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1 Introduction and preliminaries
Katsaras [1] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space
from various points of view [2—4]. In particular, Bag and Samanta [5], following Cheng and
Mordeson [6], gave an idea of a fuzzy norm in such a manner that the corresponding fuzzy
metric is of Kramosil and Michalek type [7]. They established a decomposition theorem
of a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy
normed spaces [8].

We use the definition of fuzzy normed spaces given in [5, 9, 10] to investigate a fuzzy
version of the Hyers-Ulam stability for the Cauchy additive functional inequality and for
the Cauchy-Jensen additive functional inequality in the fuzzy normed vector space setting.

Definition 1.1 [5, 9-11] Let X be a real vector space. A function N : X x R — [0,1] is
called a fuzzy norm on X if for allx,y € X and all s, € R,

(N;) N(x,t) =0 for t <0;

(N2) x=0ifand only if N(x,£) =1 for all £ > 0;

(N3) N(cx,t) = N(x, ﬁ) ifc #0;

(Ng) N(x+y,s+1t)>min{N(x,s), Ny t)};

(N5) N(x,-) is a non-decreasing function of R and lim;, oo N (x,£) = 1;
(Ng) forx #0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given
in [10, 11].

Definition 1.2 [5,9-11] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is
said to be convergent or converge if there exists an x € X such that lim,,_, .o N(x, — x,¢) = 1
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for all £ > 0. In this case, x is called the limit of the sequence {x,} and we denote it by

N-1limy,_ o0 %, = X.

Definition 1.3 [5, 9, 10] Let (X,N) be a fuzzy normed vector space. A sequence {x,} in
X is called Cauchy if for each ¢ > 0 and each ¢ > 0 there exists an 7 € N such that for all

n > ng and all p > 0, we have N (%, — %, ) >1 - €.

It is well known that every convergent sequence in a fuzzy normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be com-
plete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is con-
tinuous at a point x¢ € X if for each sequence {x,} converging to x, in X, the sequence
{f(x,)} converges to f(xo). If f : X — Y is continuous at each x € X, then f : X — Y is said
to be continuous on X (see [8]).

We will use the following notations:

M, (X) is the set of all # x n-matrices in X;

e; € M,,,(C) is that jth component is 1 and the other components are zero;

E;; € M,(C) is that (i, j)-component is 1 and the other components are zero;

E; @ x € M,(X) is that (i, j)-component is x and the other components are zero.

For x € M,,(X), y € My(X),

x 0
x®y= (0 y) .

Note that (X, {|| - ||,.}) is a matrix normed space if and only if (M, (X), || - ||,) is a normed
space for each positive integer #n and ||AxB|x < ||A|l|B|l|l*|l,, holds for A € My ,,(C), x =
(x;) € M,,(X) and B € M,,x(C), and that (X, {|| - ||,,}) is a matrix Banach space if and only if
X is a Banach space and (X, {|| - ||,}) is @ matrix normed space.

A matrix normed space (X, {|| - ||,}) is called an L*°-matrix normed space if || x @ y|| 4k =
max{||x||,, ||¥ll«} holds for all x € M,,(X) and all y € My (X).

Let E, F be vector spaces. For a given mapping / : E — F and a given positive integer #,
define A, : M,,(E) — M, (F) by

hy ([xu]) = [h(xz/)]

for all [x;] € M, (E).

We introduce the concept of a matrix fuzzy normed space.

Definition 1.4 Let (X, N) be a fuzzy normed space.
(1) (X,{N,}) is called a matrix fuzzy normed space if for each positive integer #,
(M,(X), N,,) is a fuzzy normed space and Ni(AxB, t) > N,(x, m) forall >0,
A € My, (R), x = [x;] € M, (X) and B € M,,x(R) with | A] - [|B]| 0.
(2) (X,{N,}) is called a matrix fuzzy Banach space if (X, N) is a fuzzy Banach space and

(X, {N,}) is a matrix fuzzy normed space.
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Example 1.5 Let (X,{]| - ||,,}) be a matrix normed space. Let N,(x, ) := m forallt>0
and x = [x;] € M,(X). Then

ot
t t ARE

Ni(AxB, t) = = =
t+ | AxBllx — t+ Al - [l - IBII + 1%l

_t
lAl-11BI

forallt>0,A € My,,(R),x = [x;] € M,(X) and B € M, x(R) with |A]| - | B|| #0. So, (X, {N,.})
is a matrix fuzzy normed space.

The abstract characterization given for linear spaces of bounded Hilbert space opera-
tors in terms of matricially normed spaces [12] implies that quotients, mapping spaces,
and various tensor products of operator spaces may again be regarded as operator spaces.
Owing in part to this result, the theory of operator spaces is having an increasingly signif-
icant effect on operator algebra theory (see [13]).

The proof given in [12] appealed to the theory of ordered operator spaces [14]. Effros
and Ruan [15] showed that one can give a purely metric proof of this important theorem
by using a technique of Pisier [16] and Haagerup [17] (as modified in [18]).

The stability problem of functional equations originated from a question of Ulam [19]
concerning the stability of group homomorphisms. Hyers [20] gave the first affirmative
partial answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized
by Aoki [21] for additive mappings and by Rassias [22] for linear mappings by considering
an unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by
Gévruta [23] by replacing the unbounded Cauchy difference by a general control function
in the spirit of Rassias’ approach.

