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Abstract

In this study we introduce the concept of 5§ (f)-statistical convergence of sequences
of real valued functions. Also some relations between 5% (f)-statistical convergence

and strong Wfp(f)—summability are given.
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1 Introduction

The idea of statistical convergence was given by Zygmund [1] in the first edition of his
monograph published in Warsaw in 1935. The concept of statistical convergence was in-
troduced by Steinhaus [2] and Fast [3] and then reintroduced by Schoenberg [4] inde-
pendently. Over the years and under different names, statistical convergence has been
discussed in the theory of Fourier analysis, ergodic theory, number theory, measure the-
ory, trigonometric series, turnpike theory and Banach spaces. Later on, it was further in-
vestigated from the sequence space point of view and linked with summability theory by
Connor [5], Edely et al. [6], Et et al. [7-10], Fridy [11], Glingor et al. [12-14], Kolk [15],
Orhan et al. [16, 17], Mursaleen [18], Kumar and Mursaleen [19], Rath and Tripathy [20],
Salat [21], Savas [22] and many others. In recent years, generalizations of statistical conver-
gence have appeared in the study of strong integral summability and the structure of ideals
of bounded continuous functions on locally compact spaces. Statistical convergence and
its generalizations are also connected with subsets of the Stone-Cech compactification of
the natural numbers. Moreover, statistical convergence is closely related to the concept of
convergence in probability.

In the present paper, we introduce and examine the concepts of pointwise A-statistical
convergence of order « and pointwise [V, 1]-summability of order « of sequences of real
valued functions. In Section 2, we give a brief overview about statistical convergence and
strong p-Cesaro summability. In Section 3, we establish some inclusion relations between
wfp(f) and S (f) and between S5 (f) and S, (f).

2 Definition and preliminaries

The definitions of statistical convergence and strong p-Cesaro convergence of a sequence
of real numbers were introduced in the literature independently of one another and fol-
lowed different lines of development since their first appearance. It turns out, however,
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that the two definitions can be simply related to one another in general and are equiva-
lent for bounded sequences. The idea of statistical convergence depends on the density of
subsets of the set N of natural numbers. The density of a subset E of N is defined by

1 n
8(E) = lim — E xe(k) provided the limit exists,
n—oo M
k=1

where y is the characteristic function of E. It is clear that any finite subset of N has zero
natural density and 8(E¢) =1 — §(E).

The a-density of a subset E of N was defined by Colak [23]. Let « be a real number such
that 0 < ¢ < 1. The a-density of a subset E of N is defined by

1
84(E) =1lim — ’{k <n:ke E}’ provided the limit exists,
n pn%

where |{k < n:k € E}| denotes the number of elements of E not exceeding n.

It is clear that any finite subset of N has zero « density and 8,(E¢) =1 — §,(E) does not
hold for 0 < & <1 in general, the equality holds only if « = 1. Note that the «-density of any
set reduces to the natural density of the set in case & = 1.

The order of statistical convergence of a sequence of numbers was given by Gadjiev
and Orhan in [24] and after then statistical convergence of order « and strong p-Cesaro
summability of order o studied by Colak [23, 25] and generalized by Colak and Asma [26].

Let A = (1,) be a nondecreasing sequence of positive real numbers tending to co such
that A,,,1 <A, + 1, A1 = 1. The generalized de la Vallée-Poussin mean is defined by £, (x) =
i den xi, where I, = [n—A,+1,n] forn=1,2,.... Asequence x = (xi) is said to be (V, A)-
summable to a number ¢ if t,(x) — £ as n — oo [27]. If &, = n, then (V, A)-summability is
reduced to Cesaro summability. By A we denote the class of all nondecreasing sequence
of positive real numbers tending to oo such that A,,; <X, +1,1; =1.

Throughout the paper, unless stated otherwise, by ‘for all n € N,,,” we mean ‘for all n €
N except finite numbers of positive integers’ where N,,, = {n,,n, + 1,1, + 2,...} for some
n, e N={1,2,3,...}.

Let A be any non empty set, by B(A) we denote the class of all bounded real valued
functions defined on A.

