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subject to the norm-bounded uncertainties and the measurements of the output are
intermittent. For the model of the missing measurements, the Bernoulli process is
adopted. A full-order filter is proposed to estimate the signal which can track the
signal to be estimated. By augmenting the system vector, a stochastic augmented
system is obtained. Based on the analysis of the robust stochastic finite-time stability
and the Ho, performance, the filter design method is obtained. The filter parameters
can be calculated by solving a sequence of linear matrix inequalities. Finally, a
numerical example is used to show the design procedure and the effectiveness of the
proposed design approach.
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1 Introduction

In the modern control, a filter plays an important role since the filter can be used to es-
timate the unavailable state and filter the external noise. Therefore, the filter design has
been a hot research topic since the original development of the modern control. It is well
known that the Kalman filter is an effective way to estimate state. However, the Kalman
filter requires the preliminary knowledge of the spectrum of the noise and the precise sys-
tem model. However, in many practical cases, these requirements cannot be satisfied. In
these cases, the H filter is a great alternative. The H, filter, which was originally pro-
posed in the late 1980s [1], has attracted a lot of attention due to the fact that the filter
can be easily utilized to deal with the uncertainties and the attenuation effect from the
external input to the estimated signal [2-5].

In the state-space model, it is always assumed that system matrices are precise. However,
in the real world, these matrices are unavoidable to contain uncertainties which can result
from the modeling error or variations of the system parameters. During the past 20 years,
the norm-bounded uncertainties have been widely adopted in the system modeling for
practical plants, such as the works in [6-10]. In [11], the norm-bounded uncertainties
were used in the time-delay linear systems. While in [9], the norm-bounded uncertainties
were used in the neutral systems.

In the literature, most of the works on the H, filtering were based on the Lyapunov

asymptotic stability. However, in many practical applications, the asymptotic stability is
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not enough if large values of the state are not acceptable, see [4,12—27] and the references
therein. Although the finite-time stability was early proposed in 1960s [12], it was not a
hot research topic in the following 4.0 years. Recently, as the development and the appli-
cation of the linear matrix inequalities [28, 29], the finite-time stability has been devoted
considerable efforts.

The missing measurements have been attracting a great number of attention due to
the fact that the measurements are missing when sensors temporally fail [30—34]. If the
phenomenon of missing measurements is not considered during the filter design, the ac-
tual missing measurements may deteriorate the designed filters. Although, there are many
results on the H filtering, uncertain systems, and finite-time stability, there are few re-
sults on the H filtering for uncertain systems subject to missing measurements. This
fact motivates me to do the research. In this paper, the contributions can be summarized
as follows. The missing measurements are considered the finite-time framework. Due to
the existence of the stochastic variable in the augmented system, the robust stochastic
finite-time boundedness is studied for the uncertain stochastic system. Moreover, the
filtering with the robust stochastic finite-time stability is investigated.

2 Problem formulation

In this paper, the following uncertain discrete-time linear system is considered:

Xia1 = (A + AA)xg + (B + AB)awy,
Yk = (C + AC)xx + (D + AD)ay, (1)

Zk = Exk,

where x; € R” denotes the state vector, y;, € R™ is the system output, zx € R is the signal
to be estimated, and wy € R” is the time-varying disturbance which satisfies

Y wjor<d® (keNy), ()
k=1

where d > 0 is a given scalar.