In [24], Gildnyi showed that if f satisfies the functional inequality

120+ 2 ) =f (™) | < [If o)

, (1)
then f satisfies the Jordan-von Neumann functional equation

2f (%) + 2/ () = f(oxy) +f (xy ™).
See also [25]. Gildnyi [26] and Fechner [27] proved the Hyers-Ulam stability of the func-

tional inequality (1.1).
Park et al. [28] proved the Hyers-Ulam stability of the following functional inequalities:

X+y+z
y(25)
lf @) +f) +f@)| < |[fx+y+2)], 1.2)
Zf(g + z) H (1.3)

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d

If () +f ) +f(2)| <

’

If ) +f ) +2f (2) | <

satisfies
(1) d(x,y) =0ifand only if x = y;
(2) d(x,y) =d(y,x) for all x,y € X;
(3) d(x,z) <d(x,y) +d(y,z) forall x,5,z € X.
We recall a fundamental result in fixed point theory.
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Theorem 1.6 [29, 30] Let (X,d) be a complete generalized metric space and let ] : X —
X be a strictly contractive mapping with a Lipschitz constant o < 1. Then, for each given
element x € X, either

d(]nx’]n+1x) =00

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x,]"™x) < 0o, Vi > np;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of ] in the set Y ={y € X | d(J"0x,y) < 0o};
(4) d(y,y*) < 7d(. ]y) forally €Y.

In 1996, Isac and Rassias [31] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [32-38]).

Throughout this paper, let (X, || - ||,) be a matrix normed space, (Y, || - ||,) be a matrix
Banach space and let # be a fixed positive integer. Let (X, N,) be a matrix fuzzy normed
space and let (Y, N,,) be a matrix fuzzy Banach space.

In Section 2, we prove the Hyers-Ulam stability of the Cauchy additive functional in-
equality (1.2) in fuzzy normed spaces by using the fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the Cauchy additive functional equa-
tion in matrix fuzzy normed spaces by using the fixed point method.

In Section 4, we prove the Hyers-Ulam stability of the Cauchy-Jensen additive functional
inequality (1.3) in fuzzy normed spaces by using the fixed point method.

In Section 5, we prove the Hyers-Ulam stability of the Cauchy additive functional in-
equality (1.2) in matrix normed spaces by using the direct method and by using the fixed
point method.

2 Hyers-Ulam stability of the Cauchy functional inequality in fuzzy normed
spaces
We need the following lemma to prove the main results.

Lemma 2.1 [16,39] Let (Y,N) be a fuzzy normed vector space. Let f : X — Y be a mapping
such that

N(F(x) +£0) +2(@8) =N (2f (9% ' Z)’ %)

forall x,y,z€ X and all t > 0. Then f is Cauchy additive, i.e., f(x +y) = f(x) + f(y) for all
x,y€X.

In this section, using the fixed point method, we prove the Hyers-Ulam stability of the
Cauchy additive functional inequality (1.2) in fuzzy Banach spaces.

Theorem 2.2 Let ¢ : X® — [0,00) be a function such that there exists an L < 1 with

L
¢M%@§§¢%2%%)
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forallx,y,z€ X. Let f : X — Y be an odd mapping satisfying

N(f(x) +f () +f(2).2)

t t
> min{ N y =) — 2.1

_mm{ <f(x+y+z) 2) t+¢(x,y,2)} e
Jorall x,y,z € X and all t > 0. Then A(x) := N-1im,,_. o, 2"f(3;) exists for each x € X and
defines an additive mapping A : X — Y such that

(2-2L)¢
N(f(x) A, t) = (2-2L)t + Lo(x,x,—2x) 2:2)

forallxe X and all t > 0.

Proof Since f is 0dd, f(0) = 0. So, N(f(0), £) = 1. Letting y = x and replacing z by —2x in
(2.1), we get

t

forall x € X.

Consider the set
S={g: X—>Y}
and introduce the generalized metric on S:

. t
d(g,h) = lnf{,LL € RJr N(g(x) —h(x),ut) > m,\?’x EX,VZ'>O},

where, as usual, inf ¢ = +00. It is easy to show that (S, d) is complete. (See the proof of [40,
Lemma 2.1].)

Now we consider the linear mapping J : S — S such that

Ja(x) := 2g<§)

forallx € X.
Let g, i1 € S be given such that d(g, #) = ¢. Then

t
Nlgt) ~hhet) = s

for all x € X and all £ > 0. Hence

N(Jg(x) - Jh(x), Let) = N(2g(§) - 2h<§>,Lst)

() (2) )
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Lt
2

IV

L
L
L o5, %)

Lt
2

It , L

5 + Ego(x,x, —2x)
t

t+ @(x,x, —2x)

%

for allx € X and all £ > 0. So, d(g, 1) = ¢ implies that d(Jg, /i) < Le. This means that

d(Jg,Jh) < Ld(g,h)

forallg,h e S.
It follows from (2.3) that

x\ L £
N(f(x)—Zf(E)’§t> )

forallx € X and all £ > 0. So, d(f,Jf) < %
By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e.,
x 1
Al=-)==A 2.4
(5)-34@ 4)
for all x € X. Since f : X — Y is odd, A : X — Y is an odd mapping. The mapping A is a

unique fixed point of J in the set

M=|{geS:d(f,g) <o}

This implies that A is a unique mapping satisfying (2.4) such that there exists a u € (0, 00)

satisfying

N(f@) =AW ut) 2 s

for allx € X;
(2) d(J"f,A) — 0 as n — oo. This implies the equality

N- g@oznf(%) - A(x)

forall x € X;
(3) d(f,A) < L-d(f,]f), which implies the inequality

1-L

L

d(f,A) < ——.
(f )52_2L

This implies that the inequality (2.2) holds.
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By (2.1),
" x y z
M= ((5) v (5) (5)) )
. Xty +Z nl) t }
> min{ N( 2 2 ), —
W () ) s e
forallx,y,z€ X, allt>0, and all n € N. So,
ar{ s b z
(= ((53)(3)4(3)))
*t
Zmin{N(znf(x-'—J;-'—z);E)! t ann }
2 2) 5+ wolx,2)
t
2}‘!

