) ¢ is monotone, i.e., p(x,y) + ¢(y,x) <0 for all x,y € C;

(A3) foreachx,y,ze C, limgop(tz + (1 -2)x,y) < P(x,9);

(A4) foreachx € C, y > ¢(x,7) is convex and lower semicontinuous.

Lemma 2.6 [24] Let C be a nonempty, closed and convex subset of H and let ¢ be a bi-
function of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then there exists z € C
such that

1
o(z,y) + ;(y—z,z—x) >0 forallycC.

Lemma 2.7 [13] Assume that ¢ : C x C — R satisfies (A1)-(A4). For r >0 and x € H,
define a mapping Q, : H — C as follows:

1
Q) = {zeC:¢>(z,y)+ ;(y—z,z—x) >0Vye C}.

Then the following hold:
(1) Qy is single-valued,;
(2) Qy is firmly nonexpansive, i.e., |Qx — Q¥|? < (Qux — Q.y,x — y) for any x,y € H;
(3) F(Q,) =EP(¢);
(4) EP(¢) is closed and convex.

We adopt the following notation:
+ x, — x means that x,, — x strongly;

« x, — x means that x,, — x weakly.

3 Main results

Recall that throughout this paper we always denote U as the solution set of the constrained
convex minimization problem (1.5), and denote EP(¢) as the solution set of the equilib-
rium problem (1.1).

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Let
V : C — H be Lipschitzian with a constant / > 0, and A : C — H be a strongly positive
bounded linear operator with a coefficient y > 0, and 0 < r < y/l. Suppose that Vf is
1/L-ism continuous. Let Qg, be a mapping defined as in Lemma 2.7. We now consider
the following mapping S,, on H defined by

Sn(x) = a,rVQp, (%) + [ — 0, A) T3, Qp,(x) VYxeH,nmeN,
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where Projc(I - yVf,,) = 6l + (1 = 0,) T, 6, = 2221 and y € (0,2/L), {e} € (0,1). 1t
is easy to see that S, is a contraction. Indeed, by Lemma 2.5 and Lemma 2.7, we have for
eachw,ye H

Sux = Suy

= | (arVQp,x — urVQp,3) + (I — a,A) 5, Qg — (I — 0, A) T, Qp,y

<aurlllx =yl + A —any)llx -yl

= (L-au(7 =rD)llx - yll.

Since 0 <1 - «a,(y —rl) <1, it follows that S, is a contraction. Therefore, by the Banach
contraction principle, S, has a unique fixed point x,, € H such that

Xn = anerﬂn (%) + (I - OlnA)TAn Q/S,, (%)

Note that x,, indeed depends on V as well, but we will suppress this dependence of x,, on
V for simplicity of notation throughout the rest of this paper.
The following theorem summarizes the properties of the sequence {x,}.

Theorem 3.1 Let C be a nonempty, closed and convex subset of a Hilbert space H. Let ¢
be a bifunction from C x C — R satisfying (A1)-(A4), and let f : C — R be a real-valued
convex function, and assume that the gradient Vf is 1/L-ism with a constant L > 0. Assume
that UNEP(¢) #@. Let V : C — H be Lipschitzian with a constant | > 0,and let A: C — H
be a strongly positive bounded linear operator with a coefficient y >0, and 0 <r < y /1. Let
the sequences {u,} and {x,} be generated by

U Y) + 2y =ttty —x,) >0 VyeC,
D(uny) + 50y )20 Vy 3.1)

Xn =gV + ([ —0,A) Ty u, VneN,

where u,, = Qg, %y, Projc(I - yVf,,) =6, + 1-6,)T,, 0, = w and y € (0,2/L). Let
{Bu}, {an} and {X,} satisfy the following conditions:
(i) {Bn} C(0,00), liminf,—. B, > 0;
(ii) {o} C(0,1), lim,_ o0 @t = 0;
(iti) {1} € (0,2/y —=L), Ay = 0(aty,).
Then the sequence {x,} converges strongly to a point z € U N EP(¢), which solves the vari-
ational inequality

(A-rV)z,z-x) <0, x€UNEP($). (3.2)
Equivalently, we have z = Pyngpg)(I — A + rV)(2).

Proof 1t is well known that & € C solves the minimization problem (1.5) if and only if for
each fixed 0 < y < 2/L, & solves the fixed-point equation

2—-yL
4

2+yL

x=Projc(I - yVf)x = X+ Tx.