The matrices A, B, C, D, and E are constant matrices with appropriate dimensions. AA,
AB, AC, and AD are real time-varying matrix functions representing the time-varying
parameter uncertainties. It is assumed that the uncertainties are norm-bounded and ad-
missible, which can be modeled as

AA AB H, My M,
= Gk ) (3)

AC AD H, Mz M,
where Hy, H,, My, My, M3, and M, are known real constant matrices and Gy is an unknown

time-varying matrix function satisfying
Gkl <1, VkeN,. (4)

If the sampling of the output is perfect, the input of the filter is equal to the output of
the system. However, if considering the intermittent sensor failures, the phenomenon of
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missing measurements occurs. This phenomenon was firstly proposed in [35]. Since the
reliability of the system becomes more and more important, the filter and control design
problem for systems subject to missing measurements has been a hot topic in recent years
[31, 34, 36]. Inspired by the work in [35], the model of the missing measurement in this

paper is expressed as follows:

. (C+ AQC)xr + (D + AD)wy, the measurement is perfect, 5)
Yk =
(D+ AD)wy, the measurement is missing and only the noise is left,

where Jy is the input of the filter to be designed. If a Bernoulli process is used to describe

the phenomenon, the measured output is expressed as
Yk = o1 (C + AC)x + (D + AD)wy, (6)

where the stochastic variable ry is a Bernoulli distributed white sequence taking values in
the set {0,1}.
The main objective of this paper is to design a full-order filter for the system (1) in the

following form:

Xk = Apki + Br, )

Zk = Effck,

where % is the state of the filter, z; is an estimation of z;, and Ay, By and E are filter
parameters to be designed later.
Suppose that g is the probability of the available measuring. Defining the filtering error

ek as ex = zx — 2k, the following augmented system can be obtained:

Era1 = (A1 + AADE + (o — B)(Az + AAL)E + (B + AB)ay,

i} (8)
ex = E&,
where
_ A 0 - AA 0
g=|, A= , AA = :
Xk ﬂBfC Af ,BBfAC 0
Az _ 0 0 ’ AAZ _ 0 0 ’
BfC 0 BfAC 0

_ | B _ | aB _
B-= ,  AB-= , and E=[E -El
BfD BfAD

Note that there is a stochastic variable o and some norm-bounded uncertainties in the
augmented system in (8). Therefore, the challenge now is how to design the filter such that
the augmented system in (8) is robustly stochastically finite-time bounded and the effect
of the disturbance input to the signal to be estimated is constrained to a prescribed level.

Before proceeding, the following definitions are introduced.
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Definition 1 (Finite-time stable (FTS) [13]) For a class of discrete-time linear systems,
& = A&, keNy, %)

is said to be FTS with respect to (¢;, ¢z, R, N), where R is a positive definite matrix, 0 < ¢; <
¢ and N € Ny, if §] REy < ¢}, then §RE < c3 forall k € {1,2,...,N}.

Definition 2 (Robustly stochastically finite-time stable (RSFTS)) For a class of discrete-

time linear uncertain systems,
Een = A(AA, )&, k€N, (10)

is said to be RSFTS with respect to (c1, ¢z, R, N), where the system matrix A(AA, ;) has
the uncertainty and the stochastic variable, R is a positive definite matrix, 0 < ¢; < ¢; and
N e Ny, if for all admissible uncertainties AA, stochastic variable «y, EOTRSO < c%, then
E{& RE} < 3 forall k € {1,2,...,N}.

Definition 3 (Robustly stochastically finite-time bounded (RSFTB)) For a class of

discrete-time linear uncertain systems,
i1 = A(AA, ))& + B(AB)wy, k € Ny, (11)

is said to be RSFTB with respect to (c1, ¢2,d, R, N), where the system matrixA(AA, o) has
the uncertainty and the stochastic variable, the input matrix contains the norm-bounded
uncertainty, R is a positive definite matrix, 0 < ¢; < ¢; and N € Ny, if for all admissible
uncertainties AA and AB, stochastic variable oy, £ REy < ¢}, then E{§] R} < c3 for all
ke{1,2,...,N}.

With the above definitions, the main objectives in this paper can be summarized as fol-
lows. For the uncertainty in 1, design the full-order filter (7) such that for all the admissible
uncertainties and the missing measurements,

« the augmented system (8) is RSFTS;

« under the zero-initial condition, the signal to be estimated z satisfies

N N
EiZz,fzk} <yp? Zw,{wk (12)
i=1 i=1

for all /,-bounded wy, where the prescribed value y is the H attenuation level.
In addition, some useful lemmas are also needed.