forallw,y,z € X, all t > 0, and all # € N. Since lim,,_, o Tl o - 1forall x,y,z € X and
37+ 5 9%,z
all£>0,

N(AG) +AQ) + A@), 1) > N(A(x ry+2) %)

for all x,9,z € X and all £ > 0. By [41, Lemma 2.1], the mapping A : X — Y is a Cauchy
additive, as desired. O

Corollary 2.3 Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with the norm || - ||. Let f : X — Y be an odd mapping satisfying

t
e+ O(llxllP + [Iy1P + lz]1P)

N(f(x) +f(y) +f(z),t) zmin{N<f(x+y+z),§> } (2.5)

Jorall x,y,z € X and all t > 0. Then A(x) := N-1im,,_. o, 2"f(3;) exists for each x € X and

defines an additive mapping A : X — Y such that

(27 —2)t
272 =2)t+ (2 +22)0||x||?

N(f(x) - A(x),£) >
forallx e X and all t > 0.
Proof The proof follows from Theorem 2.2 by taking

9(x,9) = O (Il + Iy I” + llz11”)
for all x,y,z € X. Then we can choose L = 217, and we get the desired result. O

Theorem 2.4 Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 with

Xy z
' ) <2L N’A’A
py,2) < <p<2 5 2)

Page 7 of 28
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for all x,9,z € X. Let f : X — Y be an odd mapping satisfying (2.1). Then A(x) :=
N-lim,_, o %f(Z"x) exists for each x € X and defines an additive mapping A : X — Y

such that
(2-2L)t
N —Ax),t 2.6
(F) - A, ) 2 2 —20L)t + 9(x, %, —2) 26)
forallxe X and all t > 0.

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Consider the linear mapping / : S — S such that

Jeo) = 2g25)

forall x € X.
Let g, € S be given such that d(g, ) = ¢. Then

t
N(g(x) - h(x),et) > £+ (%, %, —24)

for all x € X and all £ > 0. Hence
1 1
N(]g(x) —]h(x),Lst) = N(Eg(Zx) - Eh(Zx),Lst)

= N(g(2x) — h(2x),2Let)

- 2Lt - 2Lt

T 2Lt + o(2x,2x,—4x) — 2Lt + 2Le(x, x, —2x)
3 t

Tt + o, x, —2x)

forallx € X and all £ > 0. So, d(g, /) = ¢ implies that d(Jg, Jh) < Le. This means that
d(lg,Jh) < Ld(g, h)

forallg,heS.
It follows from (2.3) that

N (f (x) - %f (2x), %t> > !

T t+ o(x,x,—2x)

forallx € X and all £ > 0. So, d(f,Jf) < %

By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of /, i.e.,

A(2x) = 2A(x) (2.7)

for all x € X. Since f : X — Y is odd, A : X — Y is an odd mapping. The mapping A is a
unique fixed point of / in the set

M:{geS:d(f,g)<oo}.
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This implies that A is a unique mapping satisfying (2.7) such that there exists a u € (0, 00)
satisfying

N —-Alx), ut) > ———
(f(x) (), ) T+ olx,x,—2x)
for all x € X;
(2) d(J"f,A) — 0 as n — oo. This implies the equality

1
N- lim ?f(2"x) = A(x)
for all x € X;

(3)d(f,A) < ﬁd(f,]f), which implies the inequality

1
dif,A) < ——.
(.4 = 2-2L
This implies that the inequality (2.6) holds.
The rest of the proof is similar to the proof of Theorem 2.2. d

Corollary 2.5 Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm | - ||. Let f : X — Y be an odd mapping satisfying (2.5). Then
A(x) := N-lim,,_, o, 2inf(Z”x) exists for each x € X and defines an additive mapping A : X —
Y such that

2-27)t
N(f(x) - Ax),t) > (2-2°)t + (2 +22)0 ||x||?

forallx e X and all t > 0.

Proof The proof follows from Theorem 2.4 by taking

@(x,9) =0 (%P + IylI” + l1z117)
for all x, y, z € X. Then we can choose L = 2771, and we get the desired result. O

3 Hyers-Ulam stability of the Cauchy additive functional equation in matrix
fuzzy normed spaces
Using a fixed point method, we prove the Hyers-Ulam stability of the Cauchy additive
functional equation in matrix fuzzy normed spaces.
We will use the following notations:
M, (X) is the set of all # x n-matrices in X;
e; € M1,,(R) is that jth component is 1 and the other components are zero;
E;; € M,(R) is that (i, )-component is 1 and the other components are zero;
E; ® x € M,(X) is that (i, /)-component is x and the other components are zero.

Lemma 3.1 Let (X,{N,}) be a matrix fuzzy normed space.
(1) Ny(Ew®x,8) =N(x,t) forallt >0 and x € X.
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(2) Forall [x;] € My(X) and t =37, t,
N (g, £) > Nn([xij], t) > min{N(x,j,t,-j) 10,j=1,2,. ..,n},
t
N(xw,t) > Ny ([xz;] ) > min{N(xij, _2> Hhj= 1»2"“'”}'
n
(3) limy—s o0 %, = x if and only if lim,,_ o Xy = %57 fOT % = [%), % = [x5] € Mi(X).

