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Abstract

Using a nonlinear alternative theorem of Krasnosel'skii type proved recently by Smail
Djebali and Zahira Sahnoun, we investigate, in this paper, the existence of solutions
for a generalized mixed-type functional integral equation in L' space. We also present
some examples of the integral equation to confirm the efficiency of our results.
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1 Introduction

The functional integral equations describe many physical phenomena in various areas
of natural science, mathematical physics, mechanics and population dynamics [1-4]. The
theory of integral equations is developing rapidly with the help of tools in functional analy-
sis, topology and fixed-point theory (see, for instance, [5-8]) and it serves as a useful tool,
in turn, for other branches of mathematics, for example, for differential equations (see
[9, 10]). A fixed point theorem, frequently used to solve integral equations, is a theorem
proved by Krasnosel’skii in 1958 (see, for instance, [11, 12]). The Krasnosel’skii theorem
asserts that A + B has a fixed point in a closed, convex nonempty subset M of X if A, B
satisfy the following conditions:

+ A is compact and continuous;

+ Bis astrict contraction;

o« AM+BM C M.

However, the Krasnosel’skii fixed point theorem sometimes turns out to be restrictive
for some equations due to the weak topology of the problem. In order to use this result and
its variant, one has to find a self-mapped closed convex set M so that A + B maps M into
itself or the weaker one: x = Ax + By (y € M) = x € M. From the application point of view,
this condition is also generally strict and is hard to achieve. To relax these conditions, a
new effort is made in [13] by establishing a new variant of nonlinear Krasnosel'skii type
fixed point theorem for nonself maps.

Let us first recall the nonlinear alternative Krasnosel’skii fixed point theorem established
in [13], which plays a central role in our discussion.
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Theorem 1 Let S > 0 be an open subset of a Banach space X and let S be the closure of S.
Let A:S — X and B: X — X be two mappings satisfying:

o A is continuous, A(S) is relatively weakly compact, and A verifies the condition H1.

+ Bis a contraction and verifies the condition H2.
Then either the equation Ax + Bx = x admits a solution in S, or there exists an element
x € 0S (3S denotes the boundary of S) such that x = LAx + AB(%) for some ). € (0,1), where
conditions H1 and H2 are given in Section 2.

The advantage of Theorem 1 lies in that in applying Theorem 1, one does not need to
verify that the involved operator maps a closed convex subset onto itself.

In this paper, we utilize the alternative Theorem 1 and employ the concept of measure
of weak noncompactness defined in [14] to study the solvability of a nonlinear generalized
mixed-type operator equation of the form

y(t) = g(t.y(©) + Tf (t, /Q u(t,5,f2(s, Ay(s))) ds), (1)

where £ € Q, g is a function satisfying a contraction condition with respect to the second
variable, y belongs to L!(2, X), the space of Lebesgue integrable functions on a measur-
able subset 2 of R” with values in a finite-dimensional Banach space X, while T and A are
bounded linear operators on L'(€2, X). Suppose that Ny is the superposition operator gen-
erated by the function f given by (Nyx)(¢) = f(¢,%(¢)), t € Q, and U is a nonlinear Urysohn
integral operator defined by (Ux)(¢) = fQ u(t,s,x(s)) ds, s, t € Q, then Eq. (1) may be written

in the form

y(¢t) = g(t,y(t)) + (TN UNp, Ay)(t). (2)

The outline of this paper is as follows. In Section 2, we introduce some basic facts and
use them to obtain our aims in Section 3. In the last section, we present some examples
that verify the application of this kind of nonlinear integral equation.

2 Preliminaries

2.1 The weak MNC

We always use (X, || - ||) to denote a Banach space with the norm | - ||. Denote by B(X)
the collection of all nonempty bounded subsets of X and by W(X) the subset of B(X)
consisting of all weakly compact subsets of X. Let B, be the closed ball in X centered at
origin with radius 7. The measure of weak noncompactness introduced by De Blasi is a
map o : B(X) — [0, 00) defined by

(M) = inf{r >0 | there existsa W e W(X) withM C W + B,}

for each M € B(X).
The following Lemma 1 comes from [14].