3 Main results

In this section we give the main results of this paper. In Theorem 3.3, we give the inclu-
sion relations between the sets of S (f)-statistically convergent sequences for different o’s
and u's. In Theorem 3.6, we give the relationship between the strong w4, (f)-summability
and the strong wﬁp(f )-summability. In Theorem 3.9, we give the relationship between the

strong wﬁp (f)-summability and S (f)-statistical convergence.
Definition 3.1 Let the sequence XA = (1,) be as above and « € (0,1] be any real number.

A sequence of functions {f} is said to be S¥(f)-statistical convergence (or pointwise -
statistically convergent of order «) to the function f on a set A if, for every ¢ > 0,

lim)%a‘{k €1, |fu(x) —f(x)| = € for everyx € A}| = 0,
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where I, = [n — A, + 1,n] and A% denote the ath power (1,)* of A, that is A* = (A3) =
(AF,A5,...,A%,...). In this case, we write S} — limfi(x) = f(x) on A. S — limfi(x) = f(x)
means that for every § > 0 and 0 < @ <1, there is an integer N such that
1
A_“Hk el,: [fk(x) —f(x)| > ¢ for every x eA}| <8,
for all » > N (= N(g,6,x)) and for each ¢ > 0. The set of all pointwise A-statistically con-
vergent function sequences of order o will be denoted by S5 (f). In this case, we write
S§% —limfi(x) = f(x) on A. For A, = n for all n € N, we shall write $*(f) instead of S (f) and
in the special case & = 1, we shall write S, (f) instead of S§(f).

The S (f)-statistical convergence is well defined for 0 < & <1, but it is not well defined
for @ > 1 in general. Let us define the sequence {f;} as follows:

2, if k = 3m,
filx) = n=12,3,...
= ifk#3n,
then both
1 Al +1
lim k—a|{keln : [fk(x)—2| > ¢ for everyxeA} < lim [ 31: =0
and

2([An] +1
zeforeveryxeAHg lim M:O

1 1
Iim —|{kel,: -
50 1 { Pk(x) 1+ ke s 3
for « > 1, and so S§(f)-statistically converges both to 2 and 0, i.e. §§ — limfi(x) = 2 and
S§% —limfi(x) = 0. But this is impossible.

Definition 3.2 Let the sequence A = (A,) be as above, @ € (0,1] be any real number and
let p be a positive real number. A sequence of functions {f;} is said to be strongly w¥,(f)-
summable (or pointwise [V, A]-summable of order «), if there is a function f such that

lim ia > ) - @) =o.

n—00 )‘n pors

xeA

In this case, we write w}, —lim  fi(x) = f(x) on A. The set of all strongly wfp (f)-summable
sequences of function will be denoted by w},(f). For A, = n for all n € N, we shall write
wi (f) instead of W}, (f) and in the special case o = 1, we shall write w;,,(f) instead of w¥,(f).

Theorem 3.3 Let A = (A,) and u = (,) be two sequences in A such that A, < [, for all
neN,,0<a < B <1and{fi} be a sequence of real valued functions defined on a set A.

(M) If

o

lim inf —’; >0
n—00 Mn

then Sﬁ(f) C S¥(f);

Page3of 8


http://www.journalofinequalitiesandapplications.com/content/2013/1/204

Et et al. Journal of Inequalities and Applications 2013, 2013:204
http://www.journalofinequalitiesandapplications.com/content/2013/1/204

(ii) If

lim B _ 1
n— 00 )\5

then S5(f) € Sﬁ(f).

Proof (i) Suppose that A, < u,, for all n € N,,, and let (1) be satisfied. Then I, C J, and so
that ¢ > 0 we may write