Proof (1) Since Eyy ® x = ejwe; and |leg|| = llefl| = 1, Nu(Ex ® %, t) > N(x, £). Since ex(Ey ®
x)ef = x, Ny(Erg @ %,8) < N(x,t). So, N(Ey ® x,£) = N(x, 1).
(2) N 2) = Nlexleglef, 1) = Ny, otper) = Nl 0.

[xL]] t (ZEL] ®xz/; ) > miH{Nn(El']‘ ® Xij» t,'j) : i,j =12,.. .,n}

ij=1

= min{N(xlj,tli) 1= 1,2,...,n},

where £ = 37, £;. So, Nyi([x],¢) > min{N (x;;, L)iij=12,...,n}.
(3) By N (i, t) = Ny ([7], £) = min{N (x;;, niz) :,j=1,2,...,n}, we obtain the result. [

For a mapping f : X — Y, define Df : X* — Y and Df, : M,,(X?) — M, (Y) by
Df(a,b) =f(a + b) - f(a) - f(b),
Dfy(lx51, i) 1= Sl + 3i]) =S ([25]) = fu(])
forall a,b € X and all x = [x;],y = [y;] € M,(X).
Theorem 3.2 Let ¢ : X2 — [0,00) be a function such that there exists an a < 1 with
a
pla,b) < §¢(2a, 2b) (3.1)

foralla,be X. Let f : X — Y be a mapping satisfying

t

— (3.2)
t+ D 9 yy)

N, (Df ([xg), ysl) ) =

SJorall t >0 and x = [x;],y = [y;] € My(X). Then A(a) := N-lim;_ lf( ) exists for each
a € X and defines an additive mapping A : X — Y such that

N(fn(l]) = An(lss)), ) = 21 -a) +2n(21a_§)f1 () (33)
forallt >0 and x = [x;]) € M,,(X).
Proof Let n = 1. Then (3.2) is equivalent to

N(fa+ b ~f@-f0)1) = /s (3.4)

forallt>0anda,b e X.
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Letting b = a in (3.4), we get

t

N(f(2ﬂ) -2f(a), t) = m (3.5)
and so
a t t
N(r@-2r(5)) = @) 1 Spaa) 36)

forallt>0anda € X.
Consider the set

S={g: X—>Y}

and introduce the generalized metric on S:

d(g,h) =inf{u €R, :N(g(a) - h(a), ut) > ,Ya e X,Vt > 0},

t+p(a,a)

where, as usual, inf¢ = +00. It is easy to show that (S, d) is complete (see the proof of [40,
Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

Jg(a) = 2g<g)

foralla € X.
Let g, i € S be given such that d(g, 1) = &. Then

N(gla) - a)et) = s

foralla € X and ¢ > 0. Hence

foralla € X and ¢ > 0. So, d(g, ) = & implies that d(Jg,Jh) < ae. This means that

d(Jg,Jh) < ad(g, h)

forallg,h e S.
It follows from (3.6) that d(f, Jf) < 5.
By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:

Page 11 of 28
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(1) A is a fixed point of J, i.e.,

a 1

for all 2 € X. The mapping A is a unique fixed point of J in the set
M= {geS:d(f,g)<oo}.

(2) d(J'f,A) — 0 as [ — oc. This implies the equality
Ctim 2l 2 =
N 113202]((21) Al@)

foralla € X.
(3) d(f,A) < -L-d(f, Jf), which implies the inequality

— l-«a

d(f,A) < ——. (3.7)

~2-2«

By (3.4),

fa+h i @ A b\ t
w((%57) -2(5) -2 (5 ) 2) = @ )

forall a,b € X and ¢ > 0. So,

t

V() (3)#(3)9) = rn

2l

~~|w

forall a,b € X and ¢ > 0. Since lim;_, o ﬁ =1foralla,beXandt>0,

N(A(a +b) - A(a) - A(b),£) =1

foralla,b € X and t > 0. Thus A(a + b) — A(a) — A(b) = 0. So, the mapping A: X — Y is
additive.
By Lemma 3.1 and (3.7),

No(f(1x3]) = An(le]) ) = min{N<f(x,-,) ~ Aly), n—i) ij= 1,2,...,n}

. 2(1-a)t .
> min th,j=12,...,n
2(1 - a)t + n2ap(xij, x;)

- 2(1 - a)t
T 2(L-a)t+mPa Y el xp)

for all x = [x;] € M, (X). Thus A : X — Y is a unique additive mapping satisfying (3.3), as
desired. O
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Corollary 3.3 Let r, 0 be positive real numbers with r < 1. Let f : X — Y be a mapping
satisfying

- t
T+ Ol + vyl

Nn (Df,,([xl,], [y,'j]),t) (38)

SJorall t >0 and x = [x;],y = [yy] € My(X). Then A(a) := N-lim;_, o, 2’]”(%) exists for each
a € X and defines an additive mapping A : X — Y such that

@ -2t

t+n2-2r ZZ;=1 6 1% 1"

N(fn([xu]) _A”([xij])’t) z (2 _ 2r)

Sforallt>0 and x = [x;] € M,(X).