Lemmal Let My, M, € B(X). Then we have:
(i) My C M, implies (M) < w(My).
(i) w(My) =0 ifand only if M, is relatively weakly compact.
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(iii) a)(M_{V) = w(M;) (Where W is the weak closure of M).
(iv) w(M; U M;) = max{w(M,), w(M;)}.
(v) @o(AM;) = |AM|w(M;) forall . e R.
(vi) w(co(My)) = w(M;) (co(My) refers to the convex hull of My).
(vil) w(My + Ms) < w(My) + o(My).
The map w(-) is called the De Blasi measure of weak noncompactness.

In [15], it is shown that in the L! space, w(-) is of the following simple form:
w(M) =lim sup{ sup [/ “I//(t) ||th|D C Q,meas(D) < 8] } (3)
£e—0 veM|LJD

for all bounded M C L}(£, X), where meas(-) represents the Lebesgue measure, X is a
finite-dimensional Banach space.
Let J be a nonlinear operator from X into itself. In what follows, we need the following

two conditions:

HI1. If (%u)nen is a weakly convergent sequence in X, then (Jx,),en has a strongly convergent
subsequence in X;
H2. If (x,)nen is a weakly convergent sequence in X, then (Jx,)nen has a weakly convergent

subsequence in X.

2.2 The superposition operator
In this subsection, we introduce the superposition (Nemytskii's) operator. Let Q be a
bounded domain of R” and let X and Y be two separable Banach spaces. m(£2,X) de-
notes the set of all measurable functions v : 2 — X. Consider a function f : @ x X — Y.
We say that f satisfies Carathéodory conditions if

(i) for anyx € X, the map t — f(t,x) is measurable from Q2 to Y;

(ii) for almost all t € 2, the map x — f (¢, ) is continuous from X to Y.

Definition 1 (Nemytskii’s operator) Let f : @ x X — Y be a Carathéodory function,
Nemytskii’'s operator associated with f, Ny : m(2,X) — m(Q,Y) is defined by Nyx(¢) =
f(t,x(2), Vt € Q.

The superposition operator enjoys several nice properties. Specifically, we have the fol-

lowing results.

Lemma 2 [16] Let X and Y be two separable Banach spaces. If f is a Carathéodory func-
tion, then Nemytskii's operator Ny maps continuously L*(2,X) into L'(Q2,Y) if and only if
there exist a constant b > 0 and a function a(-) € L} (Q) such that

If &%), <a(®) +blxlx,
where L' (Q) stands for the positive cone of the space L'(Q).

Lemma 3 [17] Let X, Y be two finite-dimensional Banach spaces and let Q be a bounded
domain of R". If f : @ x X — Y is a Carathéodory function and Ny maps L*(Q, X) into
LN, Y), then Ny satisfies the condition H2.
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We give a fixed point lemma for bilinear forms.

Lemma 4 Let X be a Banach space and let B: X x X — X be a bilinear map. Let || - ||x
denote the norm in X. If for all x1,x, € X, ||B(x1,%2)||x < nllx1llx||x2llx. Then for all y €
X satisfying 4n||yllx < 1, the equation x = y + B(x,x) has a solution x € X satisfying and
uniquely defined by the condition ||x|x < ||yllx.

Remark1 The proof of this lemma also shows that x = lim_, o %, where the approximate
solutions x are defined by xo = y and xx = y + B(xx_1, %x—1). Moreover, ||x¢|lx < 2||y|lx for
all k.

3 Main results
In this section, we investigate the solvability of the nonlinear functional integral Eq. (1) in
the space L'(2, X) by applying Theorem 1.