It is clear that x = T, i.e., x € U = Fix(T).
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First, we assume that o, € (0, || A|™}). By Lemma 2.5, we obtain ||/ -, Al <1-a,7. Let
p € UNEP(¢), then from u,, = Qg,x,, we have

llun = pll = 11Qp, %1 — Qp, Il < [lxn — Pl (3.3)

for all # € N. Thus, we have from (3.3)

% — Pl
= ||tV + (I = ayA) Ty, 100 — p |
< |anrVity — s A@) | + I = yAll - | Tt - pl
< |eturVity = arV@)|| + |etarV () - 2uAp)
+ (1= awp) || Taten = Tn,, () + T, () — Tp |
< a,rlluy - pll + | rV(p) - AQ) |
+ (L= at )t = pll + (1= 0 7) | T, (p) - Tp |
< (L= au(7 = D) llxn = pll + | rV () - A || + (1 - 0, 7) | T, (p) - Tp| -

It follows that

1
y —rl

1-a,y
an(? - Vl)

[l - pll < [rvp)-Ap)| + | T:..(p) - Tp| . (3.4)

For x € C, note that

Projo(I -y Vi, )x =0x + (1—6,) Ty, %
and

Projo.(I -y Vf)x =0x + (1-0)Tx,

where 6, = W and 6 = %.

Then we get

|6 = 0)x + T, — T + 0Tx = 6, Ty, x| = |Projc( — y Vi, )x = Projc(I - y V)|

= yiulxll.
Since 6, = W and 0 = %, there exists M(x) > 0 such that

Any Sllxll + [ Tx1)

T, x—Tx| < < A, M(x), 3.5
I T5,% = Tx|| < TiyLi) S (x) (3.5)
where M(x) = y (5]1x|| + || Tx|)).
It follows from (3.4) and (3.5) that
1 M(p) Ay
-l = —— [ Vi) — A | + 222 2
y —rl y-rl a,
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Since A, = o(«,,), there exists a real number M’ > 0 such that 2—2 <M, and

[l — pl
MM
<L) -ap) + M
y —rl y —rl
_IrV(p) - Ap)Il + M'M(p)
N v—rl ’

Hence {x,} is bounded and we also obtain that {u,} is bounded.
Next, we show that ||x,, — u,| — 0.

Indeed, for any p € U NEP(¢), by Lemma 2.7, we have

llt, — plI*
= 1Qp,%n — Qg2
S <xn —P:Mn _p>

1
= 5(||xn —pII* + 1wy = pI* = Nty = 24lI7).

This implies that

ln = pI* < lotw =PI = ot — 211> (3.6)
Then from (3.5), we derive that

s — 12
= et Vit + (I = 0, A) Tyt - p|°
= | - wA)( T3, s~ p) + € Vit — 0, A)|*
< |t - )Tt~ p) |
+2|(I = AT ttn — )| - |@nr Vit — a, A)|| + |@urVia, — 2, A)|?
< (= 92| Tapttn = Topp + Top - T
+ 21 = 0u D) Tt = Pl | tur Vit — auA(p) | + 2| Vit — A(p) |
< (1= eu?)? (Iten - pll + 1 T30~ Tpll)°
+2(1 = ) (It = pll + | T, = Tpll) - (urlllien - pll + e[V (p) - A@)])
+ o [V, - AQ) [
< (1= @up)* + 201 = @ y)arl) ||y — plI®
+ (L= at )2y, - (M(p)) + 21 = 0t |4 — pll2nM(p)
+2(1 = 0, 7)1t = pllea || 7V () = A(p) | + 2(1 = 0,7 )2 M(P)etrll| e, — p|

+2(1 = o Y )AuM(p)ety ||”V(P) -A(p) “ + ‘Xﬁ(rl”un -pll+ ||”V(P) -A(p) ”)2
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It follows from (3.6) that

(1= aup)? +2(1 = @ p)aturl) 1ty — x>
< (1= @u7)? + 2(1 = @ p)atyrl = 1) |, — pl|*
+ 45 (M) + 2|ty — pll (nM(p) + o |V (p) - A) )
+ 20,2, M(p) (rl|u, = pll + |7V (p) - A(P) )
v a2 (rlllus —pl + | rVp) - AR)])".

Since both {x,} and {u,} are bounded and «,, — 0, A, — 0, it follows that ||«,, — x,| — 0.

We claim that ||x, — T, %,| — 0. Indeed,

”xn - Tknxn”
= ||xn - T)»,,”n + T)Lnun - TAanII
<% = To, thnll + 1 T 00 — T %l

< ay|lrVu, — AT, uul + ||ty — x|
Since «,, — 0 and ||u, — x,|| — 0, we obtain that

”xn - Tknxn” — 0.

Thus,
[z, — Tknun”
= ”un —Xp + Xy — TAnxn + Tknxn - TA,,”n”
< Nwtn = xull + 6n = T Xull + | Thy%n — To il
< Nty = xull + 160 = T, %ull + [l — 2|
and

”xn - T)W,Mn” =< ”un _xn” + ”TAnun _Mn”:

we have ||y, — Ty, u,|| — 0 and ||x, — T3, u,|| — O.