Proof The proof follows from Theorem 3.2 by taking ¢(a,b) = 6(||la||” + ||b||") for all
a,b € X. Then we can choose o = 2"1, and we get the desired result. O

Theorem 3.4 Letf : X — Y be a mapping satisfying (3.2) for which there exists a function
@ : X% — [0,00) such that there exists an o < 1 with

ab
1b 2 R~
¢(a,b) < oap(z 2)

foralla,beX. Then A(a) := N-lim;_, « %f(Z’a) exists for each a € X and defines an addi-
tive mapping A : X — Y such that

2(1 - o)t

N b)) = Anlle) 1) 2 o s e

Sforallt>0 and x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2.
Now we consider the linear mapping J : S — S such that

Jg(a) := 2g<g>

foralla € X.
It follows from (3.5) that d(f, Jf) < % So,

1
d(f,A) < .
Y )_2—201

The rest of the proof is similar to the proof of Theorem 3.2. g

Corollary 3.5 Let r, 6 be positive real numbers with r > 1. Let f : X — Y be a mapping
satisfying (3.8). Then A(a) := N-1im;_, o ZZf(%) exists for each a € X and defines an additive
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mapping A : X — Y such that

2r-2)t

—2)t+ 220 Y Ol

NG5 - 4,0 1)=

SJorallt >0 and x = [x;] € M,(X).

Proof The proof follows from Theorem 3.4 by taking ¢(a,b) = 0(||la||” + ||b||") for all
a,b € X. Then we can choose a = 21”7, and we get the desired result. O

4 Fuzzy stability of the Cauchy-Jensen additive functional inequality (1.3) in
fuzzy normed spaces

In this section, using the fixed point method, we prove the generalized Hyers-Ulam sta-
bility of the Cauchy-Jensen additive functional inequality (1.3) in fuzzy Banach spaces.

Theorem 4.1 Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 with
L
‘P(x; )’; Z) S E‘P(Zx, 2}’, 22)

forallx,y,ze X. Let f : X — Y be an odd mapping satisfying

N(f(x) +f() +f(22),t) = min{N(Zf(J% +z>, %), chyz)} (4.1)

Jorall x,y,z € X and all t > 0. Then A(x) := N-1im,,_. o 2"f(3;) exists for each x € X and
defines an additive mapping A : X — Y such that

2 -2L)t
N(f) - A, ) 2 (2= 2L)t + Lo (%% —) (4.2)

forallx e X and all t > 0.

Proof Letting y = x = —z in (4.1), we get

N(F@x) - 2f @) t) = ——— (4.3)

T+ o(x,x,—x)

forall x € X.

Consider the set
S={g: X—>Y}

and introduce the generalized metric on S:

t
d(g,h) = lnf{ﬂ (S R+ N(g(x) —h(x),/it) > m,vx GX,Vt > 0},

where, as usual, inf¢ = +00. It is easy to show that (S, d) is complete. (See the proof of [40,
Lemma 2.1].)
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Now we consider the linear mapping J : S — S such that

Ja(x) := zg<’2f)

forallx € X.
Let g, € S be given such that d(g, &) = ¢. Then

t
N(gw - hw,et) = e

for all x € X and all £ > 0. Hence

for allx € X and all £ > 0. So, d(g, 1) = ¢ implies that d(Jg, /i) < Le. This means that
d(Jg,Jh) < Ld(g,h)

forallg,h e S.
It follows from (4.3) that

x\ L ¢
N(f(x) —2f<5)' §t> =t otox )

forallx € X and all £ > 0. So, d(f, Jf) < %
By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of /, i.e.,

A(f) _ %A(x) (4.4)

for all x € X. Since f : X — Y is odd, A : X — Y is an odd mapping. The mapping A is a
unique fixed point of / in the set

M={geS:d(f,g) < oo}

This implies that A is a unique mapping satisfying (4.4) such that there exists a u € (0, 00)
satisfying

N(f@ - A@, ut) 2 s

for all x € X;
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(2) d(J"f,A) — 0 as n — oo. This implies the equality

N- lim 2”f<2x—n> = A(x)

n—00

for all x € X;
(3) d(f,A) < -d(f,]f), which implies the inequality

— 1-L

L
A) < ———.
WA =5 o0

This implies that the inequality (4.2) holds.
The rest of proof is similar to the proof of Theorem 2.2. O

Corollary 4.2 Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with the norm || - ||. Let f : X — Y be an odd mapping satisfying

N(f(x) +f() +f(22),t)

. x+y 2t t
= mm{N<f (T * Z)’ ?>’ £+ 0(IP + oI + 1217) } (43)

Jorall x,y,z € X and all t > 0. Then A(x) := N-1im,,_. o, 2"f(3;) exists for each x € X and
defines an additive mapping A : X — Y such that

(2 -2)t
N(f@) - AW 1) 2 oy

forallx e X and all t > 0.

Proof The proof follows from Theorem 4.1 by taking

@(0,) = O (lxll” + [lyll” + l|z]|”)
for all x,y,z € X. Then we can choose L = 217, and we get the desired result. O

Theorem 4.3 Let ¢ : X3 — [0,00) be a function such that there exists an L <1 with

Xy z
) <2L N’A’A
pxy,2) < <p<2 5 2)

for all x,y,z € X. Let f : X — Y be an odd mapping satisfying (4.1). Then A(x) :=
N-lim,, o 2inf(Z”x) exists for each x € X and defines an additive mapping A : X — Y
such that

(2-2L)¢

N(f(x) - Ax),t) > RT3 (4.6)

forallx e X and all t > 0.
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Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 4.1.
Consider the linear mapping / : S — S such that

Je) = 2g25)

forallx € X.
Let g, € S be given such that d(g, &) = ¢. Then

t
N ~hix)et) 2 - ——

for all x € X and all £ > 0. Hence

N(Jg(x) — Jh(x), Let) = N(%g(Zx) - %h(Zx),Lst)

= N(g(2x) — h(2x),2Lst)
2Lt 2Lt
> >
— 2Lt + @ (2x,2x,—2x) — 2Lt + 2Lo(x, x, —x)
_ t
T t+o(x,x,—x)

for all x € X and all £ > 0. So, d(g, 1) = ¢ implies that d(Jg, /i) < Le. This means that

d(lg,Jh) < Ld(g, h)

forallg,h e S.
It follows from (4.3) that

N (f (x) - %f (2x), %t> > !

