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1 Introduction

We shall write w for the set of all real sequences x = (xx) = (xx)5,- Let ¢, o, €, Co, loos M
and m, denote the sets of all convergent, null, statistically convergent, statistically null,
bounded, bounded statistically convergent and bounded statistically null sequences, re-
spectively. The difference sequence spaces [ (A), c(A) and ¢o(A) were first defined by
Kizmaz in [1]. The idea of difference sequences is generalized by Et and Colak [2] as

Z(A")={x=(m) ew: (A"x) € Z} (neN)

for Z = I, ¢, co, where A"xy = A" lxp — A" xi,; and A%x; = x4 for all k € N, the difference
operator is equivalent to the following binomial representation:

Axy = Z(_l)v <’;>xk+v~

v=0

Et and Basarir [3] generalized these spaces to E(A"), where E = l(p), c(p), co(p) are
Maddox’s sequence spaces. Tripathy and Esi [4], who studied the spaces I (A,,), c(A,)
and ¢o(A,,), gave a new type of generalization of the difference sequence spaces, where
Awx = (Amxk) = (Xk — Xkem)- Tripathy et al. [5] generalized this notion as follows:

Z(AL) ={x=@) ew: (Alx) €Z} (m,meN),

where AZx = (A% x;) = (A" ap — A%V y,,,) and A9 xy = xy for all k € N, which is equiva-
lent to the following binomial representation:

n
n
A:lnxk = Z(_l)v<v>xk+mv~

v=0
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The difference sequence spaces have been studied by several authors, [3, 6-25].

The concept of 2-normed spaces has been initially introduced by Géhler in the 1960s
[26], as an interesting non-linear generalization of a normed linear space, which has been
subsequently studied by many authors [27-29]. Since then, a lot of activities have been
started to study summability, sequence spaces and related topics on 2-normed spaces [30—
33]. Recently, some difference sequence spaces have been introduced in 2-normed spaces
by several authors [30, 31, 34].

Dutta [34] introduced the sequence spaces ¢(|-, ||, Af‘m),p), ol -1, Af‘m),p), Loo (511,
Al D) m(||-, Il, Af,,)p) and m0(||-,~||,AE“m),p), where m,n € N and A{) x = (Af’m)xk) =
(Af%k = Al Xk-m), and AD xx = x; for all k € N, which is equivalent to the following

binomial representation:

n

AEqm)xk = Z(_l)v (Z)xk—mv' (11)

v=0

In [35], Basar and Altay introduced the generalized difference matrix B(r,s) = (b, (r,s))

which is a generalization of A%l)—difference operator as follows:

r (k=n),
bnk(}",S) =3 (k= n —1),
0 (0<k<mn-1)or(k>n)

forall k,n e N, r,s € R — {0}. Recently, Basarir and Kayike1 [36] have defined the general-
ized difference matrix B” of order #, which reduced the difference operator A?l) in case

r =1, s = -1 and the binomial representation of this operator is

an/( = Z <:)rn_vsvxk_v, (1.2)

v=0

where r,s € R— {0} and n € N.

Thus, for any sequence space Z, the space Z(B") is more general and more comprehen-
sive than the corresponding consequences of the space Z(A{,). For details, one may refer
to [6, 15, 35-40].

The idea of statistical convergence was given by Zygmund [41] in 1935. The concept of
statistical convergence was introduced by Fast [42] and Schoenberg [43], independently
for the real sequences. Later on, it was further investigated from sequence point of view
and linked with the summability theory by Fridy [44] and generalized to the concept of
2-normed space by Giirdal and Pehlivan [45]. The idea is based on the notion of natural
density of subsets of N, the set of positive integers, which is defined as follows: the natural
density of a subset E of N is denoted by

)

1
8(E) = lim —|{k e E:k < n}
n—o0o y

where the vertical bar denotes the cardinality of the enclosed set.
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2 Definitions and preliminaries
A sequence space E is said to be solid (or normal) if (xx) € E implies (axxx) € E for all
sequences of scalars (o) with |oy| <1 for all k € N.

A linear topological space X over the real field R is said to be a paranormed space if there
is a sub-additive function g : X — R such that g(0) = 0, g(x) = g(—x), g(x + y) < gx) + g(»)
and scalar multiplication is continuous, i.e. |, — A| — 0 and g(x, — x) — 0 imply that
g(hyx, — Ax) — O for all A’s in R and all x’s in X, where 0 is the zero vector in the linear
space X.

