Fu and Li Journal of Inequalities and Applications 2013, 2013:175 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/175 a SpringerOpen Journal

RESEARCH Open Access

Composition operators from Zygmund
spaces into Qg spaces

Xiaohong Fu and Songxiao Li"

“Correspondence: jyulsx@163.com;
Isx@mail.zjxu.edu.cn

Department of Mathematics,
JiaYing University, Meizhovu,
GuangDong 514015, China

@ Springer

Abstract

The boundedness and compactness of composition operators from Zygmund and
little Zygmund spaces into Qx and Qo spaces are characterized in this paper.
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1 Introduction
Let D = {z: |z| < 1} be the open unit disk of complex plane C. Denote by H(D) the class

of functions analytic in D. Let g(z, 4) denote the Green’s function with pole at a € D, i.e.,
g(z,a) =log m, where ¢,(z) = {=- is a Mobius transformation of D. An f € H(D) is said

to belong to the Zygmund space, denoted by Z, if

ap LD gt

where the supremum is taken over all ¢ € 3D and / > 0. By Theorem 5.3 in [1], we see
that f € Z if and only if

Ifllz = [f(O)| + |[F'(0)] + su]g(l - z1?)|f"(2)| < oe. 1)

It is easy to check that Z is a Banach space under the above norm. Let Z, denote the

subspace of Z consisting of those f € Z for which
|1|iml(1 - 1zP)|[f" @] =0.
Z|—

The space Z, is called the little Zygmund space. Throughout this paper, the closed unit
ball in Z and Z, will be denoted by Bz and B, respectively.

Let K : [0,00) — [0,00) be a nondecreasing continuous function. We say that an f €
H(D) belongs to the space Q if (see, e.g., [2—4])

|lf||2QK = Sug/ﬂ)[f’(z)f[((g(z,a)) dA(z) < oo. 2)
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Here, dA is the normalized Lebesgue area measure in D. Modulo constants, Qg is a Banach
space under the norm [f(0)| + ||fll, and Qg is Mobius invariant. When (see [2])

/OIK(— logr)(1- rz)_zrdr < 00,
Qg = B. Here, B is the Bloch space defined as follows:
B={f:f € HDL s = |0)] + suplf @] (1~ 2f”) < oo},
If K(¢) = ¢, then Qi = Q,, (see [5, 6]). If f € H(ID) such that

lim /D[f/(z) |2K(g(z, a)) dA(z) =0, (3)

lal—1

we say that f belongs to the space Q. If Qx consists of just constant functions, we say
that it is trivial. Qg is nontrivial if and only if (see [2])

1/e
/ K(=logr)rdr < co. (4)
0

To avoid that Qg is trivial, we assume from now that (4) is satisfied. See [2—4, 7—15] for
the study of the space Q.
Let ¢ be an analytic self-map of D. The composition operator C,, is defined by

Colf)2) =f(¢(2), fe€HD).

It is interesting to provide a function theoretic characterization of when ¢ induces a
bounded or compact composition operator on various spaces. For a study of the com-
position operators, see [16] and [17].

The composition operator from Bloch spaces to Qx and Qg o was studied in [9, 10, 18].
Some characterizations of the boundedness and compactness of the composition operator,
as well as Volterra type operator, on the Zygmund space can be found in [19-23].

The purpose of this paper is to study the boundedness and compactness of the operator
C, from the Zygmund space and little Zygmund space into Qg and Qg .

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other.

2 Main results and proofs
In this section, we state and prove our main results. In order to formulate our main re-
sults, we need some auxiliary results which are incorporated in the following lemmas. The

following lemma, can be proved in a standard way (see, e.g., Theorem 3.11 in [16]).

Lemma 1 Let K be a nonnegative nondecreasing function on [0,00). Assume that ¢
is an analytic self-map of D. Then C, : Z — Qg is compact if and only if C, : Z — Qg
is bounded and for every bounded sequence {f,} in Z which converges to 0 uniformly on
compact subsets of D as n — 00, lim,_,o0 | Cyfsllox = 0.
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By using the methods of [10] (see also [24]), we can obtain the following lemma. Since

the proof is similar, we omit the details.

Lemma 2 Let K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D. If C, : Z(Zo) — Qg is compact, then for any & > 0 there exists a 8,
0 <8 <1, such that for all f in Z(Z,),

SLIP/ @ lf’((p(z)) |2|¢’(Z)|2K(g(z, (l)) dA(Z) <& (5)

acD J g

holds whenever § <r < 1.

