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Abstract

In this paper, based on the quadratic kernel function with three sections, which was
defined by Liu in 2009, we establish some companions of perturbed Ostrowski-type
inequalities for the case when ” € L'[a,b], f”" € [*[a,b] and " € *[a, b], respectively.
The special cases of these results offer better estimation than the conventional
trapezoidal formula and the midpoint formula. The results we get can apply to
composite quadrature rules in numerical integration and probability density
functions. The effectiveness of these applications is also illustrated through several
specific examples due to better error estimates.
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1 Introduction
In 1938, Ostrowski [1] established the following interesting integral inequality for differ-
entiable mappings with bounded derivatives.

Theorem 1.1 Let f : [a,b] — R be a differentiable mapping on (a, b) whose derivative is
bounded on (a, b) and denote ||f'||c = SUP,c(yp) If ()| < 00. Then for all x € [a, b] we have

1 [t 1 (x— by ,
P(")‘E a f(t)dt’s[z+ﬁ](b—a)|[f I (L1)

The constant i is sharp in the sense that it cannot be replaced by a smaller one.

In [2], Guessab and Schmeisser proved the following companion of Ostrowski’s inequal-
ity.
Theorem 1.2 Let f : [a,b] — R be satisfying the Lipschitz condition, i.e., |f(£) — f(s)| <

M|t —s|. Then for all x € [a, “;’—l’] we have

b _ Ba+b\ 2
I )
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The constant % is sharp in the sense that it cannot be replaced by a smaller one. In (1.2),

the point x = 3“T+b gives the best estimator.

Motivated by [2], Dragomir [3] proved some companions of Ostrowski’s inequality for
absolutely continuous functions. Recently, Alomari [4] studied the companion of Os-
trowski inequality (1.2) for differentiable bounded mappings. In [5], Liu established some
companions of an Ostrowski-type integral inequality for functions whose first derivatives

are absolutely continuous and second derivatives belong to L? (1 < p < 00) spaces.

Theorem 1.3 Letf : [a,b] — R be such that f' is absolutely continuous on [a,b] and f" €
L*|a, b). Then for all x € [a, %] we have

’ 4 b
‘w_(x_3a4+b)f(x)—f(2a+b—x) _bia/ f(t)dt‘

1 1 (x_ 3a+b)2 ,

The constant % is sharp in the sense that it cannot be replaced by a smaller one.

For other related results, the reader may refer to [6—26] and the references therein.

The main aim of this paper is to establish some companions of perturbed Ostrowski-
type inequalities for the case when f” € L}[a,b], f" € L*[a,b] and f" € L?[a, b], respec-
tively. For our purpose, we will use the quadratic kernel function with three sections (see
(2.1) below) which was defined by Liu in [5]. The special cases of the results we get offer
better estimation than the conventional trapezoidal formula and the midpoint formula.
These results can apply to composite quadrature rules in numerical integration and prob-
ability density functions. The effectiveness of these applications is also illustrated through

several specific examples due to better error estimates.

2 Main results

To prove our main results, we need the following lemmas.

Lemma 2.1 [5] Letf: [a,b] — R be such that f' is absolutely continuous on [a, b]. Denote
by K(x,¢t) : [a,b] — R the kernel given by

%(t_a)zf te [arx]r
K(xt)=1{ 2(t- %22, te@wa+b-xl, (2.1)
He-b)?,  te(a+b-xb]

then the identity

1
b-a

1 b fx) +f(a+b-x) 3a+b\f(x)-f(a+b-x)
ZELf(t)dt— D) +(x— 4 ) )

b
f K(x, t)f"(t) dt

(2.2)

holds.
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2.1 The case when f” € L'[a, b] and is bounded
Theorem 2.1 Let f: [a,b] — R be such that f' is absolutely continuous on [a,b]. If f" €
L'a,b) and y <f"(t) <T, Vt € [a,b), then for all x € [a, “*b] we have

4 2

') -f@af1 3a+b (b a)?
" b-a [E(x_ 4 ) i| /f(t)dt‘

’f(x)+f(a+b—x) ~ (x— 3a+h)f/(x)—f/(a+b—x)
2

b-a)? b-a

2.3
a8 4 23)

S(S—V)[

3a+b
4

and

f&)+fla+b-x) 3a+b\f(x)—f(a+b-x)
‘f_(x_ 4 ) 2

f(blz {l(a)[2<x_ 3a4+b) b- a)2:| /f(t)dt‘

(b-a)? b-a

3a+b
+ —
48 4

4

<('- S)|: ], (2.4)

where S = (f'(b) — f'(@))/(b - a).