The following inequality will be used throughout the paper:

Let p = (px) be a positive sequence of real numbers with infy px = 4, sup, px = H and
D = max{1,2"71}. Then for all a, by € C for all k € N, we have

|a + bil”* < D{lax|P* + |by|Px }

and |A|P < max{|A|", |A|"} for A € C.

A 2-norm on a vector space X of d dimension, where d > 2, is a function ||+, || : X x X —
R, which satisfies the following conditions:

(1) |l %2l = 0 if and only if x4, x; are linearly dependent,

(2) ller, w2l = [, %1 I,

(3) llaxy, %2l = |a|[|x1, %2 || for any & € R,

(4) llx + a2l < lloey 2 [l + Nl ]I

The pair (X, |-, -||) is then called a 2-normed space. For example, standard and Euclidean

2-norms on R? are respectively given by

(Lx) (x|

”xb X2 ”S =
(x2,%1)  {%2,%2)
and
X1 X12 .
ll61, %2 || £ = abs %= (x,an) € R (i=1,2), 1)
X21  X22

where (-, ) stands for the inner product on X [27].

Now we will give the following known example for 2-normed spaces.

Example 2.1 Consider the space Z for [y, c and ¢y. Let us define:

ll%, yIl = sup sup |x;y; — %341,

ieN jeN
where x = (x1,%2,...) and y = (y1,¥2,...) € Z. Then ||, -|| is a 2-norm on Z.
A sequence (x;) in a 2-normed space (X, ||, -||) is said to be convergent to some L € X in

the 2-norm if

lim ||xx —L,z|| =0 foreveryze X [45].
k—00
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A sequence (x¢) ina 2-normed space (X, ||, -||) is said to be Cauchy sequence with respect
to the 2-norm if

lim |lxx —x,2|| =0 foreveryze X [45].
k,l— 00

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the 2-norm. Any complete 2-normed space is said to be a 2-Banach space
[29].

Let recall that a sequence (xy) is said to be statistically convergent to L if for every ¢ > 0
the set {k € N: |xx — L, z|| > €} has natural density zero for each nonzero z in X, in other

words (xy) statistically converges to L in 2-normed space (X, ||, | if
lim 1|{k~€ N: g — L, z|| > €}| =0,
k—oo k B

for each nonzero z in X. For L = 0, we say this is statistically null [45].
Firstly, we give the following lemma, which we need to establish our main results.

Lemma 2.2 [34] Every closed linear subspace F of an arbitrary linear normed space E,

different from E, is a nowhere dense set in E.

Throughout the paper w(X), c(X), ¢o(X), c(X), co(X), lo(X), m(X) and m(X) denote the
spaces of all, convergent, null, statistically convergent, statistically null, bounded, bounded
statistically convergent and bounded statistically null X valued sequence spaces, where

(X, |I,-Il) is a real 2-normed space. By 6 = (0,6, 0,...), we mean the zero element of X.

3 Main results
In this section, we define the generalized difference matrix B, and introduce differ-
ence sequence spaces S(Bl,,p: |1+, 2By 1 -0 m(Blyo. Il -1), 1m0 (Bl sl -1)s
(B 1D, €0 (B 1), Loc(Blyo 1), W(Bf,,, 111, which are defined on
a real linear 2-normed space. We investigate some topological properties of the spaces
S Bl 2, 1+1)s EBo 2, 1+1), m(BL,p, 11-s-1) and mo(Bf,,p I--l) including linear-
ity, existence of paranorm and solidity. Further, we show that the sequence spaces
m(B(”m),p, II-,+]l) and Wlo(Bf'm),P, [I-,-I) are complete paranormed spaces when the base
space is a 2-Banach space. Moreover, we give some inclusion relations.

