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Abstract
In this paper, we use the multivariate Bernstein-Durrmeyer operators defined on the
simplex to characterize anisotropic Besov spaces.
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1 Introduction and some notations
Let T be the simplex in R

d defined by

T =

{
x = (x,x, . . . ,xd) : xi ≥ , i = , , . . . ,d, |x| =

d∑
i=

xi ≤ 

}
.

Let Lp(T) := Lp(T), p = (p,p, . . . ,pd), p = p = · · · = pd = p,  ≤ p < ∞, be the space
consisting of all Lebesgue measurable functions f on T for which the norm ‖f ‖p :=
(
∫
T |f (x)|p dx)/p is finite. Let C(T) := L∞(T), ∞ = (∞,∞, . . . ,∞) be the space consisting

of all continuous functions f on T for which the norm maxx∈T |f (x)| is finite.
Let f ∈ L(T). For each n ∈ N, the multivariate Bernstein-Durrmeyer operators of f are

defined by []

Mn,d(f ; x) =
∑
|k|≤n

pn,k(x)
(n + d)!

n!

∫
T
pn,k(u)f (u)du, (.)

where

pn,k(x) =
n!

k!(n – |k|)! x
k( – x)n–|k|, x ∈ T,

x = (x,x, . . . ,xd) ∈ R
d , k = (k,k, . . . ,kd) ∈ N

d
, Nd

 =
d︷ ︸︸ ︷

N ×N × · · · ×N, N = N ∪ {},
|x| = ∑d

i= xi, xk = xk x
k
 · · ·xkdd , |k| = ∑d

i= ki, k! = k!k! · · ·kd!.
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For x ∈ T, we denote

ϕ
ij(x) =

⎧⎨
⎩xi( – |x|) for i = j = , , . . . ,d,

xixj for  ≤ i < j ≤ d.

Let Di =Dii = ∂
∂xi

,  ≤ i ≤ d; Dij =Di –Dj,  ≤ i < j ≤ d; Dk =Dk
 D

k
 · · ·Dkd

d , k ∈Nd
 , and

D
ij(x) =

⎧⎨
⎩

∂

∂xi
for i = j = , , . . . ,d,

( ∂
∂xi

– ∂
∂xj

) for  ≤ i < j ≤ d.

Definition . Let Lp := Lp(T), ≤ p < ∞, and weighted Sobolev spaces are given by

W 
�,p =

{
g | g ∈ Lp,Dkg, |k| ≤  are in Lloc(

o
T), and ϕ

ijD

ijf ∈ Lp,  ≤ i ≤ j ≤ d

}
,

where the derivatives are in the sense of distributions, and
o
T is the interior of T.

The K-functional of Ditzian-Totik type is given by

K
ϕ

(
f ; tl

)
p = inf

g∈W
�,p

{∥∥f – g
∥∥
p + tl �(g)p

}
, tl > , l = , , . . . ,d,

where t = (t, t, . . . , td), �(g)p := ‖g‖p +∑
≤i≤j≤d ‖ϕ

ijD
ijg‖p.

The anisotropic Besov spaces [] are given by

B
θ

p,q :=

(
Lp,W 

�,p
)

θ
 ,q

,

where θ = (θ, θ, . . . , θd),  ≤ p,q <∞, n ∈ N, n >  > θl > .

By [] and the definition of anisotropic Besov spaces, it is not difficult to get the follow-
ing.

Theorem . Suppose  ≤ p,q < ∞, n ∈N, n >  > θl > , l = , , . . . ,d. Then

f ∈ B
θ

p,q ⇔

∫ ∞



[
t–

θl


l K
ϕ

(
f ; tl

)
p

]q dtl
tl

<∞, (.)

and ∫ ∞



[
t–

θl


l K
ϕ

(
f ; tl

)
p

]q dtl
tl

<∞ ⇔
∫ 



[
t–

θl


l K
ϕ

(
f ; tl

)
p

]q dtl
tl

<∞. (.)

In this paper, we use the multivariate Bernstein-Durrmeyer operators defined on the
simplex to characterize anisotropic Besov spaces. We will show, for  ≤ p,q < ∞, n ∈ N,
n >  > θl > , that

f ∈ B
θ

p,q ⇔

{ ∞∑
n=

[
n

θl

∥∥Ln(f ) – f

∥∥
p

]q 
n

} 
q

< ∞.