By modifying the proof of Theorem 3.1 of [7] (or see [25]), we can prove the following
lemma. We omit the details.

Lemma 3 Let K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D. Then C, : Z — Qg is compact if and only if C, : Z — Qg is
bounded and

lim sup /D [(Cof) (2K (¢(2, @) dA(2) = 0.

lal=>1 1)z <1

Lemma 4 [20] Suppose that f € Z, then

lim V/(z)|/ln 1 _e|z|2 =0.

|z]—>1

Lemma 5 [26] Suppose that {ny} is an increasing sequence of positive integers satisfying

"5—;1 > X >1forall k e N. Let 0 < p < 00. Then there are two positive constants C, and C,,
depending only on p and A such that

00 % 1 o P gla 00 %
q(kaF) 5<E/0 d@) s@(kaF) :
k=1 k=1

Now we are in a position to state and prove our main results in this paper.

o]
2 akeka
k=1

Theorem 1 Let K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D. Then the following statements hold.:
UM

2
’ 2 €
sup/ﬂ)‘go )| (ln TTio0 B |<p(z)|2> K(g(z,a)) dA(z) < oo, (6)

aeD

then C, : Z(Zo) — Qg is bounded.
(ii) If Cy: Z(Zo) = Q is bounded, then

’ 2 1
ilelg/DW @) In 1_WWK(g(z, a)) dA(z) < co. @)
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Proof (i) Let f € Z. Then by the following result (see [20]):
f'@| = Cliflzn ——3 | iz ®)
we have

sup / (Cof) ()|’ K (g(z, @) dA(2)

= sup / I (¢2)|*|¢' @)K (¢(z @) dA(z)

<Clfllz sup/ |<p’(2)|2<1n ) K(g(z,a)) dA(2) < oc.
aeD JD

¢
1-|p(2)]?

In addition, by the well-known fact that ||f||~ < C||f|lz, we obtain

If (¢(0))] < CIIf Il z-

Therefore, C, : Z — Qg is bounded, and hence C, : Zy — Qg is bounded.
(ii) First, we suppose that C, : Z — Qg is bounded. Let g(2) = z € Z. By the boundedness
of C, : Z — Qg we have that ¢ = C,g € Qx. Hence, we have

P
Zgg/w( ) '@ lnl—Iw(z)lzK(g(z’a))dA(z)

IA

§lnisup/ |¢'(2) | K(g(z,a)) dA(z)
lp(2)<-L

€—14eD

7

<In——sup / |¢/(2)|"K (g(z,a)) dA(2) < oo. )

— 1L aeD JD

For z € D, such that |z| = r > 1 Let

SI

o]

1 K
f(Z) — Z T 1Z2 +1.
k=0

Then by the fact that p(z) = Y 2, 2 belongs to Bloch space (see [27, Theorem 1]) and the
relationship of Bloch function and Zygmund function, we see that f € Z. Let

1
+

- (el'g Z) 2k+1'

ho(2) =f(e"2) =) o

k=0

Then hy € Z and ||yl z = ||f||z. We have
00 > IC, 2 Ihall% = IC,ha I,

>sup/| (Cyphp) z)| K( z,a ))dA( )

> sup/
acD Z)|>— 1

Je

o]

k
§ 612+19 2k Z)

k=0

|g0 z)| K(g(z,a)) dA(2). (10)
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Since

1 2 1 2
E./o (AR ECE E./o ICIPIF 1% 46 = 111 1% = I1Co 1P 11 a 1

by (10), Lemma 5 and Fubini’s theorem we have

1 2
— Coll* 111 6
SR

2
|0/ (2)|"K (g(z, a)) dA(2) df

v

> k k
261(2 +1)0<p2 (Z)
k=0

1 2
— sup/
27 0 aeD |<p(z)\>ﬁ

2
1 w2 k
= sup / !2— / > @2 ()| de 1 (2)| 'K (g(z @) dA(2)
aeD |(p(z)\>ﬁ TJo "%

ssup [ Sl oo K gtea) da),
le(2)]>,

acD 7 k=0

For any r € (0,1), a calculation shows that

1 : - NN = n
lnl—r2 —1n(1+r)—ln(1—r)=/0 (—Z(—l) t +Zt>dt

Il
]
[
0
T
=
X
N—
SN
+
)
Il
[\]
]2
M’*
P

n=0 k=1
00 oo 2kl_1 .
’,.Zk ’,,2]
= E X = E
k=1 k=0 j=ok /

= (1 1\ gk o ksl
§Z<§+--~+§)r2'2 :Zrz , (11)