By the notation xj %0, we will mean that xy is statistically convergent to zero, through-
out the paper. Let m, n be non-negative integers and p = (px) be a sequence of strictly
positive real numbers. Then we define new sequence spaces as follows:

Ppx stat

(Bl oo 15-11) = {x = (x) € w(X) : | B}y2x — L, 2| = 0,

for every nonzero z € X and some L € X },

|pk stat

Co (B(”m),p, Il ~||) = {x = (xx) e w(X): ||Bfm)xk,z — 0, for every nonzero z € X},

Lo (Bl 2o lI--11) = {x = (k) € w(X) : iug(!lB?m)xk,z 7)< 00,

for every nonzero z € X },
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C(Bflm),l"; "y ”) = {x = (xk) :kli>nolo||BZ’m)xk -Lz |17k =0,

for every nonzero z € X and some L € X ],

Co (Bf'm),p, Il -II) = {x = (xy) klin;o”B?m)xk,z ‘pk =0, for every nonzero z € X},

L J
W (Bl s lI-5-11) = {x = (@) € wlX): lim - > By~ Lz|™ =0,

k=1

for every nonzero z € X and some L € X } ,

(Bl 25 1) = €(Blys 2 15+11) O Lo (Bl s I15-1)
and

mo (B?m);pr ”’ ”) = EO(B?m);p; ”; ”) N loo(B?m)’pr ”: ”);

where Bf’m)x = B?m)xk = rBf;}xk +sB?n;)1xk_m and B?m)xk = xy for all k € N, which is equivalent
to the binomial representation as follows:

n

n _
BlyXk = Z <v> VS Xk

v=0

In this representation, we obtain the matrix By, defined in [36] for # > 1 and in [35] for

n=1.

(1) If we take n = 0 then the above sequence spaces are reduced to ¢(p, |-, -|),

Eo(lﬂ; ”! ”): loo(p: "r ”)’ C(I”: ”r ”): CO(p’ ”! ”)1 W(P: ”! ”)1 Wl(Pr ”1 ”) and
mo(, ||+, 1), respectively.

(2) If we take r = 1, s = —1, then the sequence spaces E(Bf’m),p, Il -5 €o (B?m),p, -1,
loo(lem)ﬁpr ”; ”)’ W(lem)’pr ”: ”)r m(BZlm)rp: ”r ||), WIO(BEIM):P’ ”r ”) are reduced to
E(A:qm)!p’ ”! ”): EO(A?,,,);P: ”’ : ”)7 loo(Aflm)’P: ”r ”)x W(A?m):l): ”’ ”)x
m(Afp, - -Nl) and mo (A, p, ||, |1), respectively, which are studied in [34].

(3) By taking py =1 for all k € N, then these sequence spaces are denoted by
SBL -1 € Byl 1D, Lo By ller 1D €(B sl 1D, o (Bl 11,

W (B, I+ 1), m(B,), I -Il) and mo (B, Il -|1), respectively.

(4) If we replace the base space X, which is a real linear 2-normed space by C, complete
normed linear space, and take m =1 and take r = 1, s = —1, then the above sequence
spaces are denoted by E(Af’l),p), EO(A?I),p), loo(Af’l),p), c(Af‘l),p), co(Af‘l),p),
W(A(”l),p), m(Aﬁ),p) and mo(Afl),p), respectively.

(5) If wetaker=1,5=-1, py =1 for all k € N, then these sequence spaces are denoted
bY E(A?m)’ ||r ||), EO(A?M): ”’ ||), IOO(AZIM), ”: ”)r C(A?m)) ”7 ”)’ CO(A?W,)) ||7 ”)’
W(A(nm)’ 1D, m(Az’m)’ lI-;-1) and mO(Aflm)’P» -1, respectively.

(6) If we replace the base space X, which is a real linear 2-normed space by C, we obtain
the spaces 2(Bl,y,p), €o(Blyyrp)s Lo(Blyy, ), c(Blyy, ), co(Blyy, ), W (B, ),
m(Bfm), p) and mo(Bfm), p), respectively.

(7) Moreover, if we take X = C, n = 0 and pi =1 for all k € N, we get the spaces ¢, ¢y, I,
¢, ¢o, W, m and my, respectively.
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Theorem 3.1 Let p = (pr) be a sequence of strictly positive real numbers. Then the sequence
spaces Z( oy [l -||) are linear spaces where Z =¢, ¢y, loo, W, m, my.

Proof The proof of the theorem can be obtained by similar techniques in [34]. O

Theorem 3.2 For any two sequences p = (pi) and t = (t;) of positive real numbers and for
any two 2-norms ||-,-|ly and ||-,-ll2 on X we have Z(B(,, p, |I-,-lI1) N Z(B(,, ps I -12) # D,

where Z = ¢, ¢y, m, my.