For convenience, throughout this paper, M denotes a positive constant independent of
x, n and f which may be different in different places.
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2 Auxiliary lemmas
To prove the theorems, we need the following lemmas. The following two lemmas were
proved in [].

Lemma . If  ≤ p <∞, f ∈ Lp, n ∈N, then

∥∥Mn,d(f )
∥∥
p ≤ M‖f ‖p, (.)∥∥ϕ

ijD

ijMn,d(f )

∥∥
p ≤ Mn‖f ‖p,  ≤ i≤ j ≤ d. (.)

Lemma . If  ≤ p < ∞, f ∈W 
�,p, n ∈N, n > , then

∥∥ϕ
ijD


ijMn,d(f )

∥∥
p ≤ M

∥∥ϕ
ijD


ijf

∥∥
p, i = , , . . . ,d. (.)

Lemma . Suppose  ≤ p < ∞, f ∈ Lp, n ∈N, n > . Then

∥∥Mn,d(f ) – f
∥∥
p ≤ MK

ϕ

(
f ;n–

)
p. (.)

Proof Let f ∈ Lp, It is shown in [] that there exists a constantM >  such that

M–ω
ϕ(f ; tl)p ≤ K *,

ϕ

(
f ; tl

)
p ≤ Mω

ϕ(f ; tl)p,

where ω
ϕ(f ; tl)p is the modulus of smoothness of Ditzian-Totik type defined by

ω
ϕ(f ; tl)p := sup

≤h≤tl

∑
≤i≤j≤d

∥∥�
hϕijeij f

∥∥
p, tl > , l = , , . . . ,d,

∥∥�
hef (x)

∥∥
p =

⎧⎨
⎩f (x + he

 ) – f (x + he
 ) + f (x – he

 ), x± he
 ∈ T,

, otherwise,

h > , ei = (, , . . . ,
ith
 , , . . . , ) is the unit vector in R

d , eij = ei – ej, e ∈ R
n. K *,

ϕ (f ; tl )p is
another K-functional of Ditzian-Totik type defined by

K *,
ϕ

(
f ; tl

)
p = inf

g∈W
�,p

{∥∥f – g
∥∥
p + tl

∑
≤i≤j≤d

∥∥ϕ
ijD


ijg

∥∥
p

}
, tl > , l = , , . . . ,d.

We notice that [] for f ∈ Lp, we have

∥∥Mn,d(f ) – f
∥∥
p ≤ M

(
ω

ϕ(f ;
√
n)p + n–‖f ‖p

)
.

Thus, for g ∈W 
�,p, by the definition of K-functional K *,

ϕ (f ; tl )p, we have∥∥Mn,d(f ) – f
∥∥
p ≤ M

(
ω

ϕ(f ;
√
n)p + n–‖f ‖p

)
≤ M

(
K *,

ϕ

(
f ;n–



)
+ n–

∥∥f – g
∥∥
p + n–‖g‖p

)
≤ M

(
‖f – g‖p + n–‖g‖p + n–

∑
≤i≤j≤d

∥∥ϕ
ijD


ijg

∥∥
p

)
.

According to the definition of K-functional K
ϕ (f ; tl )p, Lemma . has been proved. �
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Lemma . Suppose  ≤ p <∞, f ∈ Lp, n ∈N, n > . Then

�
(
Mn,d(f )

)
p ≤ MnK

ϕ

(
f ;n–

)
p. (.)

Proof For f ∈ Lp, g ∈W 
�,p, by Lemma . and Lemma ., we get

�
(
Mn,d(f )

)
p =

∥∥Mn,d(f )
∥∥
p +

∑
≤i≤j≤d

∥∥ϕ
ijD


ijMn,d(f )

∥∥
p

≤ ∥∥Mn,d(f – g)
∥∥
p +

∥∥Mn,d(g)
∥∥
p

+
∑

≤i≤j≤d

∥∥ϕ
ijD


ijMn,d(f – g)

∥∥
p +

∑
≤i≤j≤d

∥∥ϕ
ijD


ijMn,d(g)

∥∥
p

≤ M
(
n
∥∥f – g

∥∥
p + ‖g‖p +

∑
≤i≤j≤d

∥∥ϕ
ijD


ijg

∥∥
p

)

≤ Mn
(∥∥f – g

∥∥
p + n–

(
‖g‖p +

∑
≤i≤j≤d

∥∥ϕ
ijD


ijg

∥∥
p

))
.