Proof From (2.2) and the facts

/ 0 de = f/ —f'(a) (2.5)

—a

and

b

, 2.
b—al (2.6)

3a +b)2 (b-a)?
+

1
K, t)dt = - x -
2 4 96

it follows that

1! 1 1!
—/ K(x, t)f"(¢) dt - T /Kx,t)dt/f(t)dt

_/ f(t)dt_f(x) +f(;l+b—x) . (x— 3a4+b>f(x)—f’(za+b—x)

! 4 2
LSOO (20, il | 27)

We denote

b b
/ K(x,t)dt / f(¢)dt. (2.8)

1 b 1
R =5 | Kwaf'@de-—2s |

b—a

If C € R is an arbitrary constant, then we have

1 b " 1 b
R,(x) = m/ﬂ (f (¥) - C) |:I((x, t)— m/ﬂ K(x,s) ds] dt. (2.9)
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Furthermore, we have

1
< —— max
b —a telab)

1 b
K(x,t)——/ K(x,s)ds

b
- /a If"(6) - C|dt. (2.10)

Ry (%)]

To compute

max

1 b
K(x,t) — —— / K(x,s)ds
tela,b] b-a)l,
1 , 1 3a+b\> (b-a)
=maxy|=(x—-a)’ —[=|x- +
2 2 4 96

‘1(a+b )2 [1( 3¢z+b)2 (b—a)z]
= —x) —|=(x- +
2 2 2 4 96

’

1( 3a+b>2 (b-a)z}
e +
2 4 96

b-a b-a 1 3a+b\> (b-a)
= max |6x —5a—b|,——|3x—2a-b|, = |x - + , (2.11)
24 12 2 4 96
we denote
b-a b-a
y1=7|6x—5a—b|, y2:T|3x—2a—b|,
1 3a+b\* (b-a)
=—|x- + .
7373 4 96
If we choose y; = 0, then we get x; = %. If we choose y, = 0, then we get x; = 2“3—+b.
A direct computation gives that
y2 = max{y,ys}, x € [a, 3%2],
3a+b a+b (212)
1 >max{yy,ys}, «x€(>97, 5]
Therefore, we get
1 b
max |[K(x,t) — —— [ K(x,s)ds
tela,b] b-al,
(b-a)? b-a 3a+b
- yy) = - , 2.13
max{y1,ya} s T2 ) (2.13)
We also have
b
[1r@-ylde=s-pe-a (2.14)
a
and
b
f If"(6) = T|dt = (T - S)(b-a). (2.15)
a

Therefore, we obtain (2.3) and (2.4) by using (2.7)-(2.10), (2.1)-(2.15) and choosing C = y
and C =T in (2.10), respectively. O
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Corollary 2.1 Under the assumptions of Theorem 2.1, choose
1) x= 3“”’ , we have

f(3“4+b>+f(“tfb> ) -fla)(b-aP 1 [°
‘ * b-a 96 _b—a/af(t)dt‘

<—(S V)(b-ay,

=13 (2.16)
FCub) 4 f(220) )~ fla) b-a)* 1 [
‘ 2 "Thoa 9% _b—a/ﬂf(t)dt‘

< 41—8(r —S)(b-a). (2.17)

(2) x =a, we have

fla)+f(b) f'(b)-f(a)(b-a)

‘ 2 - b—a /ft)dt‘ —(S-y)b- ﬂ)z
fla@)+f(b) f'(b)-f(a)(b-a) 1

‘ 5 Tl a B /ft)dt‘<—(l" S)(b - a)?.

3) x= “;—b, we have

a+b\ fb)-f(a)b-a)
P( 2 >+ b-a 24  b- a/f 2

a+b\ fB)-f@)b-a® 1
P( 2 >+ b-a 24 _b—a/af(t)dt

Corollary 2.2 Let f be as in Theorem 2.1. Additionally, if f is symmetric about x = %,
then for all x € [a, ‘”b] we have

‘/(x) (x—3a+b>f() f/(b) /(a[( 3a+b>2+(b—a)2]
4 96

Sﬁ (S-y)b-a)

1 3
= E(F -S)(b-a)’.