@11 P12

Lemma 1 (Schur complement [6]) Given a symmetric matrix ® = [ By Doy

], the following
three conditions are equivalent to each other:

e ©<0;

o Dy <0, gy — DL DD, < 0;

o Dy <0, Dy — Dpd;10T, <0.
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Lemma 2 [37, 38] Let ® = O, H and M be real matrices with compatible dimensions,
and let Gy be time-varying and satisfy (4). Then it can be concluded that the following
condition:

®+HGM + (HG:M)T <0 (13)

holds if and only if there exists a positive scaler ¢ > 0 such that

® H eMT
* —&l 0 <0 (14)
* * —&l

is satisfied.

3 Main results

3.1 Finite-time stability and H,, performance analysis

In this section, the finite-time stability, robust finite-time stability, and robust stochastic
finite-time stability will be analyzed by assuming the parameters of the filter to be designed
are given.

Theorem 1 The augmented system in (8) is RSFTB with respect to (c1, ¢, d, R, N) if there
exist positive-definite matrices Py = PlT , Py = Pg and two scalars 0 > 1 and ¢ > 0 such that
the following conditions hold:

[-p, 0 mPA, 0 hPH; O 0 0 |
* —Pl PlAl PIB 0 P1]:[2 0 0
x % -0P, 0 0 0 eMf eMf
—-6P. 0 0 0 MF
oor 2 % | <o, (15)
* * * * -l 0 0 0
* * * * * —el 0 0
* * * * * * —el 0
| * * * * * * * —¢el |
and
~ Ehmin(P
hs PO + h (P < Zmin P, (16)

N

where

Py =RPR?, k=0~ p),
]:[1 = 0 ’ Ml = 0 0 ’
BrH, M; 0

0
0
_ H; 0 _ M 0 _ M.
H, = ! ) M, = ! ) Ms=|"?1.
BfHy 0 BMs O My
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Proof Consider the following Lyapunov function:
V(k) = & P&, a7)

where P; is a symmetric positive-definite matrix. For the augmented system in (8), the
expectation of one step advance of the Lyapunov function can be derived as

E{V(k+1)I&]} = &7 (A, + AAY) + h(As + AA2)) Py((A) + AA) + h(Ay + Ady))&

+ 258 (A; + AA)"Pi(B + AB)wy + wp (B+ AB)TPi(B + AB)wy
) [sk]T[szu 912:| [sk} ) [skTQ[sk} ®)
Wk * Q99 [0} Wi Wi

Qu = ((Al + AAl) + h(Ag + AAz))Tpl ((Al + AAl) + h(A2 + AAz)),

where

le = (Al + AAI)Tpl(B + AB),

922 = (B + AB)TPI(B + AB).

Note that
AA; = HyGiM,, AAy = HyGiM;, AB = H, Gy Ms, (19)
where
- Gy O
G=| ¥ . (20)
0 Gk
By using the Schur complement, the condition in (15) implies that
opP 0
Q<| * , (21)
0 6P,

since the condition in (15) can be rewritten as

© + HGM + (HGM)T <0, (22)
where
-P, 0 hPA, O
O = * —P1 PlAl Plé
- * -0P; 0 ’
| * * * -0P,
WP\H, 0
i 0 PH, - |00 M 0
| o o |’ o 0 M, Ms
) 0

Page 6 of 13
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With the condition (21), the following inequality can be obtained:
E{V(k +1)|&} <0V (k) + 0wy Prox. (23)

Taking the iterative operation with respect to the time instant &, the following inequality
is derived:

k
E{V(K)g0} <0“V(0) + Y 05 o] Py s < ON (Amax (P} + Amax(P2)d?). (24)
i=1

It follows from the Lyapunov function that
E{V(0)l€o} > Amin(Pr)Ey Ré. (25)