According to the definition of K-functional K
ϕ (f ; tl )p, Lemma . has been proved. �

3 Main results
In this section we will prove our main results.

Theorem . Let  ≤ p,q < ∞, n ∈N, n >  > θl > , l = , , . . . ,d. Then

f ∈ B
θ

p,q ⇔

{ ∞∑
n=

(
n

θl

∥∥Mn,d(f ) – f

∥∥
p

)q 
n

} 
q

< ∞

⇔ n–

q n

θl

(
Mn,d(f ; x) – f (x)

) ∈ lq(Lp). (.)

Proof First we prove the direct result of (.). By applying Lemma ., we have

∞∑
n=

[
n

θl

∥∥Mn,d(f ) – f

∥∥
p

]q 
n

≤
∞∑
r=

r+–∑
n=r

[
n

θl
 MK

ϕ

(
f ;n–

)
p

]qn–

≤ M
∞∑
r=

[
n(r+)

θl
 K

ϕ

(
f ; –r

)
p

]q

≤ M


ln
(
+

θl

)q ∞∑

r=

∫ –r

–(r+)

[
t–

θl
 K

ϕ (f ; t)p
]q dt

t

≤ M


ln
(
+

θl

)q ∫ 



[
t–

θl
 K

ϕ (f ; t)p
]q dt

t
.

In virtue of f ∈ B
θ

p,q and by Theorem ., we have

∞∑
n=

[
n

θl

∥∥Mn,d(f ) – f

∥∥
p

]q 
n
< ∞. (.)

The necessity has been proved.
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Next, we prove the inverse result of (.). We take a constant A ∈ N, which will be de-
termined later. For r ∈N, we take nr ∈N, which satisfies the following conditions:

() Ar– ≤ nr < Ar ; ()
∥∥Mnr ,d(f ) – f

∥∥
p = min

Ar–≤m<Ar

∥∥Mm,d(f ) – f
∥∥
p.

By using the definition of K-functional and Lemma ., we derive by induction

A
θ
K

ϕ

(
f ;A–r)

p ≤ A
θl

∥∥f –Mnr ,d(f )

∥∥
p +MA( θl

 –r)nrK
ϕ

(
f ;n–r

)
p

≤ A
θl

∥∥f –Mnr ,d(f )

∥∥
p +Ar( θl

 –)[Mnr
∥∥f –Mnr–,d(f )

∥∥
p

+Mnr–K
ϕ

(
f ;n–r–

)
p

]
≤ · · ·

≤ A
θl

∥∥f –Mnr ,d(f )

∥∥
p +Ar( θl

 –)

[ r–∑
v=

Mlnr–v+
∥∥f –Mnr–v ,d(f )

∥∥
p

+MrnK
ϕ

(
f ;n–

)
p

]

≤ A+ θl


r–∑
v=

(
MAv( θl

 –))v[n θl

r–v

∥∥f –Mnr–v ,d(f )
∥∥
p

]
+A

(
MA

θl
 –)r‖f ‖p.

We now choose A ∈N, A≥ , such that α :=MA
θl
 – < 

 . For  < q < ∞, we have

∫ A–



[
t–

θl


l K
ϕ (f ; tl)p

]q dtl
tl

(.)

≤ A
θlq
 lnA

∞∑
r=

[
A

kθl
 K

ϕ

(
f ;A–r)

p

]q

≤ qA
θlq
 (lnA)A(+ θl

 )q
∞∑
r=

{[ r–∑
v=

αvn
θl

r–

∥∥f –Mnr–v ,d(f )
∥∥
p

]q

+Aq(αv‖f ‖p
)q}

≤ AAq α

 – α
‖f ‖qp + q–A

∞∑
v=

∞∑
r=v+

αr–v[n θl

v

∥∥f –Mnv ,d(f )
∥∥
p

]q

≤ AAq‖f ‖qp + q–A

∞∑
v=

[
n

θl

v

∥∥f –Mnv ,d(f )
∥∥
p

]q

≤ M

{
‖f ‖qp +

∞∑
v=

∑
Av–≤m<Av

[
m

θl

∥∥f –Mm,d(f )

∥∥
p

]q} <∞. (.)

The proof for q =  is easy and we shall omit it. Thus, we have

∫ 



[
t–

θl


l K
ϕ (f ; tl)p

]q dtl
tl

< ∞.

By Theorem ., the sufficiency has also been proved. The proof is completed. �
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Remark  For other integral-type operators, the method and the results are similar.
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