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Abstract

The main goal of this paper is to present some new lower and upper bounds for the
Randic and GA indices in terms of Zagreb and modified Zagreb indices.
MSC: 05C05; 05C20; 05C90

Keywords: Randic index; GA index; Zagreb index; modified Zagreb index

1 Introduction and preliminaries
A systematic study of topological indices is one of the most striking aspects in many
branches of mathematics with its applications and various other fields of science and tech-
nology. A topological index is a numeric quantity from the structural graph of a molecule.
Usage of topological indices in chemistry began in 1947 when H. Wiener developed the
most widely known topological descriptor, namely the Wiener index, and used it to deter-
mine physical properties of types of alkanes known as paraffin (see, for instance, [1-3]).

Let G be a simple graph with the vertex-set V(G) and the edge-set £(G). As usual notion,
the maximum vertex degree is denoted by A = A(G), while the minimum vertex degree
is denoted by § = §(G). Moreover, §; = §1(G) denotes the minimum nonpendant vertex
degree in G. A vertex of the graph G is said to be pendant if its neighborhood contains
exactly one vertex. On the other hand, an edge of a graph is said to be pendant if one of
its vertices is pendant.

In 1975, Randic [4] introduced the connectivity index, namely Randic index, to reflect

molecular branching. In fact, the Randic index is defined as

1
x(G) = . 1)
MVEZE(G) d”dv

Furthermore, again by considering the degrees of vertices in G, Vukicevi¢ and Furtula [5]

developed the Geometric-arithmetic index, shortly GA index, which is defined by
2+/d,d

GAG)= ) ——F )

uveE(G) du + dv

In the following, we recall two fundamental indices that will be used to present some
new bounds for Randic and GA indices.
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The (first and second) Zagreb indices have been introduced by Gutman and Trinajsti¢
[6] as the form

M(G)= ) (d)° and MG Z dyd,, 3)

veV(G) uveE(G

where d,, and d, are the degrees of u and v, respectively. On the other hand, for a (molec-
ular) graph G, the modified second Zagreb index M3 (G) is defined as

M;G)= > . )

uveE(G) dudy

(¢f. [7-10)),

This paper is organized as follows. In the forthcoming section, we present lower and
upper bounds on Randic index of connected graphs and trees in terms of modified Zagreb
indices given in (4). The final section deals with lower and upper bounds on GA index of
connected graphs and trees in terms of Zagreb indices given in (3). We note that this paper
is motivated from [11].

2 Lower and upper bounds on Randic index

Throughout this paper, we refer the book [12] for a classical result, namely the Pélya-
Szego inequality. From this result, we first establish the following theorem, which will be
expressed the lower bound on the Randic index.

Theorem1 Let G be a simple connected graph of order n with m edges, and let p, A and 5,
denote the number of pendant vertices, maximum vertex degree and minimum nonpendant
vertex degree of G, respectively. Then

2\/81A(m p) \/M* ©) -
81+

x(G) >

\/_
Proof For 2 <& <d;,d; < A, we clearly have

1
did;

> >

1
A?

l>

such that the equality holds if and only if d; = d; = A. We also have

1 1 1
< < —
didj - i(Sl - 512

Q

with equality holding if and only if 4; = d; = §,.
Since p is the number of pendant vertices in G, we have total m — p number of non-
pendant edges in G. By the Pdlya-Szegé inequality, we have

1 \> 48A(m-p) 1
( Z w/dz’dj> = (81 + A)? ( Z did/)

V,‘V/'EE(G):d/',dj#l V,‘V/'EE(G):d,‘,d/';ﬂ

48, A(m - p) . 1
SECEYSE (M2(G)_ 2 _»)'

V,'VjEE(G):d,‘Zl U
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This inequality can be clearly written as

1 451 A(m - p) 1
2 ad - : (; A) . \/Mﬁ(G)‘pz' (5)
ViVjEE(G):dj,dj#l \/T/ 1+

From (1), we get

1 1
x(G) = Z ﬁ + ViVEEZ \/TL—d] (6)

ViV]‘EE(G):dl':l (G):di,dj#l

For A > d,, since dl,‘ > —+, by (5) and (6), we obtain

1
N

p 2/81A(m — P)\/ "
\/—_ 81 + A M (G)

as desired. O

x(G) =

Corollary 1 Let T be a tree of order n with p pendant vertices, and let A and 8, be the
maximum vertex and minimum nonpendent vertex degrees of T, respectively. Then

2/81A( 1-
x(T)zi YhAl p\/M*G)——
VA 61+A

Proof Since the number of edges in a tree having n vertices is m = n — 1, the proof can be

done similarly as in the proof of Theorem 1. g

Theorem 2 Let G be a simple connected graph of order n with m edges, and let p, A and &
denote the number of pendant vertices, maximum vertex degree and minimum nonpendant
vertex degree of G, respectively. Then

M*
\/ (m — p (G) - 51)
Proof By the Cauchy-Schwarz inequality, it is clear that
1 )2 1
Yo ) =0m —p)( > )
(ViV/GE(G>1d/vdfﬂ did viv €E(G):dj,dj#1 did
1
< (m-p)| M*(G) - =
<m-p(ie- Y )

viVjEE(G):dl‘:l U

< (m —p)(ME(G) - f;il)

which can be rewritten as

< [on-p)(m36)-2). @)
N 5

Vl‘V]'EE(G):dI',d/’?'l
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Since 4 A for 81 < d, by (5) and (7), we obtain

06 =L \/ —p>(M;<G>—§1),

as required. O

Now we prove another form of the upper bound for the Randic index as in the following.