Combing (24) and (25), one gets

N

E I —=
{Ek ng} ) )‘-min(Pl)

()‘-max(i)l)cf + )‘-max(PZ)dz)' (26)

It is inferred from the conditions (16) and (26) that
E{& R} < 3. (27)

Therefore, if the conditions (15) and (16) hold, the augmented system (8) is RSFTB. The
proof is completed. d

It is noticed that there is a positive-definite matrix P, in Theorem 2. The matrix P, can
be randomly chosen. For considering the H ., performance, other sufficient conditions are
provided in the following theorem.

Theorem 2 The augmented system in (8) is RSFTB with respect to (c1,c3,d, R, N) if there
exist positive-definite matrix P = PT and three scalars 0 > 1, & > 0, and y > 0 such that the
following conditions hold:

[P 0 hPA, O hPH, O 0 0 |
x —P PA, PB 0 PH, 0 0
x % -OP 0 0 0 eM eMj
-2 0 0 0 MY
e " <o, (28)
* * * * —¢el 0 0 0
* * * * * —el 0 0
* * * * * * —¢l 0
| * * * * * * * —l |
and
) .
~ C5Amin(P)
Ama(P)e] +yd” < 20—, (29)

where P = RY2PRY2 gnd hh = /B(1 - B).
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Proof To prove the theorem, P, and P, in Theorem 1 can be replaced with P and y21/6,
respectively. The proof is completed. O

The robust stochastic finite-time stability and the robust stochastic finite-time bound-
edness of the augmented system (8) have been offered. Now, we are going to consider the

‘H oo performance.

Theorem 3 The augmented system in (8) is RSFTB with respect to (0, ¢y, d, R, N) and with
an Hoo attenuation level y if there exist positive-definite matrix P = PT and three scalars
0 >1,e>0,andy > 0 such that the following conditions hold:

[-P 0 0 hPA, O hPH, 0 0 0 ]
x —-P 0 PA PB 0 PH, 0 0
x * -1 E 0 0 0 0 0
x % * —OP 0 0 0 eM] eM]
* * %k * —y2I 0 0 0 esM;r <0, (30)
* * * * * —el 0 0 0
* * * * * * -l 0 0
* * * * * * * -l 0

| * * %k * * * * * —el |

and
2 9 C%)\min(i))
vid® < BT (31)

where P = RY2PRY2 gnd hh = /B(1 - B).

Proof In the proof of H, performance, it is required that the initial value of the state is
zero. Therefore, ¢; in Theorem 2 is set to be zero. Under the zero-initial condition, consider

the following cost function:
J=E{V(k+1) &} + E{z{z} - v*L (32)
The cost function can be revaluated with similar lines in Theorem 1. O

3.2 Filter design
The robust stochastic finite-time stability and the H, performance have been investigated

in the above subsection. In this subsection, the filter design method will be proposed.

Theorem 4 Given a positive constant y and two scalars o and p, the closed-loop system

in (8) is RSFTB with respect to (0, c3, d, R, N) and with a prescribed H, attenuation level y
Py Prp

if there exists a positive-definite matrices P = P* = [ ;1 Py
12

. Af B
], matrices [ E; OF ], two scalars
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0 > 1, and ¢ > 0 such that the following conditions hold:

-P 0 0 h 0 hQs 0 0 0
x =P 0 Q 0 @ 0 0
x x -I E 0 0 0 0 0
x % x -O0P 0 0 0 M eM]
* * * * -y 0 0 0 sMg <0, (33)
* * * * * —¢el 0 0 0
* * * * * * —¢el 0 0
* * * * * * * -l 0
| * * * * * * * * —el |
2,2 5P (34)
14 < N’
and
ol < R7V2PR™172, (35)
where

BFC 0 PHA + ﬂBFC AF BFH2 0
Ql = ’ QZ = T ’ QS = ’
oBrC 0 P,A+ BoBrC 0Af oBrH, O
PuB + BFD P11H1 + BFH2 0
Q= . Q5= :
PuB + O'BFD P12H1 + O’BFHQ 0

Moreover, the filter parameters can be calculated as Ay = Pyy Ar and By = Py, Br.