1
—m/f(t)dt‘
b 2 p- 3a+b
“(s- )/)[( 86l) .\ 4ﬂ ~ a4+ H
and
/ 2
‘/(x)—(x 3u+b>f() b ) —f(a )[l(x_?)a+b) +(b—a)2]
—-a 2 4 96
1
—E/af(t)dt‘
§(F—S)|:(b_ﬂ)2+b_a _3a+bH'
48 4 4
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2.2 The case when "’ € L?[a, b]
Theorem 2.2 Let f : [a,b] — R be a thrice continuously differentiable mapping in (a, b)
with f" € L?(a, b]. Then for all x € [a, #] we have

2 4 2

')y -1 3a+b (b a)?
*ﬁ[i(’“‘ 7 ) } ff“)df‘

Liemi P s b oy Lx—ay
an ’|2{320(a+b 2x) +10(x a)

2 271/2
—(b-a) I:% (x - Ba4+ b) + * ;:)2] } . (2.18)

Proof Let R,(x) be defined by (2.8). From (2.7), we get

fx)+fla+b-x) B (x— 3oz+h)f/(x)—f/(a+b—x)

b p— !
Rn(x):ﬁ/f(t)dt—JMJr(x 3a+b)f(x> —fla+b=x)

2 4 2
/ 7 2 2
_fi(b; :J; (@) B (x - 3“4+ b) L@ ;6“) ] (2.19)

If we choose C =f"((a + b)/2) in (2.9) and use the Cauchy inequality, then we get

|R(x)]

_b— /P (®) f”( )HKx, ——/ K(x,s)ds
1 " ,(a+b 12
sl (ro-r(5)) 4]
b b 2 1/2
X |:/ (I((x,t)—ﬁ/ K(x,s)ds) dt] . (2.20)

We can use the Diaz-Metcalf inequality (see [19, p.83] or [25, p.424]) to get

/ (f”(t) f”(‘”b)) <& gy

We also have

b b )
/a (K(x,t)—ﬁ /ﬂ 1<(x,s)ds) dr
b 2 292
’ 2 4 %

2 212
:%(a+b 2%)° +—(x a) — (b- a)|: ( 3“4+b) +(b;6“) ] (2.21)

dt

Therefore, using the above relations, we obtain (2.18). O

Corollary 2.3 Under the assumptions of Theorem 2.2, choose

Page 6 of 14
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1) x= M , we have

FL) L (222 (b))~ f(a) b-a)* 1 [P
‘ 2 "Th-a 9% b—a/af(t)dt‘

(b-a)*?
_48«/—

(2) x =a, we have

I - (2.22)

@B B -f@ G- 1 [ b-ap?,
‘ a2 ‘b—a/af(‘)‘”‘ ams V'l

(3) x =242, we have

a+b f(b) f(tz) (b a)2
P( 2 > b-a ff“)"”
b

Corollary 2.4 Let f be as in Theorem 2.1. Additionally, if f is symmetric about x = 32,
ie,f(a+b-x)=f(x), then forall x € a, “2#1’] we have

/ / 2 _ )2
}f(x)—( 3a+b>/() f(b) f(a[ ( 3a4+b) +(b96a)]
1
:/f(t)dt’

1 1" 5
_;}Lf ||2{%(cz+b 2x)° + (x—zz)

1 3a+b\* (b-a)?1 "
-b-a)|={x- + .
2 4 96
2.3 The case when f” Lz[a, bl

Theorem 2.3 Letf: [a,b] — R be such that f' is absolutely continuous on [a, b] with f" €
L*[a,b). Then for all x € [a, “;b] we have

(b )7
. ST

fx)+f(a+b-x) 3a+b\f'(x)-f(a+b-x)
’ 2 _<x_ 4 ) 2

! ’ 2
+f(b2:£(ﬂ)[%<x—3ﬂ4+b) +(b a) :| /f(t)dt’

aE

b-a

2 2471/2
_(b—a)[%<x—3a4+b> +(b;6”)2] } , (2.23)

where o (f") is defined by

L 1 5
320(az+b 2x)° + (x a)

=

b
o) = I - LOL@ gz 52— (2.20)

and S is defined in Theorem 2.1.

