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Abstract

The main object of this paper is to investigate some properties of o -type polynomials
in one and two variables.
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1 Introduction
In 1945, Thorne [1] obtained an interesting characterization of Appell polynomials by
means of the Stieltjes integral. Srivastava and Manocha [2] discussed the Appell sets and
polynomials. Dattoli et al. [3] studied the properties of the Sheffer polynomials. Recently
Pintér and Srivastava [4] gave addition theorems for the Appell polynomials and the as-
sociated classes of polynomial expansions and some cases have also been discussed by
Srivastava and Choi [5] in their book.

Appell sets may be defined by the following equivalent condition: {P,(x)}, n=0,1,2,...
is an Appell set [6—8] (P, being of degree exactly n) if either

(i) P,(x)=Py1(x),n=0,1,2,...,0r

(i) there exists a formal power series A(¢) = Y .- ant" (ao # 0) such that

A(t)explat) = Py(x)t".

n=0

Sheffer’s A-type classification
Let ¢, (x) be a simple set of polynomials and let ¢,(x) belong to the operator

J(x,D) =Y " Ti(x)D"",

k=0

with Ti(x) of degree < k. If the maximum degree of the coefficients Ti(x) is m, then the
set ¢,,(x) is of Sheffer A-type m. If the degree of Ti(x) is unbounded as k — 0o, we say that
¢u(x) is of Sheffer A-type oo.

Polynomials of Sheffer A-type zero
Let ¢,(x) be of Sheffer A-type zero. Then ¢,(x) belong to the operator

00
k+1
J(D) = E D,
k=0
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in which ¢ are constants. Here ¢y # 0 and J¢,, = ¢,,_1. Furthermore, since ¢ are indepen-
dent of x for every k, a function J(¢) exists with the formal power series expansion

J(&) = chtk”, co #0.

Let H(t) be the formal inverse of J(¢); that is,

H(J®) =J(H®) =

Theorem (Rainville [9]) A necessary and sufficient condition that ¢,(x) be of Sheffer A-type
zero is that ¢, (x) possess the generating function indicated in

A(t) exp xH t) Zcz)n(x)t
in which H(t) and A(t) have (formal) expansions

H(t) = Zhnt””, ho 40,  A@t) = Zant”, ao #0.

Theorem (Al-Salam and Verma [10]) Let {P,(x)} be a polynomial set. In order for {P,(x)}
to be a Sheffer A-type zero, it is necessary and sufficient that there exist (formal) power

series
o0 o0
H(t) = Zh/tj, hy #0, Ag(f) = Zu}s)t’ (not all ag) are zero)
j=1 =0
and

ZA (¢) exp xH e]t) ZP (x)t",

j=1

where

J(D)P,(x) =P,_,(x) (m=r,r+1,...) where]J(D) = Z aDX"ag #0
k=0

and r is a fixed positive integer. The function A(t) may be called the determining function
for the set {P,(x)}.

Polynomial of o -type zero [9, 11]
Let {p,(x)} be a simple set of polynomials that belongs to the operator

J(x,0) =) Ti(x)*",
k=0
d d

o= Dl_[(xD +b;-1), D= T (](x:U)Pn(x) =Pn—1(x)),
i=1
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where b; are constants, not equal to zero or a negative integer, and Ti(x) are polynomials
of degree < k. We can say that this set is of o-type m if the maximum degree of Tj(x) is
m,m=0,1,2,....

A necessary and sufficient condition that ¢,(x) be of o -type zero, with

q
o=D[[@D+bi-1),

i=1
is that ¢, (x) possess the generating function

o0

A(£)oFy(=3b1, by, ..., by xH(E)) = Y pul2)t”,

n=0

in which H(¢) and A(t) have (formal) expansions

H(t) =Y " hat™,  ho #0,

n=0

and

e}

A(t) = Zant”, ag # 0.

n=0
Since ¢, (x) belongs to the operator /(o) = > 2, cxo®1, where ¢y are constant and ¢y 0.

2 Main results
Theorem 1 If p,(x) is a polynomial set, then p,(x) is of o-type zero with o = D% _,(xD +
by, —1). It is necessary and sufficient condition that there exist formal power series

o0
H(t) = ZhntyHl’ hO 7{0)
n=0

and
i .
Ai(t) = Zaif)t” (not all a? are zero)
n=0
such that
r oo
> " Adt)oFy(=b1, by, ... by aH(et)) = Y pax)t”, o)
i=1 n=0
where 6 = xD.