{k €Jy: Lfk(x)—f(x)| > ¢ for everyxeA} D {keI,, : [fk(x)—f(x)| > ¢ for everyxeA}
and so

iﬂHk €Jy: [fk(x) —f(x)| > ¢ for everyxeAH
Un

A1
> M_’;E‘{keln:[ﬁ((x)—f(x)} > ¢ for every x € A}|

n
for all m € N, , where J, = [n — ,, + 1,n]. Now taking the limit as # — oo in the last in-

equality and using (1), we get Sﬁ (f) € S5(f).
(ii) Let SY —lim fi (x) = f (x) on A and (2) be satisfied. Since I,, C J,, for & > 0, we may write

iﬂHk €Jy: [fk(x) —f(x)| > ¢ for everyxeAH
Un

1

:—ﬂ|{”—ll«n+1§k§n—)»n:[fk(x)—f(x)|zeforeveryxeAH

n

+ iﬂ|{keln:[ﬁ<(x)—f(x)| > ¢ for every x € A}

/Ln_)‘-n
<
=7

n

+ L,3|{/<€1ni[fk(x)—f(x)| > ¢ for every x € A}
1

Y
pY4

+ iﬂ’{kEIn:Vk(x) —f(x)| = & for every x € A}|
L

Mn 1
< <E —1) + E|{keln:[ﬁ((x)—f(x)| zeforeveryxeAH
for all n € N,,,. Since lim,, ;‘—g =1 by (2) the first term and since S — limf;(x) = f(x) on A,

the second term of right—h;nd side of above inequality tends to 0 as » — co. (Note that
(’;—g —1) > 0 for all # € N,,,.) This implies that S§(f) < Sﬁ(f). (I

n

From Theorem 3.3, we have the following results.

Corollary 3.4 Let A = (A,) and = (u,) be two sequences in A such that 1, < u, for all
n €N, and {fi} be a sequence of real valued functions defined on a set A. If (1) holds then,
(i) SLU) < S3(f), for each a € (0,1] and for all x € A;
(ii) Su(f) € SY(f), for each a € (0,1] and for all x € A;
(iii) S,.(f) € Si(f) forall x € A.
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Corollary 3.5 Let A = (A,) and u = (n,) be two sequences in A such that 1, < u, for all
n €N, and {fi} be a sequence of real valued functions defined on a set A. If (2) holds then,
(i) S3(f) € Syi(f) for each a € (0,1] and for all x € A;
(ii) S¥(f) S Su(f), for each a € (0,1] and for all x € A;
(iii) Sa(f) S S.(f) forallx e A.

Theorem 3.6 Given for 1 = (A,), it = (Ly) € A suppose that L, < u, foralln e N,,, 0 <
o < B <1and {fi} be a sequence of real valued functions defined on a set A. Then

(i) If (1) holds then Wi, (f) C W&, (f) for all x € A;

(ii) If(2) holds and let f (x) € B(A), then B(A) N w‘i‘p(f) C wﬁp(f)for allx € A.

Proof (i) Omitted.

(ii) Let (fx(x)) € B(A)N wi‘p(f) and suppose that (2) holds. Since (fi(x)) € B(A), then there
exists some M > 0 such that |fi(x) — f(x)| <M for all k € N and for all x € A. Now, since
An <y and I, C J, for all m € N, , we may write

ﬂZLfk(x) ~f@|[ iﬁ > @ —f@) + thk(x ~f@|

Hn kel keJn-In ” kely
x€A x€A x€A
Mn — )\
8 ( 7 )M" + =5 3 ) @]
Mn n kely,
x€A
Mn — )\
<\— |M+— Z[fk x) —f(x)
Mn Vl kEI
xeA
< (& )Mp 2 SR - @)
)‘" ” kely
xeA
for every n € N,,,. Therefore, B(A) N w‘jp(f) - wﬁp(f). O

From Theorem 3.6, we have the following results.

Corollary 3.7 Let 1 = (A,) and pu = () be two sequences in A such that 1, < p, for all
n €N, and {fi} be a sequence of real valued functions defined on a set A. If (1) holds then:
Wi, (f) C Wi, (f), for each o € (0,1] and for all x € A;
(il) wup(f) C w3, (f), for each a € (0,1] and for all x € A;
(1il) wup(f) Cwip(f) forall x € A.

Corollary 3.8 Let & = (A,) and = (u,) be two sequences in A such that 1, < u, for all
n € N, and {fi} be a sequence of real valued functions defined on a set A. If (2) holds then:
(i) BA)N wi‘p(f) C w‘l’jp(f),for each o € (0,1] and for all x € A;
(ii) B(A)N wfp(f) C Wup(f), for each a € (0,1] and for all x € A;
(iii) B(A) Nwi,(f) C wup(f) forallx € A.