First notice that Eq. (1) may be written in the abstract form
y=Ay+ By,

where (By)(t) = g(t,y(t)), and A = TN}, LNy, A is the composition of the linear operator T
and A with the nonlinear Urysohn integral operator U and the two superposition opera-
tors Ny, Ny, generated by fi, f2, respectively, where Ny y(t) = fi(¢, y(£)), i = 1,2. Our aim is
to prove that A4 + B has a fixed point in L}(€2, X). To do so, we assume that the following
conditions are satisfied:
(a) The function g: 2 x X — X is a measurable function, g(-,0) € L}(,X) and g is a
contraction with respect to the second variable, i.e., there exists an L € [0,1) such
that ||g(¢,x) — g(¢,y)|| < L|jx —y| for almost all £ € Q and all x,y € X.
(b) fi: Q x X — X, i=1,2 satisty Carathéodory conditions and Ny, i = 1,2, act from
LY, X) into itself continuously.
(c) The operators T and A are linear and bounded on L!(£2, X).
(d) The Urysohn operator U defined as before maps continuously L}(£2, X) into
LN, X).
(e) |lu(t,s,x)|| < k(£ s){E(s) + pllx|} for (¢,5) € 2% and x € X, where & belongs to L (),
W is a nonnegative constant and « : £ x 2 — R* is a measurable function such that
its associated integral operator K defined by

(Kp)(t) = /QK(t, s)p(s)ds, pel'(Q),teg, (4)

is continuous and maps L'(2) into itself.
(f) There exists a constant N > 0 independent of A* € (0,1) such that any solution of
the integral equation

* 1 *
y(t) = A g(t, Fy(t)> + M TN UN, Ay(t), t€,

satisfies ||yl 1qx) #N.
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Remark 2 It is deserved to mention that though the Urysohn operator U maps L}(2, X)
into itself, it does not have to be continuous. Sufficient conditions showing that &/ maps
LY($2,X) into itself and is continuous can be found in [18].

Before going on, we give crucial Lemma 5.

Lemma5 Let X be a finite-dimensional Banach space and let Q2 be a compact subset of R”.
Ifthe conditions (b)-(e) are satisfied, then the operator Ny UNy, A satisfies the condition H2.

Proof For any nonempty subset D of €2, let ¢ be an arbitrary positive real number. We have
[ Ingun a0 e
= / }'/l(t,/ u(t,s,f2(s,Ay(s))) ds>
D Q
< / (|a1(t)| + b1/ ||u(t,s,f(s,Ay(s)))|| ds) dt
D Q
< llallpp) + blfD(/QK(t;S)(é‘(S) + i|[fa (s, Ax(s)) ||)d8) dt

< lalliprp) + b1 Kl (/D(E(S) + u|[fa(s, A¥()) ) dS)

a

< llallppy + bLIIK]| (IIS Iz oy + u/ (|aa(s)| + b2 | Ay(s)|) dS)
D
< llallpp) + BrlIK]| (ns Iy + u(ﬂaznm) + byl Al f lys)] ds))
D
= llarll 1y + DI (1€ 1|2 oy + ll@2ll i) + brba [ K[IA]l f |y(s) | ds.
D

Now using reference [19, Corollary 11, p.294] together with (3), we have

lims(l)lp{/D(’al(tH + |§(t)‘ + /L‘ﬂz(t)|)dt ‘ meas(D) < 8} =0. (5)
Accordingly,
o(Nj UNp, AS) < ubiby || K[| Alle(S) (6)

for any bounded subset S of L}(2, X).

Next, let (y,,),cn be a weakly convergent sequence of L!(€2, X). Owing to (6), we infer that
w{NjUNpA(y,) : n € N} = 0. This shows that the set {N; UN,A(y,) : n € N} is relatively
weakly compact in (€, X). This completes the proof. g

Remark 3 Due to the assumption (a), we get
1591 = [ 1By
Q

= [ (le(e0) ~ge 0 e+ | e 0)] de
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<I /Q Iy dt + /Q I(6) dt

= ”l”Ll(Q) +L/Q||)’(t)|| dt,

where I(¢) = ||g(¢,0)| € L}r(Q).
This shows that the operator B is continuous and maps a bounded set of L!(£2, X) into a
bounded set of L!(£2, X). According to Lemma 3, we obtain B satisfies the condition H2.

Now we are in a position to state our main result.

Theorem 2 Let X be a finite-dimensional Banach space and let Q be a bounded domain
of R". Assume that the conditions (a)-(f) hold true. Then Eq. (1) admits at least one solution
in LY(2, X).

Proof We apply Theorem 1 with
§={y e L'(QX): Yl <NJ.