Since {u,} is bounded, without loss of generality, we can assume that u,, — z. Next, we
show that z € U N EP(¢).
By (3.5), we have
122, — Tuay, |
< Nun = Th,utnll + 1| T, th — Tty |

< Nty = To thnll + 1M (ut) — 0.

So, by Lemma 2.2, we get z € Fix(T) = U.

Page 10 of 22
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Next, we show that z € EP(¢). Since u,, = Qg,x,, for any y € C, we obtain

d’(umy) + IBLO} — Uy, Uy _xn) Z 0

From (A2), we have

,BLO) Uy, Uy — xn)Z(p(y’un)

and hence

<y ~ o, Lln,"B_ Kn; > > ¢()/; uni)-

nj

Since ”ﬁ ™ > 0 and u,, — z, it follows from (A4) that ¢(y,z) < 0 for any y € C.
Letz; = ty + (1 -1£)z, Vt € (0,1], y € C, then we have z; € C and hence ¢(z;,z) < 0.
Thus, from (Al) and (A4), we have

0 = ¢z, 2¢)
< td(z,y) + (1 - )p(21,2)
<t¢(z,y)

and hence ¢(z;,y) > 0. From (A3), we have ¢(z,y) > 0 for any y € C, hence z € EP(¢).

Therefore, z € U NEP(¢).
On the other hand, we note that
Xp—2 =V, + ([ — 0, A) T, Uy — 2
= (I — a0, ANT,,uy — 2) + ayrVu, — a,A(z)

= (I — 0, ANT, uy — 2) + yr(Vu, — V2) + (rV(z) — A(z)).
Hence, we obtain from (3.3) and (3.5) that

% — 211 = (I = wA) (T3, thn — 2), %0 — 2)

+ ot (Vity = Vz,5, = 2) + au(rV (2) - A(2), %, — 2)

< Q= ouP) T, thn = 2l |20 = 2|l + cturllle, — 2|l 1% — 2|
+ ou(rV (2) - A2), %, — 2)

< A=) (I To, 140 = To2ll + 1 To 2 = T2l ) 0 — 2|
+ tyrl|| = 2|60 — z]| + u(rV (2) = A(2), %, - 2)

< (L= awp)llxn —2l* + (L= )1 T,z — Tzl|l|%, - 2|
+ aurlllxy — z)1* + au(rV(2) — A2), %, — 2)

< (L-an(y =rD) 1% — 2l

+ (1 - oY) M(2) %, — z|| + a,,(rV(z) —A(z), %, — z).
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It follows that

1 2
%, — 21> < —— —M(2)llx, — 2] +

“y-rla, V@ -~ A@) % - 2).

In particular,

A
< n

2
||

%, — 2 EM(2) %, — 2| +

nj

Z i rl<r\/(z) - A(2), %, — z). (3.7)

Since x,, = z and A, = o(cy,), it follows from (3.7) that x,,, > z as i — oo.

Next, we show that z solves the variational inequality (3.2). Observe that x,, = o, 7V, +
(I —a, AT, u,.

Hence, we conclude that

1
(A-rV)x, = ——U - a,A)I - Ty, Qp,)%n + r(Vit, — Vx,).
oy

Since T3, Qpg, is nonexpansive, we have I — T;,Qp, is monotone. Note that for any given
x € UNEP(¢),

((A=rV)ay, 2 — )

1
= _a_<(1 — o, A)I = T5,Qp,)%n %n —x) +r{Vuy, — Vi, %, — %)

n

1
= _ot_<(1 = T5,Qp,)%n — (I = T3, Qp, )%, %, — x>

1
- a—ﬂ((l— T3, Qp, )% % —x) + <A(I = T5,Qp, ) %n %y —x)

+r{Vu, — Vx,,x, — x)

1
< ——((I = T5,Qp, )%, %y —x) + (A(I = T5,Qp,)%u, X —x)

Oy
+r{Vu,, — Vx,,x, — x)
1
== llc = To, s — 1| + | AU = T3, Qp, ) | 160 — ]|
n
+rllluy = xu |l [l — x|l
An
< a—M(x)len =2 + A%, — T5, Qp,xnll 12 — ||
n

+ 7|ty = % || 1% — 1.