k=0

since the number of terms in the sum from 2* to 2¥*1 — 1 is 2%, Therefore,

1 2
— Coll*llh1% 6
S

IPNE 1
> sup /Itp(z) ) l¢'(2)| In - |¢(Z)|2K(g(z, a)) dA(z), (12)

achD

which together with (9) implies that (7) holds.
Now suppose that C,, : Zy — Qg is bounded. Take the function f(z) given by the above.
Set

o0

fi@)=f(rz) =)

k=1

k
TN 1(rz)2 1 re(0,1).

Then f, € Z,. Then, as argued the same with the case of C, : Z — Qi and let r — 1, we
get the desired result. The proof of the theorem is finished. O
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Theorem 2 Let K be a nonnegative nondecreasing function on [0,00). Assume that ¢ is
an analytic self-map of D. Then the following statements holds:

() If ¢ € Qx and

2
. , e
i [ W@ (0o ) Kleta) daa=o <13>

then C, : Z(Zo) — Qi is compact.
(ii) If Cy: Z(Zo) = Qg is compact, then ¢ € Qx and

r=>1,eD

. A2 1 _
lim sup /Iw(z)>r|¢ (z)’ In - |¢(Z)|2K(g(z, a)) dA(z) = 0. (14)

Proof (i) Assume that ¢ € Qg and (13) holds. Let {f¢} be a bounded sequence in Z which
converges to 0 uniformly on compact subsets of D. We need to show that {C,f;} converges
to 0 in Qg norm. By (13), for given ¢ > 0, there is an r € (0,1), such that

2
’ 2 e
Sup/w<z)|>r|(p @| (IHW> K(g(z @) dA(@) <.

ach

Therefore, by (8), we have
sup / (Coft) (K (g(z,@)) dA(2)
ae D

:sup{ / + / }[fk’(go(z))|2|<p’(z)|21<(g(z,a))dA(z)
lp@I>r  Jlp)<r

acD

= Clfle + sup £/ sup /D 0/ (K (gl a)) dAG). 15)

From the assumption, we see that {f/} also converges to 0 uniformly on compact sub-
sets of D by Cauchy’s estimates. It follows that ||Cyfxllg, — O since |fi(¢(0))] — 0 and
supy, <, i (W)l — 0 as k — oo. By Lemma 1, C, : Z — Qg is compact, and hence C,, :
Zoy — Qg is also compact.

(ii) We only need to prove the case of C, : Zg — Q. Assume that C, : Zo — Qg is
compact. By taking g(z) = z € Z, we get ¢ € Qx. Now we choose the function f(z) given
in the proof of Theorem 1. Then f € Z. Choose a sequence {};} in D which converges to
lasj— oo, and let fi(z) = f(A;z) for j € N. Then, f; € Z, for all j € N and ||fj|z < C. Let
fi0(2) = fi(e”2). Then f;y € Zo. Replace f by f;y in (5) and then integrate both sides with
respect to 6. By Fubini’s theorem, we obtain

2
£ > sup ( /0 [;;’(e”’w(z))|2d9> 0 (2K (g(z,@)) dA(2)

aeD 27 |@(2)|>r

1 2
=Ssup — / /
aeD 2 lp(2)|>r JO

= sup / (Zlk/so(znzm) 12|90 (2) K (g(z,a)) dA(2). (16)
lp@1>r \ 5

aeD

2
do |)\j|2 |<p’(z)‘21<(g(z, a)) dA(z)

> (e@e?)”
k=1

Page 6 of 9
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From the proof of Theorem 1, for 1/4/e < r < 1 and for sufficiently large j, (16) gives

1
su 1A% (2) m——— K (z,a)) dA(2) < .
uE]II; /(p(z)|>r ! | | 1- |)‘1§0(Z)|2 (g )

By Fatou’s lemma, we get (14). O

Theorem 3 Let K be a nonnegative nondecreasing function on [0,00). Assume that ¢ is
an analytic self-map of D. Then the following statements hold:
(i) IfCy: Zo — Qi is bounded, then ¢ € Qg o and

SuP/ﬂ)“P/(Z) ’2 In 1_|<’ﬁ1<(g(z, 61)) dA(z) < oo. 17)

aeD

(ii) If ¢ € Qi and

2
, e
sup/D|<p (z)|2 <ln m) K(g(z, a)) dA(z) < oo, (18)

aeD

then C, : Zoy — Qx o is bounded.