Claim 1. Let &, y € L'(£2, X). It follows from the assumption (a) that

186~ B0 = [ Jle:(0) ~g(e,50) | s

<L /Q lx(0) 50| de

= Llx —)’“LI(Q,X)-

So, B is a strict contraction mapping on LY(2,X), and from Remark 3, B satisfies the con-
dition H2.

Claim 2. Clearly, by the assumptions (b)-(d), A = TNy UNj, A is continuous on LY, X).
Now we check that A satisfies the condition H1. To do this, let (y,),cn be a weakly con-
vergent sequence of L'(€2,X). By Lemma 5, (N;; UN;,A(y,))uen has a weakly convergent
subsequence, say (Nj UNjA(yy,))ken- Furthermore, the continuity of the linear opera-
tor T implies its weak continuity on LY(R,X) for almost all ¢ € Q. Thus, the sequence
(TNj UNp Ay ) kens i-e., (A(Yn; ) ken converges pointwisely for almost all ¢ € Q. By the
Vitali convergence theorem [19, p.150], we conclude that (A(yy,))ren converges strongly
in LY(2, X). Hence, A satisfies the condition H1.

Claim 3. We show that A(S) is relatively weakly compact. For this, we need to prove that

a)(A(g)) =lim sup{sup[/D”Ay(t)”th ‘ meas(D) < S:H =0

e—0 yeS

for all D € ©, and Vy € S. By Lemma 5, we have

[ 140 a
D

= / | TNs UNy, Ay(2) || dt
D
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<|IT|| /D NG UN Ay (2) | dt

=T (IlﬂlllLl(D) + bUIKI (I8 12y + illaaliipy) + mbriba KA / lys)| d5>
D

< ITI(llall 2oy + DK (I8 12y + illaliip)) + mbr1b2lIKIIAIIN).

Owing to (5), we deduce that w(A(S)) = 0, and hence A(S) is relatively weakly compact.
Finally, thanks to the assumption (f), the second situation of Theorem 1 does not occur.

Now, applying Theorem 1, we get that A + B has a fixed point in S, that is to say, Eq. (1)

has a solution in S. This completes the proof. d

Remark 4 The requirement that X should be a finite-dimensional Banach space comes
from the usage of the relation (3) proved in [15] for bounded subsets in the space of

Lebesgue integrable functions with values in a finite-dimensional Banach space.
By Theorem 2, we can get a special existence criterion for Eq. (1).

Corollary 1 Let X be a finite-dimensional Banach space and let Q be a bounded domain
of R". Besides the assumptions (a)-(e), we make the following additional assumptions:
(i) There exists a continuous function h : [0,00) — [0, 00) such that h(u) > 0 whenever
u>0and

/Q ||]\[fl UNp, Ay(t) ”x dt < h(||y||L1(Q'X)) for every y € LN, X).

(ii)

S (—(1_L)9 ) >1
u )
oom \ll1 + I TTH()

where I(t) := ||g(t,0)|| and L is the constant in the assumption (a). Then Eq. (1) has a
solution in L*(2, X).

Proof Thanks to Theorem 2, we only need to show that (i) and (ii) imply (g). Let N > 0
satisfy

(1-DN
I + ITTRN) @)

The condition (ii) ensures the existence of such an N. Let y € L}(2, X) be any solution of
the operator equation

y:A*Ay+)L*B(%), A€ (0,1). 8)

Then, for ¢ € 2, we have the estimate

g<t, y;?) -£(t,0)

< L|y@ | + &) + | Tl | Nj UNp, Ay(2)

@ <

+ 1% g, 0) | + A1 Tl | Nj UNp Ay(2) ||

)
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and so

/mvwmsL/mmwm+/umﬁwwwwm)
Q Q Q

Therefore

(1= Dyl ex
Nl + I A @x) —

)

Assuming that [|y|l;1qx) = N. Equation (9) implies ( 5 < 1 contradicting (7). So,

1-L)N
IIIHLlrJrHTHh(N
each solution of (8) satisfies ||| 11 # N. Accordingly, by Theorem 2, Eq. (1) has a solution
y € LY, X). This completes the proof. d

Corollary 2 Let X be a finite-dimensional Banach space and let Q2 be a bounded domain
of R". Assume that hypotheses (a)-(f) hold true with the additional assumption that
(iii) L+ ubi1by||K||IA|l < 1, where the constants by, by, p are these in Lemima 2 and the
hypothesis (£), | K|| denotes the norm of the operator K defined in (4).
Then Eq. (1) has a solution in L'(Q,X).