Theorem 3 Let G be a simple connected graph of order n with m edges, and let p, A and &
denote the number of pendant vertices, maximum vertex degree and minimum nonpendant
vertex degree of G, respectively. Then

y< P, (m-p) ®)
N
Proof Since & . is the maximum value of 1 for all edges v;v; € E(G), we have
1 1
MG - Y =Y
viv;E(G)di=1 d vivieE(G):ddi1 V did
m-p
< . 9
=3 ©)
After that, by using (9) in (5), we get the bound in (8), as required. O

3 Lower and upper bounds on GA index
By taking Pélya-Szegé6 inequality into account, the next result deals with a new lower
bound on GA index in terms of Zagreb index as given in (3).

Theorem 4 Let G be a simple connected graph of order n with m edges, and let p, A and &
denote the number of pendant vertices, maximum vertex degree and minimum nonpendant
vertex degree of G, respectively. Then

Ga@) = 2V 5 SIAAZ)\/(MA"’)(Mz(G)—p&).

Proof For 2 <6, <d;,d; < A, we have

1 1 1
< —

— <
20 = (di+dy) ~ 28,

which implies

dd; A
- <,
(dl‘ + dj)Z - 4812

On the other hand, since we also have

dd, _ &
(di+d)? = an?’
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the combination of these above equalities implies that

(10)

S°
8
&.
Oo|[>

(d+)

Since p is the number of pendant vertices in G, we have total m — p number of non-
pendant edges in G. By the Pélya-Szeg6 inequality, we get

2/did; \* 482 A*(m - p) 4dd;
( 2 (di+d,>> =TT a2 ( 2 (d+d>>

ViVjEE(G):dj,d/#l Vi VIGE(G) d d 7/1

- 482 A% (m - p) Z 4d;d;
T (8% + A2)2 2A

ViV]'EE(G):di,dj#l

ZLAZ("“ ”’( G- Y d,)
(81 A?)? d;=1

viv;€E(G):d;=

2200
>881A(W1 p)

A+ A7) (Mz(G)—P51)-

This calculation can be rewritten basically as follows:

Z 2,/didj >2\/§ (SlA \/(Wl—p)

(di+d;) — (8% + A2) A

(M>(G) - pdy).
ViV/GE(G):d/,di#l

From (2), we obtain

2,/d; 2,/61’,’(1‘
ViViEE(G):dFl( +d) Viv;eE(G):di,d;#l( i +dj)

Now, for §; < d; < A, since \/67 > /8, and by (10) and (11), we arrive at

1+d — 1+A ’

GA(G) > 1pf W2 o Az)\/(m ) (01,(6) - ).

Hence the result. g

Corollary 2 Let T be a tree of order n with p pendant vertices, and let A and 5, denote the
maximum vertex degree and minimum non-pendent vertex degree of T, respectively. Then

GA(G) = 1NA_ 2v2 52‘31 Az)\/ V=120 (31,(6) - ).

Proof For an order n, since the number of edges in a tree T is m = n — 1, the proof can be
done quite similar as the proof of Theorem 4. d

Theorem 5 Let G be a simple connected graph of order n with m edges, and let p, A and
81 denote the number of pendant vertices, maximum vertex degree and minimum non-
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pendant vertex degree of G, respectively. Then

wVA 1
D5 5 =P (G - pa).

GA(G) <

Proof By the Cauchy-Schwarz inequality,
2./did; \* ad,d;
( 2 (d-+ld-]>> 5(’”_’”)( (d4+d]4>2)
ViVjEE(G):dj,dj#l : ] ViVjEE(G):d/,d]'#l : ]

did;
< (m—p)( > 2’)

1)
V,‘VjEE(G):dj,d/#l 1

< (mgzp)(MZ(G) Z d})
1 d;=1

v,vjeE(G): i=
U —P) (r1,(6) - ps
=< 812 ( 2(G)-p )
which can be simply indicate as
dd;
> (d+d)_5/(m - P)(MaAG) - pA). (12)

ViV]'EE(G):dI',d/'?'l

Now, for 8 < d; < A, since \/d; < /A and 1+d < 1+<s , by (11) and (12) we get the result,
as required. O

The following theorem presents another upper bound for GA index.

Theorem 6 Let G be a simple connected graph of order n with m edges, and let p, A and
81 denote the number of pendant vertices, maximum vertex degree and minimum non-
pendant vertex degree of G, respectively. Then

VA (m-p)A

A
( )_1+81 81

Proof Since A? is the maximum value of d,dj for all edges v;v; € E(G), we have

MyG) - Y di= Y did

VL‘VI'GE(G):dFl V,’V/EE(G):d/,dj#l

<(m-p)A*. (13)

Now, by using (13) in (11), we get

2pVA s (m—p)A‘

G(4) <
1+ 81 81

Hence, the result. O
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