T+ o(x,x,—x)

forallx € X and all £ > 0. So, d(f,Jf) < %
By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

A(2x) = 2A(x) (4.7)

for all x € X. Since f : X — Y is odd, A : X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M:{geS:d(f,g)<oo}.

This implies that A is a unique mapping satisfying (4.7) such that there exists a u € (0, 00)
satisfying

N(f@) - Al ut) 2

for all x € X;
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(2) d(J"f,A) — 0 as n — oo. This implies the equality

N- lim f(2” ) =A(x)

n~>oo

forall x € X;
() d(f,A) < Ld(f Jf), which implies the inequality

1
d(f,A) < ——.
4 )_2—2L

This implies that the inequality (4.6) holds.
The rest of the proof is similar to the proof of Theorem 2.2.

Corollary 4.4 Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm || - ||. Let f : X — Y be an odd mapping satisfying (4.5). Then
A(x) := N-lim,,_, o, 2,1f(2” exists for each x € X and defines an additive mapping A : X —

Y such that

(2-27)t

forallx e X and all t > 0.
Proof The proof follows from Theorem 4.3 by taking
96, y) = 0 (Ixll” + lIyl1” + l1]1”)
for all x,y,z € X. Then we can choose L = 2771, and we get the desired result.

5 Hyers-Ulam stability of the additive functional inequality (1.2) in matrix
normed spaces

In this section, we prove the Hyers-Ulam stability of the additive functional inequality (1.2)

in matrix normed spaces by using the direct method and by using the fixed point method.

Lemma 5.1 Let (X,{| - ||,.}) be a matrix normed space.
D) NEu @ %l = l%l for x € X;
) llwrll < Mxglln < szzl llc; 1l for [x;] € Mu(X);
(3) limy,, oo %y, = % if and only if lim,,_, oo Xy = X5 for %, = [Xy], % = [x5] € Mp(X).

Proof (1) Since Eyy ® x = efxe; and |lef|| = |leg|l = 1, |Ex @Il < [|x]|. Since ex(Ey @ x)e] =
%]l < | Exs ® %l SO, [|1Eie ® %l = [1%]].

(2) Since exxe} = xy and el = llef [l = 1, llxwll < | [x5]ll-

Since [x;] = 37, Ej ® %y,

|G, =

Z Ez] ® xz]

ij=1

< Z 1E; ® il = Z (MR

n ij=1 ij=1
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(3) By (2), we have

%kt = Xl < || loemi — 2] ||, = || (2] = [631] |, < Z 1967 — 251
ij=1

So, we get the result. O
We need the following result.

Lemma 5.2 [28, Proposition 2.2] Letf : X — Y be a mapping such that

[f@ +f®) +f©@)] < |fa+b+c)|
foralla,b,ce X. Then f : X — Y is additive.

Theorem 5.3 Letf : X — Y be a mapping and let ¢ : X> — [0,00) be a function such that

=1
®(a,b,c) Z —q& a,21b, 210) < +00, (5.1)
1=0

2!

l\JI»—t

1 (x1) + £ (D) + fu([2]) |,

< () + ) + Lzl |, + D bl v 23) (5.2)

ij=1

for all a,b,c € X and all x =[x,y = [y;],z = [z;j] € M,(X). Then there exists a unique
additive mapping A : X — Y such that

i ((x5]) = Au(lx5]) ]|, < Z D (7, x5, —257) (5.3)

=
Sfor all x = [x;] € My (X).
Proof When 1 =1, (5.2) is equivalent to

[f@ +f®) + £ < |f(@+ b+ + dlab,c)

for all 4, b, ¢ € X. By the same reasoning as in the proof of [28, Theorem 3.2], one can show

that there is a unique additive mapping A : X — Y such that
Hf(a) —A(a) H < ®(a,a,-2a)

for all 2 € X. The mapping A : X — Y is given by

) = im /()
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for all ¢ € X. By Lemma 5.1,

[fl)) = An(xi]) ], < D IFGo) = Ali) | < Dl x5 —255)

ij=1 ij=1
for all x = [x;] € M,,(X). Thus A : X — Y is a unique additive mapping satisfying (5.3), as
desired. 0

Corollary 5.4 Let r, 6 be positive real numbers with r < 1. Let f : X — Y be a mapping
such that

1 (Lxg1) + £ () +fu (L) [, < 1o (Beid + D] + [25]) |,

+ Ze(nxij”r + 1yl + llzgll") (5.4)

ij=1

Jor all x = [xi],y = [y;], z = [zij] € M,(X). Then there exists a unique additive mapping A :
X — Y such that
" 242"
1o (1i1) = An (i) [, < D S——-0llx511"

)=
ij=1

Sor all x = [x;] € M,(X).
Proof Letting ¢(a, b,c) =6(||al|” + ||b]|" + |Ic||") in Theorem 5.3, we obtain the result. O

Theorem 5.5 Letf: X — Y be a mapping and let ¢ : X> — [0, 00) be a function satisfying
(5.2) and

1 — a b c
(D(ﬂ,b,c) = 5 ZZIQS(?,?, g) < +00, (55)
I=1

forall a,b,c € X. Then there exists a unique additive mapping A : X — Y such that
n
e (Lx]) = An(lx5]) |, < Z D (7, x5, —2%57)
ij=1
Sor all x = [x;] € M,(X).