Proof (i) Assume that C, : Zy — Qx,o is bounded. Then it is obvious that C, : Zy — Qg
is bounded. By Theorem 1, (17) holds. Taking g(z) = z and using the boundedness of C,, :
Zy — Qx,o, we get ¢ € Qgo.

(ii) Suppose that ¢ € Qo and (18) holds. From Theorem 1, we see that C, : Zo — Qg
is bounded. To prove that C, : Zo — Qx,o is bounded, it suffices to prove that C,f € Qx,0
forany f € Zy. Let f € Zo. By Lemma 4, for every ¢ > 0, we can choose p € (0,1) such that
If'w)| <eln ﬁ for all w e D\ pDD. Then by (8), we have

lim /D (Cof) (2K (g2, @) dA(2)

la]—1

= lim < / + / >[}”((p(z))|2|<p/(z)|21((g(z,a)) dA(2)
le@I>p  Jle@R)l=p

la|—1

2
2 ’ 2 €
<elsup -/«z(z)|>p|¢ @] <ln W) K(g(z,a)) dA(2)

aeD

2
2 € . NP
+ClIf Iz <ln . pZ) Jim, /W(z)lfpqu ()| K (g(z,a)) dA(z)

2
<g? sup/ !(p/(z) ’2 (1 ¢ ) K(g(z, a)) dA(2)
lp@)I>p

n—_—
aeD 1-p(2)?
e \* 2
+C|f1I% <ln 1—2) lim / |(p/(z)’ K(g(z, a)) dA(z),
-p lal—>1 Jp
which together with the assumed conditions imply the desired result. d

Theorem 4 Let K be a nonnegative nondecreasing function on [0,00). Assume that ¢ is
an analytic self-map of D. Then the following statements holds:
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(M) If

|al—1

lim /|(p @] (ln “@P ) K(g(z,a)) dA(z) = (19)

then Cy, : Z(Zo) — Qo is compact.
(i) If C,: Z(Zo) — Qx,o is compact, then

1im/]¢ @] nﬁ)|2 K (g(z,a)) dA(z) = 0. (20)

la|—1

Proof (i) Assume that (19) holds. Set

2
hy (@) = /D |<p/(z)|2(ln1_|¢ﬁ> K(g(z a)) dA(2).

From the assumption, we have that for every ¢ > 0, there is a s € (0,1) such that for |a| > s,
hyx(a) < e. Similarly to the proof of Lemma 2.3 of [25], we see that /1, x is continuous on
|a| < s, hence is bounded on |a| < s. Therefore, /i, x is bounded on D. From Theorem 1,
we see that C, : Z — Qg is bounded.

For any f € Z, by (8), we have

[l @Pxieea)dae

<C|lf||z/|<ﬂ(2)| (ln e )|2> K(g(z,@)) dA(2), (21)

which together with (19) imply that C, : Z — Qg is bounded. Fix f € Bz. The right-hand
side of (21) tends to 0, as |a| — 1 by (19). From Lemma 3, we see that C, : Z — Qx is
compact, and hence C,, : Zo — Qg is compact.

(ii) From the assumption, we see that C, : Zo — Qg is bounded and C,, : Zy — Q is

compact. From Theorems 2 and 3, we have ¢ € Qg and

lim sup/ o |<p’(z)‘2 In K(g(z,a)) dA(z) = 0. (22)

r=>1,cD

1
1-1]o(2)|?

Hence, for any given ¢ > 0, there exists a s € (0,1) such that

/ 2 1
sup f ( )|>S!<p (2)|"In m[((g(z,a)) dA(z) < e. (23)

Therefore, by (23) and the fact that ¢ € Qg,o, we have

. , 1
lim / o (Z)|2 In 1_|(’WK(g(z, a)) dA(z)

lal—>1 Jp
. PNT
< li}gl I(p(z)\>s|¢ (z)| lnl_ e K(g(z,a)) dA(z)
+ lim |<p/(z)|2 ! K(g(z a)) dA(2)

l2l=>1 14 (z)|<s -l ()|2

Page 8 of 9
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@ Ik ,a)) dA
<swp [ Jo@l ng oK a) A
1 1 / 2
+ln1_52 |£TI/D|('0 ()| 'K (g(z,a)) dA(z)
<é&.

By the arbitrary of ¢, we get the desired result. The proof of the theorem is completed.
O
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