Proof Lety € L'(£2, X). By the formula of Lemma 5, we have

/ﬂAﬂmwt
Q
SMWAJNMM%&MWdt
<ITI (el + bUIKI(IE N2 ) + pllalinp)) + mbrba KA @)

On the other hand, with the same arguments as in the proof of Corollary 1, we have the
following estimate:

712 < LYl + 11 + A% Ayl

< LIyllpgx + Ml + A 1 T18 (191200 )»

where 3() = llallip) + BUIKIIE N o) + 1@z llzi) + 1biba KA1y For the sake of
simplicity, we can set ||a; |1 (p) + b1||K||(||§||L1+(D) + pllazllyp)) = v. Hence

{1-L - ubibo | TIIKINAI Y@ < 12z + 1T . (10)

Let

§ Wl + 1T N
1—L—pbibs | TIIKIIAN

If |yl 1 @.x) = N, then (10) implies that

3 12l + 1T
T 1=L—ubiby|TIIK|IA]

Page 8 of 10
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which is a contradiction. So, the hypothesis (g) is satisfied and the result then follows from
Theorem 2. This completes the proof. d

4 Examples
In this section, we provide some examples of a classical integral and functional equation
considered in nonlinear analysis which are a particular case of Eq. (1).

Example 1 The existence of solutions of the equation

x(t) = g(t,x(t)) + 1 /Q k(t, s)f (s, (s)) ds

has been investigated in [13] by this method under proper assumptions. We denote that it
is a special case of Eq. (1) with T' = C, where C is the Fredholm operator defined as

C:INR,Y) - LM, X),

Yi>CY:Q—X; Clﬁ(t):/ k(t,s)y(s)ds.
Q
Example 2 The following equation proposed in [20]

v () =g(t, v () + (BNfUAY)(®)
is also a special case of Eq. (1) with T'= B and fa(¢,y) = y.

Example 3 The solvability of the nonlinear integral equation of a mixed type

1 K
x(t) =g(t) + /0 ki(t,s) 1(5,/0 ko(s, T) z(t,x(r)) dr) ds, te(0,1)

is discussed in the space L}(0,1) in [21]. Iflet X = R, T = K; (defined in [21]) and u(t, s, x) =
ky(t,s)x with ©Q = [0,1], then the above equation is a particular case of Eq. (1) and it is
applied to solve fractional order integro-differential equations

S(s—17)*
o FA-48)

1
y(t) = g(t) + /0 ki(t,s) 1(S, y(t)dr) ds, te(0,1).

Example 4 Consider the following integral equation of the form

x(t) = é[texp(—t) +E2x(8)] + T<1n(1 th) fO‘ exp(-2s)

i oxpD) 1 1 (exp(s) +sins + 2x(s)) ds)

with0<s<¢t<l.
Letustakeg:[0,1] xR > R,fi:[0,1] x R—>R,i=1,2and u:[0,1] x [0,1]] x R >R
defined by, respectively,

g(t,x) = %(texp(—t) + tzx),

In(1 +¢)
1+1¢

+ X,

fl(txx) =
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falt,y) =sint + 2y,

(—2s)
u(t,s,x) = :&T-}:(GXP(S) + x)

We can suppose T to be an arbitrary linear bounded operator on L[0,1]. It is easy to

see that the function g satisfies the assumption (a) with L = %, the function |u(t,s,x)| <

B2 (exp(s) + #) with k(t,5) = S22 and = 1.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
LY carried out the main work of this paper; JW and GY participated in work on the part content and modified work of this
paper. All authors read and approved the final manuscript.

Author details

'School of Mathematical Sciences, Beijing Institute of Technology, Beijing, 100081, People’s Republic of China.
?Department of Mathematics, Yunnan Nationalities University, Kunming, 650092, People’s Republic of China. 3Institute of
Mathematics, Yunnan Normal University, Kunming, 650092, People’s Republic of China.