Now, replacing # with #; in the above inequality, and letting i — oo, since %, = o(a,),

|, — T3, u,]l = 0, and |lu, — x,|| = 0, we have
(A-rV)z,z—x) <0.
It follows that z € U NEP(¢) is a solution of the variational inequality (3.2). Further, by the

uniqueness of the solution of the variational inequality (3.2), we conclude that x,, — z as

n— Q.
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The variational inequality (3.2) can be rewritten as
(I-A+rV)z—2,z-%)>0 VxeUNEP(¢).
By Lemma 2.4, it is equivalent to the following fixed-point equation:
Purepp){ —A+1rV)z =2z

This completes the proof. 0

Theorem 3.2 Let C be a nonempty, closed and convex subset of Hilbert space H. Let ¢ be a
bifunction from C x C — R satisfying (A1)-(A4), and letf : C — R be a real-valued convex
function, and assume that the gradient Vf is 1/L-ism with a constant L > 0. Assume that
UNEP(p) #D. Let V : C — H be Lipschitzian with a constant [ > 0, and let A: C — H be
a strongly positive bounded linear operator with a coefficient y >0, and 0 <r < y/l. Let the
sequences {u,} and {x,} be generated by x, € H and

1
¢(unry) + ﬂ_n (y — Uy, Uy _xn) Z 0 Vy € C; (38)

X1 = AtV + ([ — 0, A) Ty, u, VneN,

where u, = Qp, %y, Projc( = yVfi,) = 0ul + 1 = 0,) T3, 6, = ZXX2) and y € (0,2/L). Let
{Bu}, {a,} and {X,} satisfy the following conditions:

(C1) (B4} C (0,00), liminfyog By > 0, Y52, 1Bt — Bl < 05

(C2) {an} C(0,1), lim,_ o0y =0, Zzil oy = 00, Z;O:l |41 = 0| < 005

(C3) {An} C(0,2/y = L), hn = 0(n), 02, IAnar = A < 00.
Then the sequence {x,} converges strongly to a point z € U N EP(¢), which solves the vari-
ational inequality (3.2).

Proof It is well known that:
(a) 2 € C solves the minimization problem (1.5) if and only if for each fixed 0 < y < 2/L,
X solves the fixed-point equation

2—-yL, 2+vyL
2 X+

x=Projc(I - yVf)x = Tx.
It is clear that X = T, i.e., x € U = Fix(T).

(b) The gradient Vf is 1/L-ism.

(c) Proj-(I — yVf,,) is W averaged for y € (0,2/L), in particular, the following
relation holds:

2—y(L+Xry) . 2+y(L+A,)
I+

Proj-(I -y Vf,) =
wojc(l -y Vf,,) = = .

T, =0, +(1-6,)T;,.

Since o, — 0, we may assume that «,, € (0, ||A||™!). Now, we first show that {x,,} is bounded.
Indeed, pick p € U N EP(¢), since u, = Qg,x,, by Lemma 2.7, we know that

lotn = pll = 1Qp,%n — Qp,2Il < lI%n — Pl (3.9)
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Thus, we derive from (3.5) that

[%ne1 =2l = ||tarVity + (I - etyA) Ty, 1 — p|
= | (I - anA)(Ts, 10 — p) + ur Vi, — i, A(p) |
< (L= auP) | To 1t = pll + @ | Vit = Ap)
< (0= awp) (I T, 40 = T2l + 1 T2, = Tpll)
+ oy (| Vit = V()| + |1V (p) - AW)|)
< @ -an?)(ltn — pll + 2uM(p))
+ o, (rlllu, = pll + | PV (p) - A®)])
= (1= au(7 = D)) lttn = pll + (1 = 0, P)1uM(p) + s |7V (p) = A(p) |

= (1 —au(y _rl))”xn =pll+2M(p) + HVV(P) -Ap) ”

A M(p) IrV(p) - AQ)|l ]

= (L-an(7 = D) Ixn = pll + €n(p —rl)| == === + -
a, Yy —rl y —rl

Since A, = o(a,,), there exists a real number M’ > 0 such that ;\(—Z <M. Thus,

M'M(p) + IrV(p) - Alp)|l
y—rl '

”xn+1 —P|| < (1 - O5;'1(]7 - rl)) ”xn —P” + an(); - I"l)
By induction, we have

n>1.

MM(p) +|IrV(p) - A@)Il }

% = pll < maX{ % = plls -
y —rl

Hence {x,} is bounded. From (3.9), we also derive that {u,} is bounded.
Next, we show that ||x,,,1 —x,| — O.
Indeed, since

2-y(L+Ay) 2+ y(L+Ay,)
I+

Proj~-(I -y V = s
r0jc({ - ¥ Vf,) 4 1 .
we have
T - 4Projc(I -y Vf,) - [2 -y (L + 1)1
o 2+ y(L+Ai,) ’
So, we obtain that
” T;, (up-1) = Ty, (1) ”
_ | 4ProjcI -y VA, ) -2 -y (L + )‘n)]lu
2+ y(L+A,) n1
4ProjcI =y Vfy, )~ 2=y L+ A
2+ V(L + A1) -l

n-1

- 4Proj-(I -y Vf£,) B 4Proj-(I -y Vf,.,)
2+ y(L+Ay) 1 2+ YL+ A1)
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’ 2-y(L+ )»n)]lu B 2-y(L+r, )
2+ y(L+M\y) o 2+ (L + A1)
_ H 2+ y(L+ A1) ProjcI — y V) =42 + y (L + A)]Projc(I — vy Vfi,.) "
2+yL+r)2+y(L+Ayua)]