Page 7 of 14
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Proof Let R,(x) be defined by (2.8). If we choose C = ﬁ f:f”(s) ds in (2.9) and use the
Cauchy inequality and (2.21), then we get

|Ry(x)|

1 b 1!
sm”/ )——/f(s)ds
b 1! 1 7
b—[f (f <t)—m/ajf (s)ds) dt]
b b 2 1/2
X |:/a (K(x,t)—ﬁ/a K(x,s)ds) dt]

K(x,t)——/ K(x,s)ds|d

=
=

1
-a
Vb"_(fa){i(wb 2%)° +—(x ay

320

1 3a+b\> (b-a)?1 )"
—(b-a)| -(x- + . N
2 4 96
Corollary 2.5 Under the assumptions of Theorem 2.3, choose
1) x= M , we have

FCREL) 4 f(2430) b)) —f@) b-a)® 1 [
‘ 2 T4 9% b—a/af(t)dt‘

(b - a)3? -
<= 7 48[ (f) (2.25)

(2) x =a, we have

f@)+f®) f®)-f(a)b-a? 1 [° (b-a)*? N
‘ 2 b-a 12 _b—a/uf(t)dt‘ 1245 o(f")

(3) x= “Zﬁ, we have

b "(b ’ b— )2 3/2
(252) LoL e /f(t)dt‘ O ot

Corollary 2.6 Let f be as in Theorem 2.1. Additionally, if f is symmetric about x = “;—b,
then for all x € |a, ‘”b] we have

/ " 2
}/(x)_( 3“”’),() £®) f(a)[z( 3a4+b) +(b;6a)2]
1
_m[,f(t)dt‘

Raare

1 5
%(a+b 2x)° +—(x a)

2 247172
—(b—a)[l<x—3a+b> +(b—a)2] } .
2 4 96

b-a
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3 Application to composite quadrature rules
LetI,:a=x9<x <- - <xX,1 <X, =Db be a partition of the interval [a,b] and h; = x;;; — x;
(i=0,1,2,...,m—-1).

Consider the perturbed composite quadrature rules

n-1 n-1 4 ) e
QL. f) = % Z[f(sxi -;xm) +f(xi +:xi+1>]hi . ZW}@ 3.1)
i=0 i=0

and

n

1 3% + Xy i+ 3%y r i
QU f) = EZH s 1) +f(x = 1>]h,.+ T (3:2)
=0

-1
i=0

The following results hold.

Theorem 3.1 Let f: [a,b] — R be such that f' is absolutely continuous on [a,b]. If f" €
L'[a,b) and y <f"(t) <T,Vt € [a,b), then for all x € [a, “;—b] we have

b
f F@)dt = Q-Unf) + RBoLof),

where Q.(I,.,f) is defined by formula (3.1), and the remainder R\ (I,,f) satisfies the estimate

n-1
RG] = 15 (=) 0 (33)
i=0
and
1 n-1
IRy = 5 (T =8) ) h. (3.4)
i=0

Proof Applying inequality (2.1) and (2.1) to the intervals [x;,x;,1], we get
pplying y g

xmf(t) dt — %[f(M) +f<xi + 3% ):|hi _f/(xm) _f/(xi)hz

i 4 4 96 !

1 3

< E(S - J/)hi

and

*irl 1[ (3% +xi X + 3%, "(xie1) — f (%)
f(t)dt—g[f(Tl> +f< 2 1)j|hi_f 196f h
1

< —( -9k
48

fori=0,1,2,...,n—1. Now summing over i from 0 to #n—1 and using the triangle inequality,
we get (3.3) and (3.4). O

Page 9 of 14
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Theorem 3.2 Let f : [a,b] — R be a thrice continuously differentiable mapping in (a, b)
with f" € L*[a, b). Then for all x € [a, “2] we have

b
/fmm=@ww+@wﬁ,

where QL(1,,f) is defined by formula (3.1), and the remainder R\(1,, f) satisfies the estimate

R (L. f)| 4s[f !/Z_Z W2, (3.5)

Proof Applying inequality (2.3) to the intervals [x;,x;,1], we get

f’*lf( £ dt - _[f(?mz qul) +f(xi +jxi+1):|hi _f/(xi+1;;f/(xi)h2

h7/2

= 18r \/_Hf

i

I,

fori=0,1,2,...,n—1. Now summing over i from 0 to #n—1 and using the triangle inequality,
we get (3.5). O

Theorem 3.3 Letf: [a,b] — R be such that f' is absolutely continuous on [a, b] with f" €
L*[a,b). Then for all x [a, “L] we have

b
| 1= Quttf) + Rettop
where QL(1,,f) is defined by formula (3.1), and the remainder R\ (1, f) satisfies the estimate

R (L, f)| < V48$ Z 2. (3.6)

Proof Applying inequality (2.5) to the intervals [x;,x;,1], we get

%irl 30 + Xip1 x; + 3%:41 S i) —f1(x0) o
f()dt_i[f(T)+f( i )}h %

5/2
4Zf Vo)

fori=0,1,2,...,n—1. Now summing over i from 0 to #n—1 and using the triangle inequality,
we get (3.6). O