Theorem 3.9 Let o and B be fixed real numbers such that 0 <o < B <1, 0< p < 00,
An < Wy forall n e N, and {fi} be a sequence of real valued functions defined on a set A.
Then:
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(i) Let (1) holds, if a sequence of real valued functions defined on a set A is strongly
wﬁp(f )-summable to f, then it is S5 (f)-statistically convergent to f;

(ii) Let (2) holds, f(x) € B(A) and {f} be a sequence of bounded real valued functions
defined on a set A, if a sequence is S5 (f)-statistically convergent to f then it is strongly
wﬁp(f)-summable tof.

Proof (i) For any function sequence (fi(x)) and € > 0, we have

Y@ -f@F = > k@ -f@f+ > @ -f@f

k€ln keluxeA ke]n xX€A
x€A [fie () —f (x)|>¢ i (x)—f (x)|<e
> Y @-f@F+ D k@ -f@)
kel xeA keln XEA
[fre()~f ()| e [fic () =f (%) |<e
= > -l
kel xeA
[fic(®)~f (%)=&

> |{k €1, : |fi(x) - f(%)| = & for every x € A}|e”
and so that

%Zlfk(x)—f(x”p_Ferl |fi(x) — f ()| > & for every x € A}|e?

n kel

x€A
>)LZ ! kel,: > ¢ fi Ajle?
__fEH € n,Lfk(x)—f(x)|_s or every x € }|8

Since (1) holds, it follows that if {f;} is strongly wﬁp(f )-summable to f, then it is S5 (f)-
statistically convergent to f.

(ii) Suppose that S§ — limfi (x) = f(x) and (fi(x)) € B(A). Then there exists some M > 0
such that [fy(x) — f(x)| < M for all k, then for every ¢ > 0 we may write

LS @@ = 5 3 @@+ e -]

" kel Mn kef,-1, wh kel
x€A x€A x€A
I »
_( > ) ﬁZLfk(x) -f@)
I’LVI }’l kEI
xeA
< (u)MP_'__ZV (x) - f(x)
= B k
/J«n n keI
x€A
_ Mn )\g Mp 1 P
= A_ﬁ_k_ﬂ t—3 Z lfk(x)—f(x”
n n Hon keIn xEA
V@) ~f (%)=
1 14
+ 3 [fi(x) = f (%)]
Mn €l xeA

A»
N

Vi (x)~f (x) <&


http://www.journalofinequalitiesandapplications.com/content/2013/1/204

Et et al. Journal of Inequalities and Applications 2013, 2013:204 Page 7 of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/204

(5
v

+%|{ke],,:{ﬁ((x)—f(x)’ ZsforeveryxeAH +é&

for all n € N,,,. Using (2), we obtain that w,’ip —limfi(x) = f(x), whenever S — lim fi(x) =

Sf(x). O
From Theorem 3.9, we have the following results.

Corollary 3.10 Let A = (A,) and p = (u,) be two sequences in A such that 1, < i, for all
neN,, and o € (0,1] be any real number. If (1) holds, then:
(i) If a sequence of real valued functions defined on a set A is strongly wi,(f)-summable
to f, then it is S5 (f)-statistically convergent to f;
(ii) If a sequence of real valued functions defined on a set A is strongly w,,,(f)-summable
to f, then it is S5 (f)-statistically convergent to f;
(iii) If a sequence of real valued functions defined on a set A is strongly w,,,(f)-summable
to f, then it is Sy (f)-statistically convergent to f .

Corollary 3.11 Let A = (A,) and = (i1,,) be two sequences in A such that \,, < u,, for all
neN,, ,a €(0,1] be any real number. If (2) holds, then:
(i) If a sequence of bounded real valued functions defined on a set A is
S3(f)-statistically convergent to f, then it is strongly wi,,(f)-summable to f;
(ii) If a sequence of bounded real valued functions defined on a set is S5 (f)-statistically
convergent to f, then it is strongly w,,(f)-summable to f;
(iii) If a sequence of bounded real valued functions defined on a set A is

Sy (f)-statistically convergent to f, then it is strongly w,,,(f)-summable to f .
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