Proof The proof is similar to the proof of Theorem 5.3. O

Corollary 5.6 Let r, 6 be positive real numbers with r > 1. Let f : X — Y be a mapping
satisfying (5.4). Then there exists a unique additive mapping A : X — Y such that

n

(i) = An (i), = 32 220y

ij=1

Sor all x = [x;] € M, (X).
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Proof Letting ¢(a,b,c) =0(||lall” + ||b]|" + ||c||") in Theorem 5.5, we obtain the result. O
We need the following result.

Lemma5.7 [42] IfE is an L>°-matrix normed space, then ||[x;]||, < |I[llx;11l. for all [x;] €
M, (E).

Theorem 5.8 Let Y be an L*°-normed Banach space. Let f : X — Y be a mapping and let
¢ : X3 — [0,00) be a function satisfying (5.1) and

Ve (L)) + £ () + fulzid) |, < e (D] + ) + ) ||, + | [0 oo z)] |, (5.6)

Sor all x = [x;],y = [y;], z = [zij] € M,(X). Then there exists a unique additive mapping A :
X — Y such that

|1 @) = Alep] ||, < [[@ x5 ~2x)] ], (5.7)
Sfor all x = [x;] € M,,(X). Here ® is given in Theorem 5.3.

Proof By the same reasoning as in the proof of Theorem 5.3, there exists a unique additive
mapping A : X — Y such that

|f (@) - Aa)| < ®(a,a,-2a)
for all @ € X. The mapping A : X — Y is given by
N
At - i 312

foralla € X.

It is easy to show that if 0 < a; < b;; for all i, j, then
[ tasl], = [ (B3] (5.8)
By Lemma 5.7 and (5.8),
|G = A]], < [ [ @) - A (], = | [ @25, -22)]],
for all x = [x;] € M, (X). So, we obtain the inequality (5.7). 0

Corollary 5.9 Let Y be an L>*-normed Banach space. Let r, 6 be positive real numbers
withr<1.Let f: X — Y be a mapping such that

“f;"([xll]) +f;’l(b/l]]) +ﬁ1([zij]) ||n =< “fn([xzj] + [y;/] + [Zij]) ””
+ [ [0 (gl + Iyl + 2517, (5.9)
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Sor all x = [x;],y = 5],z = [zij] € M,(X). Then there exists a unique additive mapping A :
X — Y such that

1 (1x50) = An ()], < H [ﬁenxunr}

2-2r

n

Sor all x = [x;] € M,(X).

Proof Letting ¢(a,b,c) =60(|lall” + ||1b]|" + ||c||") in Theorem 5.8, we obtain the result. [
Theorem 5.10 Let Y be an L>°-normed Banach space. Let f : X — Y be a mapping and let

¢ : X3 — [0,00) be a function satisfying (5.5) and (5.6). Then there exists a unique additive
mapping A : X — Y such that

| G) = AGp] ], < [[@ 25 -225)]],
Sor all x = [x;] € M,(X). Here ® is given in Theorem 5.5.
Proof The proof is similar to the proof of Theorem 5.8. g

Corollary 5.11 Let Y be an L*°-normed Banach space. Let r, 6 be positive real numbers

withr > 1. Letf : X — Y be a mapping satisfying (5.9). Then there exists a unique additive
mapping A : X — Y such that

r

i) - A, = || 3500 |

2r -2

n

Sor all x = [x;] € M, (X).
Proof Letting ¢(a, b,c) =6(||al|” + ||b]|" + |Ic||") in Theorem 5.10, we obtain the result. O

Theorem 5.12 Let ¢ : X3 — [0, 00) be a function such that there exists an o < 1 with

$la,b,c) < 2a¢<§, g g) (5.10)

forall a,b,c € X. Let f : X — Y be a mapping satisfying (5.2). Then there exists a unique
additive mapping A : X — Y such that

n

1 ((x5]) = Au(lx]) ||, < Z ﬁ‘p(xijrxi/: —2x;5) (5.11)
ij=1
Sor all x = [x;] € M, (X).

Proof When n =1, (5.2) is equivalent to

|V(a) +f(b) +f(c) || < Hf(a +b+c) || +¢(a,b,c) (5.12)
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for all a, b, c € X. It follows from (5.12) that

|12f (@) ~f2a)|| < ¢(a,a,~2a) (5.13)

forall a € X. So,

< %q&(a,a, —2a) (5.14)

H/(a) - fea)

foralla e X.
Consider the set

S={h:X—>Y}
and introduce the generalized metric on S:
d(g, h) = inf{,u eR,: ”g(a) - h(a)H < up(a,a,—2a),Va X},

where, as usual, inf{} = +oo. It is easy to show that (S, d) is complete (see [40]).