To illustrate the effectiveness of the perturbed composite quadrature rules (3.1) and
(3.2), we compute the approximate values of several specific examples using these two

rules and the composite trapezoidal formula

Tl f) = [ * ZZf(xl +f(b) ]
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Table 1 Numerical results

f(x) n [a, b] f:f(x) dx T, Error of T, Q} and Q2 Error of Q} and Q2
CosX —X 20 [0,3] -0.233701 -0.234215  5.14E-4 -0.233636 6.5E-5
e cos(e¥) 20 [0,1] -1.176887 -1.181466 4.579E-3 -1.176316 57184
ﬁ 10 [0,1] 0.241549 0.241393 1.56E-4 0.241569 2E-5
+4x4+3
tanx +x 200 10, %] 0.654999 0655127  1.28E-4 0654983 7E-6
InG? +1) 20 [-1,1] 0.527887 0.529554 1.667E-3 0.527679 2.08E-4

respectively, and then we compare their errors. We get Table 1, from which the power of

these two rules in numerical integration is demonstrated due to better error estimates.

4 Application to probability density functions
Now, let X be a random variable taking values in the finite interval [, b], with the proba-

bility density function f : [4, b] — [0,1] and with the cumulative distribution function

F(x) = Pr(X <) = / ’ £(2)dt.

The following results hold.

Theorem 4.1 With the assumptions of Theorem 2.1, we have

‘%[F(x)+l—"(a+b—x)]— (x— 3a+b)f(x) ~fla+b-%)

4 2
f(b)—f(a)[l( 3a+b)2 (b—a)2] b—E(X)‘
+—| - x- + -
b-a 2 4 96 b-a
b-a)? b- 3a+b
s(s—y)[( 48“) e H (4.)

and

|%[F(x)+l—"(a+b—x)]— <x— 3“+b)f(x) —flarb-x)

4 2

f(b)—f(a)|:1( 3a+b>2 (b—a)z] b—E(X)‘
+ | = x- + -
b-a 2 4 96 b-a
b-a)?® b-a 3a+b

8 a4 [T a H

<( —S)[ (4.2)

forall x € [a, #], where E(X) is the expectation of X.

Proof By (2.3) and (2.4) on choosing f = F and taking into account

b b
E(X) = / tdE(t) = b - / E(t) dt,

we obtain (4.1) and (4.2). O
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Corollary 4.1 Under the assumptions of Theorem 4.1 with x = 3"4" b we have

1 3a+b a+3b b-a b-E(x)
) () 4

< (5= )b-ay

1 3a+b a+3b b-a b-E(x)
HF 7 )F( 7 )]*W[f"’)‘ﬂ“”‘ ba

Theorem 4.2 With the assumptions of Theorem 2.2, we have

‘%[F(x)+l-"(u+h—x)]— (x— 3“4+b)f"“’ Serbey

Q) f(a)[ (x_ 3a+b)2+ (b—a)2] _ b—E(X)\
2

b-a 4 96 b-a

_%Hf’””z{%(a+b 2x)° + (x—a)5

2 247172
—(b—a)[l(x—ga”?) +(b—a)2] }
2 4 96

forall x € [a, #], where E(X) is the expectation of X.

Proof By (2.18) on choosing f = F and taking into account
b b
EX) = / tdF(t)=b- / F(¢) dt,
a a
we obtain (4.5).
Corollary 4.2 Under the assumptions of Theorem 4.2 with x = 3“”’ , we have

) e 52

(b 61 111
LT,

Theorem 4.3 With the assumptions of Theorem 2.3, we have

l[F(x)+F(oz+b—x)]— (x—

I 3a+b)f(x)—f(a+b—x)
2

4 2
+f(b)—f(u)[%(x_ 3a+b)2+ (b—a)Z] B b—E(X)‘

b-a 4 96 b-a

< b—a {%(a+b 2x)° +—(x a)

(4.4)

(4.5)

(4.6)
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—(b—a)[%<x—3a4+b> + (b;:) ] } (4.7)

forallx € [a, %], where E(X) is the expectation of X.

Proof By (2.23) on choosing f = F and taking into account

b b
E(X):/ tdF(t):b—/ F(t)dt,

we obtain (4.7). a
Corollary 4.3 Under the assumptions of Theorem 4.3 with x = 3“4—+b, we have

1 3a+b a+3b b-a b-E(x)

—|F F b) - -

‘2[ < 4 )+ ( 4 >]+ 56 VO -f@]-=—

(b—a)3/2 »
= v VU
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