Acknowledgements
The work is supported by the National Natural Science Foundation of China (No. 10861014, No. 11161057).

Received: 4 November 2012 Accepted: 24 April 2013 Published: 8 May 2013

References
1. Corduneanu, C: Integral Equations and Applications. Cambridge University Press, New York (1973)
2. O'Regan, D: Existence theory for nonlinear Volterra integrodifferential and integral equations. Nonlinear Anal. 31,
317-341(1998)
3. Jeribi, A: A nonlinear problem arising in the theory of growing cell populations. Nonlinear Anal.,, Real World Appl. 3,
85-105 (2002)
4. Ben Amar, A, Jeribi, A, Mnif, M: Some fixed point theorems and application to biological model. Numer. Funct. Anal.
Optim. 29, 1-23 (2008)
5. Barroso, CS: Krasnosel'skii fixed point theorem for weakly continuous maps. Nonlinear Anal. 55, 25-31 (2003)
6. Ben Amar, A, Jeribi, A, Mnif, M: On a generalization of the Schauder and Krasnosel'skii fixed point theorems on
Dunford-Pettis spaces and applications. Math. Methods Appl. Sci. 28, 1737-1756 (2005)
7. Latrach, K, Taoudi, MA, Zeghal, A: Some fixed point theorems of the Schauder and the Krasnosel'skii type and
application to nonlinear transport equations. J. Differ. Equ. 221, 256-271 (2006)
8. Zhang, SS: Integral equation, Chongging (1988)
9. Zhang, SS, Yang, GS: Some further generalizations of Ky Fan's minimax inequality and its applications to variational
inequalities. Appl. Math. Mech. 11, 1027-1034 (1990)
10. Zhang, SS, Yang, GS: On the solution by determinantal series to Volterra integral equation of the second kind with
convolution-type kernel. Math. Numer. Sin. 10, 146-157 (1988)
11. Krasnosel'skii, MA: Positive Solutions of Operator Equations. Noordhoff, Groningen (1964)
12. Krasnosel'skii, MA: Integral Operators in Space of Summable Functions. Noordhoff, Leyden (1976)
13. Djebali, S, Sahnoun, Z: Nonlinear alternatives of Schauder and Krasnosel'skii types with application to Hammerstein
integral equations in L' spaces. J. Differ. Equ. 249, 2061-2075 (2010)
14. De Blasi, FS: On a property of the unit sphere in Banach spaces. Bull. Math. Soc. Sci. Math. Roum. 21, 259-262 (1997)
15. Appell, J, De Pascale, E: Su alcuni parametri connessi con la misura di non comatteza di Hausdorff in spazi di funzioni
misurabili. Boll. Unione Mat. Ital, B 3, 497-515 (1984)
16. Moreira, DR, Teixeira, EVO: Weak convergence under nonlinearities. An. Acad. Bras. Ciénc. 75, 9-19 (2003)
17. Latrach, K, Taoudi, MA: Existence results for a generalized nonlinear Hammerstein equation on L' spaces. Nonlinear
Anal. 66, 2325-2333 (2007)
18. Zabrejko, PP, Koshelev, Al, Krasnosel'skii, MA, Mikhlin, SG, Rakovshchik, LS, Stecenko, VJ: Integral Equations. Noordhoff,
Leyden (1975)
19. Dunford, IN, Schwartz, JT: Linear Operators, Part I: General Theory. Interscience, New York (1958)
20. Taoudi, MA, Salhi, N, Ghribi, B: Integrable solutions of a mixed type operator equation. Appl. Math. Comput. 216,
1150-1157 (2010)
21. El-Sayed, WG, El-Sayed, AMA: On the functional integral equations of mixed type and integro-differential equations
of fractional orders. Appl. Math. Comput. 154, 461-467 (2004)

doi:10.1186/1029-242X-2013-235
Cite this article as: Yang et al.: Study on the existence of solutions for a generalized functional integral equation in L'
spaces. Journal of Inequalities and Applications 2013 2013:235.



http://www.journalofinequalitiesandapplications.com/content/2013/1/235

	Study on the existence of solutions for a generalized functional integral equation in L1 spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	The weak MNC
	The superposition operator

	Main results
	Examples
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