4y Ay — Ayl
2+ y(L+2A)][2+y(L+Ap1)]
B H 4y (Ay-1 — M) Projc(I = y V£,)
2+yL+a)]2+y(L+Aya)]
4[2 +y (L +2)]1(Projc(I - ¥ Vify,) — Projc(I =y Vi, 1))
2+yL+A)I2+y(L+Ay)]
+ 4y Ay — Ayl
2+ y(L+2A)][2+y(L+Ap1)]
4y [An = Apal | Projc (I = y VA, Jtn- |l
2+y@L+r)I2+y(L+Au)]
A2+ y @+ Al Proje( — y Vs, Jn-1 = Proje = y Vs, Jin-i |
2+y(L+2A)I2+ (L +Ay1)]
. 4y [Ay — Ap-1]
(2 +y(L+ )2+ y (L + Ay1)]

< A=l [¥ | Proic( = ¥ VAt | + 4y |l + ¥ 801 1]

ot ll

n-1

n-1

Nl

ot ll

< Klfhy = Ayl
for some appropriate constant K > 0 such that
K z y||Projc( - y VA, un-s | + 5yl .
Thus, we get

[1%241 = %,
= || [aanun + ([ —a,A)T;, u,,] - [a,,_eru,,_l + (- AT, u,,_l] ||
< llanrVity — o Vity || + lotur Vigy 1 — ety 1r Vit 1 ||
+ ” (I - a,A) T, un Tknun—1)||
+ |0 = wA) Tty — (I = €yt A) T, st |
< aprllly =ty || + lotn — a7l Vit || + (= ) stn = tha |
+ | To, b1 — T, gt || + N0tp1 AT, 1ty — 0y AT, 1y ||
< (L= an(y = D)1ty = st || + ety = pa |71 Vit |
+ | Tttt = T,y U || (1 + oAl + |y — ua AT, s |
< (1= an(y = )|ty — tps |
+ loty = et | (7l Vit || + |AT,, 1 1)

+ o = o | (K + KAL)
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Since both {Vu,_1} and {AT; ,u,_,} are bounded, we can take a constant E > 0 such that
E=r|Vuyall + AT, upall, n=1
Consequently,

11 = % |l < (1 —au(y - rl))”un — Up1ll

+ Elaty — otp] + [ Ay — Ayt | (K + [ANIK). (3.10)

From u,,1 = Qg,,,%4+1 and u,, = Qg,x,, we note that

1
¢(un+1;y) + B O’ — Upils Upsl — K1) > 0 Vy eC (3.11)
n+1
and
1
O (uy,y) + ﬁ—(y —UpUy—x,) >0 VyeC. (3.12)

Putting y = u,, in (3.11) and y = u,,4; in (3.12), we have

1
¢(un+1; un) + - <un — Up+l, Upyl — xn+1) > 0
ﬂn+l
and
1
Ot Upni1) + — (U1 — Ups Uy — %) = 0.
Bn
So, from (A2), we have
Uy —X Upsl — Xn+l
<un+1—um n n At n+ >ZO
ﬁn ﬂn+1
and hence
n
<un+1 —Upy Uy — Uyl + Uyl — Xy — —(un+1 - xn+1)> > 0.
n+l

Since liminf,_, o, B, > 0, without loss of generality, let us assume that there exists a real
number a such that 8, > a > 0 for all # € N. Thus, we have

2 ﬁn
l2tps1 — unll” < <Mn+l —UpyXnsl — Xy + (1 - >(un+l - xn+1)>

n+l

Bn

n+l

1-

< Nttps1 — | { %41 — Xl + l2£541 — X |l }1

thus,

1
”Mn+1 - un” = ||xn+1 _xn” + ; |,Bn+1 - ﬂn|M1’ (313)

where M = sup{||u, —x,| : n € N}.
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From (3.10) and (3.13), we obtain

- 1
16041 = %u [l < (1 — oy - I"l)) (”xn = X1l + ;llgn - /3n1|M1)
+ Elaty — a1 | + 1Ay = At |(K + |A]IK)

_ M
< (1= (7 = 1)) 120 = 2 a | + 71|ﬂn — Bul
+ Elty = @] + P = At (K + JA]IK)
=< (1 —au(y — rl))”xn = %p-1l

+M2(|,Bn = Bual + oy —apa| + |4y - )\n—1|)’
where M, = max{%,E, K + ||A||K}. Hence, by Lemma 2.1, we have
lim ||x,41 — %, = 0. (3.14)
n—00
Then, from (3.13), (3.14) and |B,.:1 — Bx| — 0, we have
lim ||#4,41 — uy|| = 0. (3.15)
n—0o0
For any p € U NEP(¢), as the same proof of Theorem 3.1, we have
Nty =PI < 120 = pI* = it = 211 (3.16)

Then, from (3.5) and (3.16), by the same argument as in the proof of Theorem 3.1, we
derive that

%01 = pII* < (A = 0up)? +2(1 = @y )eturl) (1%, = pII* = N1ty — 217
+ iy - (M(p))? + 2]l = pll (LM (p) + | 1V (0) - Ap) )
+ 20,0, M(p) (rlllun = pll + |7V (p) - AP) )
+ a2 (rllu, —pll + |rV(p) - AQ)])*.