Proof Tt is assumed that the Lyapunov weighting matrix has the following structure:

p
pP= 1 P12 , (36)
Psz GP12

where o is a prescribed scalar. With this assumption, the coupled terms in Theorem 3 can
be evaluated as follows:

- Pu P12 A 0 PuA + ﬂplzBfC P12Af
PA,; = = ,

Pl, oPp||BB/C Ar| |PLA+BoPuB/C oPnAs
- [pn Py ][ o o] [PuBC 0
PAZ = T = ,
P12 O’P12 ,BBfC 0 O’PlzBfC 0
_ [py P, [ B PuB + PuB:D
7 - R (37)
P12 O'P12 BfD PuB + O'PlzBfD

_[py Py [ 0 o] [PuBH, ©
PH1 = T = )
P12 O'P12 BfH2 0 O'PlzBsz 0

P]:[ _ Pn P12 H1 0 _ PnHl +PlzBfH2 0
2 BHy, 0| |PLH, +0PuBiH, O

Page9of 13
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Defining new variables as Ar = P13Ar and B = Py3By, the condition in (30) is equivalent
to (33). Supposing that

)‘-min(j)) = P> (38)
the conditions (34) and (35) can guarantee that the condition (31) is satisfied. a

The H~ performance y refers to the attenuation level from the external noise to the
signal to be estimated. Therefore, it is desired that the performance y should be as small
as possible. For fixed 0 and c¢;, the optimal y can be obtained by

min y2,

s.t. (33),(34) and (35).

(39)

4 Numerical example
Consider the system in (1) with the following matrix:

Ao 02 01 ’ B 0.1 ,
-02 0.3 -0.2
C=[1 o] D =0.01, E=[0 1],

0.1
H, = [o 1] H,=0.05  M=[1 -1],

M, =01, Mz=[1 0], My =02.
In this example, the following values are chosen for the finite-time stability:
R=1I, N =5, ¢ =5, d=01, 0=12.

It is assumed that the probability of the available measurements is 0.95, that is, 5% of the
output is randomly missing. With the proposed filter design problem in (39), the achieved
minimum H, performance index is y = 0.5474 and the corresponding optimal filter is

A [-0.2415 —0.045414 ~0.768074
R = | 0.8518 0.4759 Jo+ [ 1.9164 i3

Zx = [0.3451 -0.5608 | X

In the simulation, assume that the external disturbance satisfies

0.1
W = —,
k k+1

and the time-varying parameter satisfies
Gy = sin(k).

It is easy to check that the 2-norm of the external disturbance is less than d which is 0.1
and the time-varying parameter |G|l <1.It can be seen from Figure 1 that the estimated

Page 10 0f 13
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-0.01 : : :
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Figure 1 Trajectories of the signal to be estimated and the estimated signal.

0 50 100 150 200
Time instants (k)

Figure 2 Stochastic values of the intermittent measurements in the simulation.

signal Z; can track the signal to be estimated well. The intermittent measurements in the

random simulation are shown in Figure 2.

5 Conclusion

In this paper, the robust finite-time H, filter design problem of discrete-time systems
subject to missing measurements has been investigated. The uncertainties in the system
matrices are assumed to be norm-bounded. The measurements of the system output are
intermittent and a Bernoulli process is used to model the intermittent measurements.
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Based on the results of the robust stochastic finite-time stability and the H , performance,

the filter design approach was proposed. Finally, an illustrative example was used to show

the design procedure and the effectiveness of the proposed design approach.
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