Now we consider the linear mapping J : S — S such that

Je(a) = 2.¢(2a)

foralla € X.
Let g, i € S be given such that d(g, i) = ¢. Then

l¢(@) - h(a)| < ¢(a,a,~2a)
for all « € X. Hence

||]g(a) —Jh(a) || = H %g(2a) - %h(2a) <a¢(a,a,-2a)

for all a € X. So, d(g, h) = ¢ implies that d(Jg, /i) < ae. This means that

d(lg,Jh) < ad(g, h)

forallg,h e S.
It follows from (5.14) that d(f, Jf) < %
By Theorem 1.6, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of /, i.e.,

A(2a) = 2A(x) (5.15)
for all x € X. The mapping A is a unique fixed point of J in the set

M:{geS:d(h,g)<oo}.
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This implies that A is a unique mapping satisfying (5.15) such that there exists a u € (0, 00)
satisfying

If (@) - Aa)|| < nd(a,a,-2a)

foralla e X;
(2) d(J'f,A) — 0 as [ — oo. This implies the equality

lim %f(Zla) = A(a)

l—>o00

foralla e X;
(3)d(f,A) < ﬁd(f,]f), which implies the inequality

1
JA) < .

dif,4) = 2 -2

So,
1
|f (@) - A@)|| < ¢(a,a,~2a) (5.16)
2 -2«

foralla e X.

It follows from (5.10) and (5.12) that
1
tim 1@ +(2') +(29)|
. 1 1
< llirglo(g |Lf(2l(a +b+ c)) H + §¢(21a, 2'p, 2lc)> (5.17)

forall a,b,c € X.
It follows from (5.17) that

|A(@) + A®) + A(Q)|| < |Ala+b+0)|

foralla,b,c € X. By Lemma 5.2, A : X — Y is additive.

By Lemma 5.7 and (5.16),
n n 1
() = An(eT) |, = Do) = AGsi) | < D7 —— bl —27)
ij=1 ij=1

for all w = [x;] € M,,(X). Thus A : X — Y is a unique additive mapping satisfying (5.11), as
desired. O

Corollary 5.13 Let r, 0 be positive real numbers with r <1. Let f : X — Y be a mapping
satisfying (5.9). Then there exists a unique additive mapping A : X — Y such that

() A}, = 32 5 6l

ij=1

Sor all x = [x;] € M, (X).
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Proof The proof follows from Theorem 5.12 by taking ¢(a, b,c) = 6(||a||” + ||b||" + ||c||”) for

all 4, b,c € X. Then we can choose « = 2"!, and we get the desired result. 0

Theorem 5.14 Letf : X — Y be a mapping satisfying (5.2) for which there exists a function
¢ : X3 — [0,00) such that there exists an o < 1 with

$(a,b,c) < %qs(zﬂ, 2b,2c) (5.18)

forall a,b,c € X. Then there exists a unique additive mapping A : X — Y such that

n

[ful)) = An(lx)], < D ﬁwxu»’% —~2:x;)
ij=1

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 5.12.
Now we consider the linear mapping J : S — S such that

Jg(a) := 2g<§)

foralla e X.
It follows from (5.13) that

pa-(3)

for all a € X. Thus d(f,]f) < 5. So,

a a o
= ¢(§» 5;_(1) = E(p(a’a’ _21'1)

d(f,A )
(f )52_2a

The rest of the proof is similar to the proof of Theorem 5.12. O

Corollary 5.15 Let r, 0 be positive real numbers with r > 1. Let f : X — Y be a mapping
satisfying (5.9). Then there exists a unique additive mapping A : X — Y such that

n

2" +2
£ (i) = An () [, = Y2 S50l
ij=1

Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 5.14 by taking ¢(a, b,c) = 6(|la||” + ||1b||" + ||c||") for
all a4, b, ¢ € X. Then we can choose « = 21", and we get the desired result. O

From now on, assume that Y is an L>°-normed Banach space.
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Theorem 5.16 Letf : X — Y bea mappingandlet ¢ : X> — [0, 00) be a function satisfying
(5.10) and (5.6). Then there exists a unique additive mapping A : X — Y such that

1
I[f () - Alxip)] |, < H [md)(xij’xzjr —in;):|

(5.19)

n

Sor all x = [x;] € M,(X).

Proof By the same reasoning as in the proof of Theorem 5.12, there exists a unique additive
mapping A : X — Y such that

If (@) -A@)| < T om é(a,a,—2a)
foralla € X.
By Lemma 5.7 and (5.8),

1
e - A6l = 1) - 4611, = |[ 2 o |

n

for all x = [x;] € M,(X). So, we obtain the inequality (5.19). O

Corollary 5.17 Let r, 8 be positive real numbers with r < 1. Let f : X — Y be a mapping
satisfying (5.9). Then there exists a unique additive mapping A : X — Y such that

2-2"
i) - Au(ts) ], = || 35000

n

Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 5.16 by taking ¢(a, b,c) = 0(||a||” + ||b||" + ||c||”) for
all @, b,c € X. Then we can choose o = 2”71, and we get the desired result. g

Theorem 5.18 Letf : X — Y bea mappingand let ¢ : X> — [0, 00) be a function satisfying
(5.6) and (5.18). Then there exists a unique additive mapping A : X — Y such that

I[f () = Alxip)] |, < ”|: B (x5, x5, —2xi/)]

o
2 -2

Sor all x = [x;] € M,(X).

Proof The proof is similar to the proof of Theorem 5.16. O

Corollary 5.19 Let r, 0 be positive real numbers with r > 1. Let f : X — Y be a mapping
satisfying (5.9). Then there exists a unique additive mapping A : X — Y such that

2242
(L)) - A (i) |, < H[ * enxi,»nr]

2r -2

n

Sor all x = [x;] € M, (X).
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Proof The proof follows from Theorem 5.18 by taking ¢(a, b,¢) = 0(||a|” + ||b]|" + ||c||”) for
all @, b,c € X. Then we can choose « = 27, and we get the desired result. d
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