Since both {x,} and {u,} are bounded, «,, — 0, A,, — 0, and ||x,,,1 — x,,|| = 0, we have

lim ||x, — u,|| = 0. (3.17)
n— o0

Next,
”xn - Tknxn”

= ”xn —Xp+l t Xpe1 — Tknun + Tknun - T}W,xn”
< en = Xnarll + %41 = Do, ull + 1 T, 0 — To 2l

< %y = X ll + aullrVu, —ATMM”H + [ty — %4 |
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and then
e = Th, %]l — 0. (3.18)

It follows that |lu, — Ty, u.|| — 0.
Now, we show that

limsup(x, — z, (rV — A)z) <0,

n—00

where z € U N EP(¢) is a unique solution of the variational inequality (3.2).
Indeed, since {x,} is bounded, without loss of generality, we may assume that x,, — x

such that
lim sup(x,, -z, (rvV - A)z) = klim (xnk -z, (rvV - A)z). (3.19)
n—00 — 00

By (3.17) and x,, — X, we derive that u,, — X.
Note that
lwn — Tuunll < oty — T, t8nll + 1 1o b — Tty ||
< ttn = To st ll + 2nM ().
Hence, by ||u,, — Ts,u,|| — 0, we get ||u, — Tu,|| — 0.
In terms of Lemma 2.2, we get x € Fix(T) = U.
Then, by the same argument as in the proof of Theorem 3.1, we have ¥ € U N EP(¢).

Since z € U N EP(¢) is the solution of the variational inequality (3.2), we derive from
(3.19) that

limsup(x, —z, (rV — A)z) < 0. (3.20)

n—0o0

Finally, we show that x, — z.
As a matter of fact,
KXpa1 — 2 = Vit + ([ — 0, A) T uy — 2
= (I — a0, AN, uy — 2) + yrVuy, — o, A(2)

= (I — 0y A) (T, by — 2) + 0ur(Vity — Vz) + as (rV (2) — A(2)).
So, from (3.5) and (3.9), we derive

%1 — 201> = (I = €wA) (T3, thn — 2), %ini1 — 2)
t+ ot (Vity = Vz, 8041 = 2) + {1V (2) = A(2), %101 — 2)
< Q= ouP)To, thn = 2l %041 = 2l + cprlllsn, =zl %01 — 2]l
+au(rV(2) — A(2), %1 — 2)

< (L= ?) (N Toyttn = T, 20l + 11 T3, 2 = T2 ) i1 = 2|
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+ aprllltn — 2| %1 — 2l| + 2(rV (2) — A2), X1 — 2)

< (U =apP)un =zl 1% = 2ll + (L= 0w P) 1 Th, 2 = T2 1041 — 2]l
+ aprl g = 2| %01 — 2l| + 2PV (2) — A2), X1 — 2)

< (1= an(y = D) 1% — 2 %01 — 2|

+ (1= anV)AuM(2) 1241 — 2| + oz,,(rV(z) —A(2), %ps1 — Z>

1
<(l-auy - rl))i(llxn —2|* + [l - 2I1%)

+aty [(rV(z) — A(2), Xns1 — 2) + jl—"M(Z) %1 — ZII}.

n

It follows that

%01 — 2]
1-a,(y —ri)
< — .-zl
1+a,(y —rl)
20,

An
+ Tvan 1) [(rv(z) —A@), %1 —2) + _nM(Z) (%01 — z||}

< (L-an(@ = D)%y — 2II”

2a [(rv(z) —A@), %1 —2) + ();_WM(Z)”?CMI —ZII}.

n

" 1+a,(y —rl)

Since {x,} is bounded, we can take a constant M3 > 0 such that
Mz > M(2)||%p1 —2l, n>1
Then, we obtain that
e = 20* < (1= (7 = 10) 160 = 211 + s (3.21)

where §,, = m [(rV(z) — A(2), Xp1 — 2) + STZMB]‘

By (3.20) and A, = o(w,,), we get limsup,,_, .. §, < 0. Now applying Lemma 2.1 to (3.21)
concludes that x, — z as n — o0. O

4 Application

In this section, we give an application of Theorem 3.2 to the split feasibility problem (SFP
for short) which was introduced by Censor and Elfving [25]. Since its inception in 1994,
the split feasibility problem (SFP) has received much attention (see [21, 26, 27]) due to
its applications in signal processing and image reconstruction, with particular progress in
intensity-modulated radiation therapy.