Proof Let y; = oFy(=;b1,b9,...,b42;), where i = 1,2,...,r, be a solution of the following
differential equation:

q
d
|:91_[(xD+bm—1)—Zi:|yi=0, 6 =xD, D:d—x,

m=1
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On substituting z; = xH(¢;t) and keeping ¢ as a constant, where

q
o=D[[@D+bn,-1),  0=xD,

m=1

we get

q
|:xD 1_[(0 +b,,—1) —xH(zi):|yi =0.

m=1

This can also be written as
oy; = H(eit)y;
or
oqu(—; bl,bz,...,bq;xH(eit)) = H(eit)qu(—; bl,bg,...,bq;xH(sit)).

Operating /(o) on both sides of Equation (1) yields

J(©) Y pu@)t" =J(0) Y Adt)oFy (=51, b, ... by xH(eit))

n=0 i=1

= ZAl(t)](H(glt))OFq(_; bl! be ey bq;xH(Slt))
i=1

=) pa@)”
n=0

0
= an—l (x)tn~
n=1

Therefore, J(o)po(x) = 0 and J(0)p,,(x) = py_1(x), n > 1.

Since J(o) is independent of x, using the definition of o-type [9, 11], we arrive at the
conclusion that p,(x) is o -type zero.

Conversely, suppose p,(x) is of o -type zero and belongs to the operator J(o). Now g, (x)

is a simple set of polynomials, we can write

Y 0Fy(=by, b, by xH(zit)) = Y pu@)t”, )
i=1 n=0

where €1, €3,..., &, are the roots of unity.

Since g,(x) is a simple set, there exists a sequence ci [10], independent of #, such that

Pnl®) =) cuki()
k=0
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and

Y 2@t =3 o,
n=0

n=0 k=0

On replacing n by n + k, this becomes

Y @t =" eyt
n=0

n=0 k=0
oo o0
= Z ge(x)t* Z cut”.
k=0 n=0
Setting ¢, = agf) (i is independent of n, where i =1,2,...,r), this becomes
oo oo o0
Z prx)t" = Z qk(x)tk Z aﬁf) t", by using Equation (2), we get
n=0 k=0 n=0

= ZAi(t)OFq(_; bl: b2» (RN bq;xH(eit))'
i=1

This completes the proof.

O

Theorem 2 A necessary and sufficient condition that p,(x) be of o-type zero and there

exist a sequence hy, independent of x and n, such that

> el haa(eit) = 0 pa(x),
i=1

where Yr(g;t) = Ai(t)oF (=5 b1, b, ..., by xH(g;t)).

Proof If p,(x) is of o -type zero, then it follows from Theorem 1 that

D Pt =" Ai0)oF, (b1, by, .., by xH (Eit)).
n=0 i=1

This can be written as
oo r

D opa@)t" =) Ao oF (b1, by, by xH(eit))
n=0 i=1

=Y H(et)AiO)oFy (=5 b, by, ..., by xH (eit))

i=1

r e
= Z ( hn£;l+1tn+l)A[(t)0Fq(—; bl, bz, veey bq;xH(eit))
0

i=1 \n=

n=1 i=

r

(8;’]/1”_1) W(Sit)tn.
1

3)
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Thus

opa®) = Y elhua ¥ (eit).

i=1

This completes the proof. 0

3 Sheffer polynomials in two variables [12]
Let p,(x,y) be of o-type zero. Then p,(x,y) belongs to an operator /(o) = Y - cxko ', in
which ¢ are constants and ¢y # 0.

Since

J(©@)pu(®,9) = pua(x,9), n>1,

where

p q
ox =D [ [0 +bu-1),  o,=D, ][0 +b-1),

m=1 s=1

and
]((G + H)(t)) = ((G + H)](t)) =t 0 =0y + 0.