Proof The proof follows from the fact that the zero element belongs to each of the se-

quence spaces involved in the intersection. O

Theorem 3.3 Let (X, ||-,-||) be a 2-Banach space. Then the spaces m(BZ“m),p, -1,

mo (B, s || |1) are complete paranormed sequence spaces, paranormed by

|57Vf_k), (3.1)

gw) = sup (|| By,mez
keN,zeX

where M = max{1, H} and H = sup; pk, h = inf pi.
Proof We will prove the theorem for the sequence space mo (B, p, II,-[|). It can be proved

for the space m( varE -||) similarly.
Clearly g(—x) = g(x) and g(f) = 0. From the following inequality, we have

Pk
2| )

glx+y) = Sup (H AR

< s ([Bmorl®) e s (1802l )
keN,z

This implies that g(x +y) < g(x) + g(y).

To prove the continuity of scalar multiplication, assume that (x”) be any sequence of the
points in mo(B?m),p, I-,-1l) such that g(x” —x) — 0 and (A,) be any sequence of scalars such
that A, — A. Since the inequality

g2(x") <gx) + g(x" - x)

holds by subadditivity of g, (g(x")) is bounded. Thus, we have

Pk
™)

g()»,,x” - kx) = sup (”Bf’m))\y,xz — AXk, 2
keN,zeX

P

)

L Pk
+ (max{[A", IATH™ sup (| BG, (v — )2 )
keN,zeX

1
< (max{Ia, = A" Iy = AT ¥ sup (|[B, 002
keN,zeX

= (max{lkn " = MH})%g(xn)

1

+ (max{ |21, (2"} Mg (x" - x)
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which tends to zero as n — oo. Hence, g is a paranorm on the sequence space 1o (B(,,, p,
- -1)-

To prove that mo(Bf’m), P Il -11) is complete, assume that (x*) is a Cauchy sequence in
mo(B?m),p, I,-1)- Then for a given ¢ (0 < € < 1), there exists a positive integer Ny such that
glx' — ) < g, for all i,j > Np. This implies that

Pk
™)

sup (| Bk ~ Bz
keN,zeX

<ég,

for all i,j > Nj. It follows that for every nonzero z € X,

||B(’m)x§( - B(,,) k’ZH <&

for each k > 1 and for all i,j > Ny. Hence (B?m)xi) is a Cauchy sequence in X for all
k € N. Since X is a 2-Banach space, (B?m)x};) is convergent in X for all k € N, so we write

(Bf’m)x}'() — (B?m)xk) as i — 0o0. Now we have for all i,j > N,

Sy akx
sup (| By (st — ). 2| ™) < &

keN,zeX

= timf sup (B, (s -+).2

)44
, | M )] <e
J7 0 LkeN,zeX

i Pk
= sup (|Bly (- m).2| M) <o,
keN,zeX

for all i > Nj. It follows that (x' — x) € mo(Bf,,, b, |1+ -|)). Since (%) € mo(Bf,,,p, |- -) and

mo(BZ‘m),p, I-,-11) is a linear space, so we have x = x' — (x' —x) € mo(Bf‘m),p, II-,-1). This com-
pletes the proof. d
Theorem 3.4

(1) IfZy C Zy, then Zl(Bf’m),p, I 1) € Zz(Bf‘m),p, I, -11) and the inclusion is strict, where
ZbZZ =G Cp, loo
(2) Ifny < ny, then Z(B*

(m

P ll5-1l) C Z(Bf'j,),p, I, -Il) and the inclusion is strict, where
Z =¢,¢0,l00-

Proof The parts of proof Zi(B(,,p,l--1) C Za(Bj,.p, |I-1I) and Zi(B{p,p, lI--Il) C
Zz(Bfl,i,)y P ll-1l) are easy. To show the inclusions are strict, choose Z; = ¢y, Z = ¢,
x = (xx) = (k2,k%) and consider the 2-norm as defined in (2.1), let py = 1 for all k € N,
m=1,n=2r=1,5=-1, then x € c(By, [|-,-II) but x ¢ co(B), II,-|1). If we choose Z = c,
x=() =Kk andpg=1foralkeN,m=1,n=2,r=1,5s=—-1,thenx € c(B(Zl), I--1D
butx ¢ c(B(ll), [I,+11). These complete the proofs of parts (1) and (2) of the theorem, respec-
tively. O

Theorem 3.5
@) (B, lI--1) C (B, NI+ -11) and the inclusion is strict.
(2) el C B, I+ -NI) and the inclusion is strict.
(3) E(Bf’m), I+ -1) and loo(Bf’m), I, -|l) overlap but neither one contains the other.
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Proof

©)

It is clear that ¢(B(,,, [l -1I) C E(B(”m), I, -II). To show that the inclusion is strict,
choose the sequence x = (x) such that,

0,vk), k=n?
i = (3:2)
0,0), k+#n?