The SFP can mathematically be formulated as the problem of finding a point x with the
property

xeC and BxeQ, (4.1)
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where C and Q are nonempty closed convex subsets of Hilbert spaces H; and H, respec-
tively. B: H; — H, is a bounded linear operator.

It is clear that x* is a solution to the split feasibility problem (4.1) if and only if x* € C
and Bx™ — Proj, Bx* = 0. We define the proximity function f by

1
= =||Bx — Proj, Bx||*
S(@)= 5 1B~ Projq B
and consider the constrained convex minimization problem
in/ () = min | Bx - Projq B’ (42)
min =min = —Pro . .
xeC u xeC 2 * JQ =%

Then x* solves the split feasibility problem (4.1) if and only if x* solves the minimization
problem (4.2) with the minimize equal to 0. Byrne [7] introduced the so-called CQ algo-
rithm to solve the SFP.

KXyl = Projc(l - yB*(I - Pron)B)x,,, n>0, (4.3)

where 0 < y < 2/||B||%. He obtained that the sequence {x,} generated by (4.3) converges
weakly to a solution of the SFP.

In order to obtain a strong convergence iterative sequence to solve the SFP, we propose
the following algorithm:

1
Un,Y) + =y — Uy, Uy, —x,) >0 VyeC,
D(un,y) + 5-(y ) y (4.4)

Xps1 = UtV + ([ -, A) Ty, u, VneN,

where u,, = Qg,x,. Let {T},,} satisfy the following conditions:

(i) Projc( — y(B*(I = Projg)B + Aul)) = 0,1 + (1 - 6,)T, and y € (0,2/||B)|?);

(ii) 6, = 2L for all
where V' : C — H is Lipschitzian with a constant / > 0 and A : C — H is a strongly positive
bounded linear operator with a constant y > 0. Suppose that 0 < r < y/I. We can show
that the sequence {x,} generated by (4.4) converges strongly to a solution of SFP (4.1) if the
sequence {&,} C (0,1) and the sequence {A,} of parameters satisfy appropriate conditions.

Applying Theorem 3.2, we obtain the following result.

Theorem 4.1 Assume that the split feasibility problem (4.1) is consistent. Let the sequence
{x,} be generated by (4.4). Where the sequence {B,},{a,} C (0,1) and the sequence {A,}
satisfy the conditions (C1)-(C3). Then the sequence {x,} converges strongly to a solution of
the split feasibility problem (4.1).

Proof By the definition of the proximity function f, we have
Vf(x) = B*(I - Projg)Bx

and Vf is Lipschitz continuous, i.e.,
[Vf@) - VfO) < Lk -1,

where L = ||B|?.
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Set fi, (%) =f(x) + %” [l¢]|%; consequently,

Vi (%) = Vf(x) + Al (x)

= B*(I = Projq)Bx + Apx.
Then the iterative scheme (4.4) is equivalent to

¢(unry) + é()/— Uy, Uy _xn) 2 0 V_y € C’

(4.5)
Kps1 = UtV + ([ -, A) Ty, u, VneN,
where u, = Qg,x,. {T},} satisfy the following conditions:
(i) Projo(I - yVf,) =0+ (1-6,)T;, and y €(0,2/L);
(ii) 6, = 2L for all 1.
Due to Theorem 3.2, we have the conclusion immediately. O

5 Conclusion

Methods for solving the equilibrium problem (EP) and the constrained convex minimiza-
tion problem have been extensively studied, respectively, in a Hilbert space. In 2012, Tian
and Liu proposed an iterative method for finding a common solution of an EP and a con-
strained convex minimization problem. But, in this paper, it is the first time that we com-
bine the regularized gradient-projection algorithm and the averaged mappings approach
to propose implicit and explicit algorithms for finding the common solution of an EP and
a constrained convex minimization problem, which also solves a certain variational in-

equality.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors read and approved the final manuscript.

Acknowledgements
The authors wish to thank the referees for their helpful comments, which notably improved the presentation of this
manuscript. This work was supported by the Fundamental Research Funds for the Central Universities (No. ZXH2012K001).