Theorem 3 A necessary and sufficient condition that p,(x,y) be of o -type zero, with
p q
(Tx=Dx1_[(9+bm—1), ay:Dyl_[(o9+bs—1), 0 =0y + 0y,
m=1 s=1

is that p,(x,y) possess a generating function in
ZAi(t)on(—; b1, b, ..., by;xG(eit))oFy (= c1,Ca, .., Cq3 yH (g4t)) = an(x,y)t”, (4)
i=1 n=0

in which

G =) gt™, & #0,

n=0

H(t) =Y ht™,  ho #0,

n=0

o0
Ai(t) = Za )gn (not all ag) are zero)
n=0

and i is independent of n.
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Proof Letu; = oF,(—;b1,by,...,by;z;) and v; = oFy(—;c1, €2, ..., C4; W;) be the solutions of the
following differential equations:

p
0
|:9zr1n_[1(9z+bm_l)_zii|ui:0’ ezzza_zy

and

ow

q
|:¢wl_[(¢w+cs_1)_zii|wi =0, ¢W:wi.

s=1

On substituting z; = xG(g;t), w; = yH(g;t) and keeping ¢ as a constant, where 0 = xaa—x =0,
¢ =J’% = ¢y, we get

p
0 ]_[((9 + b, — Du; = xG(g;t)u;

m=1
and
q
o[ [@ +c; —Dwi = yH(eit)w:.

s=1

This can also be written as

O—OFp(_; bb b2: LR} bp;xG(Sit))qu(—; C1,€25..., Cq;yH(git))

= {Gleit) + H(eit) }oFy (= b1, b, . .., bp; xG(ei) )0 Fg (=5 ¢1, Cas .., Cg3 yH (g50)).

Operating /(o) on both sides of Equation (4) yields

J(©) Y pulxy)t"

n=0

=J(o) ZAi(t)on(—; b1, b, ..., by;xG(eit))oFy (=5 c1,Cas ..., Cq3 yH (git))
i-1

= ZAz(t)]«G + H)(Sit))on[—; bl, bg, ceey bp;XG(Sit)]qu[—; C1,€C250 0y Cq;yH(Sit)]

i=1

=t Zpy,(x,y)t"

n=0

=Y Pyt
n=1

Therefore, J(o)po(x,y) = 0 and J(o)p,(x,y) = py_1(x,y), n > 1.
Since /(o) is independent of x and y, thus we arrive at the conclusion that p,(x,y) is of
o -type zero.
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Conversely, suppose p,(x,y) is of o-type zero and belongs to the operator J(o). Now

qn(x,y) is a simple set of polynomials. We can write

Z OFp(_; bl) ]92; e bp;xG(eit))OFq(_; C1,C2yeves Cq;yH(Sit)) =
i=1

Since g,(x,y) is a simple set, there exists a sequence ¢, independent of #, such that

n
Pn(x;y) = ch—qu(xry)
k=0

and
o0 o0 n
D ol =D il
n=0 n=0 k=0

On replacing n by # + k, this becomes

[o¢] [o¢]
=)D calxm et

n=0 k=0
o0 o0

=Y @)t et
k=0 n=0

Setting ¢, = aEP (i is independent of n, where i =1,2,...,r), this becomes

o0 o0

= Z qk(x,y)tk Z afj)t"
k=0 n=0

= ZAi(t)OFp(_; bl, b2r (KRS bp;xG(git))OFq(_; C1,€25..., Cq;yH(ait))'
i=1

This completes the proof.

> palx )",

(5)

O

Theorem 4 A necessary and sufficient condition that p,(x,y) be of o -type zero and there

exist sequences gy and hy , independent of x, y and n, such that

> el gua + hua)v(eit) = opa(x,y),

i=1

where v(g;t) = Ai(£)oFy(=5 b1, by, ..., bp; xG(e:t))oFy (=5 c1,C2, .. ., €3 YH (£52)).

Proof If p,(x,y) is of o -type zero, then it follows from Theorem 3 that

oo r

n=0

Zp,,(x,y)t” = ZAi(t)on(—; by, b,,. ..,bp;xG(eit))qu(—;cl,cz, . ..,cq;yH(eit)).
i=1
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This can be written as

Y opa )t =Y Ailt)ooF, (= b1, ba,..., bp;xGleit))oFy (< e, ¢, Cqi yH eit))
n=0 i=1
= > (G + H)(e)AOEy (=i b1, b, .., by xGleit))
i=1
x oFy (—; C1,€25.. .5 Cq;yH(gl.t))
= Z Z(gn +hn)8i”+ltn+l Ai(t)OFp(_;bl,hz,...,b ;xG(git))
i=1 \n=0
X qu(—; C1,C2eves Cq;yH(Sit))
oo r
- Z Z(S?(gn—l + hﬂfl))U(Eit)t”,
n=1 i=1
Thus

opn®,y) =Y e} (gu + hu)u(eit),

i=1

where v(g;t) = Ai(£)oFy(—; b1, bas ..., bp; xG(eit))o Fy(—; c15 €2, . . ., 43 yH (it)). This completes
the proof. O
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