BVI

(m

where n € N — {0}, and consider the 2-norm as defined in (2.1). Then we obtain
B,,yxk € (Il -1I), but By yxi € c(ll-,-11). That is, xx € ¢(B(,,, p, II-»-1), but

x & (B, 05 11 -1)-

It is easy to see that ¢(||-,-]|) C E(B?m), II;-ID. To show that the inclusion is strict, let
us take x = (x) = (k, k) and consider the 2-norm as defined in (2.1), m=1,n=1,
r=1,s=-1,thenx e z(B}D, -, -1 but x & (||, -||).

Since the sequence x = 6 belongs to each of the sequence spaces, the overlapping
part of the proof is obvious. For the other part of the proof, consider the sequence
defined by (3.2) and the 2-norm as defined in (2.1). Then x € E(Bf‘m), I, +11), but

x ¢ loo(BE“m), [I-,-11). Conversely if we choose (Bf’m)xk) =(1,0,1,0,...) where k = (k, k)
for all k = 0,1, then B, %k € Lo (I, +]]) but B y%k & c(Jl-,-1). That is,

%€ Lo(Bly, Il -) but x € 6BL -, -1). 0
Theorem 3.6 The space Z(Bf’m),p, I, -1|) is not solid in general, where Z =¢, ¢y, m, my.

Proof To show that the space is not solid in general, consider the following examples.

O

Example 3.7 Let m =3, n=1,r =1, s = -1 and consider the 2-normed space as defined

in Example 2.1. Let py = 5 for all k € N. Consider the sequence (xi), where x; = (xj;) is
defined by (x}) = (k,k,k,...) for each fixed k € N. Then x; € Z(B3,p, |I-,-||) for Z = ¢, m.
Let o = (=1), then (ouay) ¢ Z(B}s),p, I-,+1l) for Z = ¢, m. Thus Z(B%B),p, II-,-]l) for Z =¢,m
is not solid in general.

Example 3.8 Let m =3, n =1, r =1, s = -1 and consider the 2-normed space as de-

fined in Example 2.1. Let pi =1 for all odd k and py = 2 for all even k. Consider the se-

quence (xx), where x; = (x}) is defined by (x}) = (3,3,3,...) for each fixed k € N. Then x; €
Z(Blg)p, |I-,-11) for Z = o, 71o. Let ai = (<1)", then (axxx) & Z(By), p, |I-»- ) for Z = o, o
Thus Z(B%B),p, |-, -1I) for Z =¢o, m is not solid in general.

Theorem 3.9 The spaces mo(Bfm), o) and m(B?m), |- -\) are nowhere dense subsets

Proof From Theorem 3.3, it follows that mo(B?m),p, I-,+]l) and m(Bf‘m),p, I, -]|) are closed

subspaces of [, (Bf’m), P, I+ -1)- Since the inclusion relations

mo(Bloy 2o l-1) C Lo (Bl 2 Il -1)s— 11(Bloys 2o llo-1) C Lo (Bl 111

are strict, the spaces mo(B?m),p, I-,+]l) and m(Bf‘m),p, I, +]I) are nowhere dense subsets of
loo(B(”m),p, II,-1l) by Lemma 2.2. O
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Theorem 3.10 Let p = (px) be a sequence of non-negative bounded real numbers such that

infg pi > 0. Then

w( 2 Il N loo(B?m),P, 1) € WI(B?m),P, ll+-1)-
Proof Let (xx) € W(B?m),p, -1 N loo(B?m),p, I,-1)- Then for a given ¢ > 0, we have

11 J
B L D D |

k=1
HBE“m)xk—L,zllpk >e

S~

1
> ok < Bl - Ll = )|

If we take the limit for j — oo, it follows that (xx) € c(Bf’m

25 |l -||) from the inequality
above. Since (xx) € loo(Bf’m), P |- -11), we have the result. O
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