Received: 30 January 2013 Accepted: 30 April 2013 Published: 14 May 2013

References

1. Brezis, H: Operateurs Maximaux Monotones et Semi-Groups de Contractions dans les Espaces de Hilbert.
North-Holland, Amsterdam (1973)

2. Jaiboon, C, Kumam, P: A hybrid extragradient viscosity approximation method for solving equilibrium problems and
fixed point problems of infinitely many nonexpansive mappings. Fixed Point Theory Appl. (2009).
doi:10.1155/2009/374815

3. Jitpeera, T, Katchang, P, Kumam, P: A viscosity of Cesaro mean approximation methods for a mixed equilibrium,
variational inequalities, and fixed point problems. Fixed Point Theory Appl. (2011). doi:10.1155/2011/945051

4. Bertsekas, DP, Gafni, EM: Projection methods for variational inequalities with applications to the traffic assignment
problem. Math. Program. Stud. 17, 139-159 (1982)

5. Han, D, Lo, HK: Solving non-additive traffic assignment problems, a descent method for cocoercive variational
inequalities. Eur. J. Oper. Res. 159, 529-544 (2004)

6. Bauschke, H, Borwein, J: On projection algorithms for solving convex feasibility problems. SIAM Rev. 38, 367-426
(1996)

7. Byrne, C: A unified treatment of some iterative algorithms in signal processing and image reconstruction. Inverse
Probl. 20, 103-120 (2004)

8. Combettes, PL: Solving monotone inclusions via compositions of nonexpansive averaged operators. Optimization
53,475-504 (2004)

9. Xu, HK: Averaged mappings and the gradient-projection algorithm. J. Optim. Theory Appl. 150, 360-378 (2011)


http://www.journalofinequalitiesandapplications.com/content/2013/1/243
http://dx.doi.org/10.1155/2009/374815
http://dx.doi.org/10.1155/2011/945051

Tian and Huang Journal of Inequalities and Applications 2013, 2013:243
http://www.journalofinequalitiesandapplications.com/content/2013/1/243

12.
13.
14.

16.
17.
18.

20.

21.

22.

23.
24.

25.

26.

27.

. Yamada, I: The hybrid steepest descent for the variational inequality problems over the intersection of fixed points

sets of nonexpansive mapping. In: Butnariu, D, Censor, Y, Reich, S (eds.) Inherently Parallel Algorithms in Feasibility
and Optimization and Their Application, pp. 473-504. Elservier, New York (2001)

. Takahashi, S, Takahashi, W: Viscosity approximation methods for equilibrium problems and fixed point problems in

Hilbert spaces. J. Math. Anal. Appl. 331, 506-515 (2007)

Combettes, PL, Hirstoaga, SA: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal. 6, 117-136 (2005)
Flam, SD, Antipin, AS: Equilibrium programming using proximal-like algorithms. Math. Program. 78, 29-41 (1997)

He, HM, Liu, SY, Cho, YJ: An explicit method for systems of equilibrium problems and fixed points of infinite family of
nonexpansive mappings. J. Comput. Appl. Math. 235, 4128-4139 (2011)

. Qin, XL, Cho, YJ, Kang, SM: Convergence analysis on hybrid projection algorithms for equilibrium problems and

variational inequality problems. Math. Model. Anal. 14, 335-351 (2009)

Moudafi, A: Viscosity approximation method for fixed-points problems. J. Math. Anal. Appl. 241, 46-55 (2000)

Xu, HK: Viscosity approximation methods for nonexpansive mappings. J. Math. Anal. Appl. 298, 279-291 (2004)
Marino, G, Xu, HK: A generated iterative method for nonexpansive mappings in Hilbert spaces. J. Math. Anal. Appl.
318, 43-52 (2006)

. Ceng, LC, Ansari, QH, Yao, JC: Some iterative methods for finding fixed points and for solving constrained convex

minimization problems. Nonlinear Anal. 74, 5286-5302 (2011)

Tian, M, Liu, L: General iterative methods for equilibrium and constrained convex minimization problem.
Optimization (2012). doi:10.1080/02331934.2012.713361

Xu, HK: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26,
105018 (2010)

Martinez-Yanes, C, Xu, HK: Strong convergence of the CQ method for fixed-point iteration processes. Nonlinear Anal.
64, 2400-2411 (2006)

Hundal, H: An alternating projection that does not converge in norm. Nonlinear Anal. 57, 35-61 (2004)

Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63, 123-145
(1994)

Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms 8,
221-239(1994)

Lopez, G, Martin-Marquez, V, Wang, FH, Xu, HK: Solving the split feasibility problem without prior knowledge of
matrix norms. Inverse Probl. 28, 085004 (2012)

Zhao, JL, Zhang, YJ, Yang, QZ: Mcdified projection methods for the split feasibility problem and the multiple-set split
feasibility problem. Appl. Math. Comput. 219, 1644-1653 (2012)

doi:10.1186/1029-242X-2013-243
Cite this article as: Tian and Huang: Regularized gradient-projection methods for equilibrium and constrained
convex minimization problems. Journal of Inequalities and Applications 2013 2013:243.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 22 of 22


http://www.journalofinequalitiesandapplications.com/content/2013/1/243
http://dx.doi.org/10.1080/02331934.2012.713361

	Regularized gradient-projection methods for equilibrium and constrained convex minimization problems
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Application
	Conclusion
	Competing interests
	Authors' contributions
	Acknowledgements
	References


