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Abstract

The main purpose of the present paper is to derive the neighborhoods and partial
sums of a certain subclass of starlike functions.
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1 Introduction

Let A, denote the class of functions f of the form

f2)=z+ Z ad’ (meN:={1,23,..}), (1.1)

k=m+1

which are analytic in the open unit disk
U:= {z:ze C and |z| <1}.

A function f € A,, is said to be in the class S};,(B) of starlike functions of order B if it
satisfies the inequality

W2

15 >>ﬂ (zeU;0<B8<1). 1.2)

Assuming that « 2 0, 0 £ 8 <1 and f € A,,, we say that a function f € H,,(«, 8) if it
satisfies the condition

Zf'(z)  Z2f"(2) m ma
m(f(z) +o e >>a,3(,3+5—1)+;3—7 (ze ). (1.3)

For convenience, throughout this paper, we write

- m 1 mo (14)
ym.—(xﬂ(ﬂ+5—)+ﬂ—7. .

Recently, Ravichandran et al. [1] proved that H,,(x, 8) C S (B). Subsequently, Liu et
al. [2] derived various properties and characteristics such as inclusion relationships,
Hadamard products, coefficient estimates, distortion theorems and cover theorems for
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the class H,,(«, ) and a subclass of H,,(«, B) with negative coefficients. Furthermore,
Singh et al. [3] generalized the class H,,(«, ) and found several sufficient conditions for
starlikeness. In the present paper, we aim at proving the neighborhoods and partial sums
of the class H,,(a, B).

2 Main results

Following the earlier works (based upon the familiar concept of a neighborhood of analytic
functions) by Goodman [4] and Ruscheweyh [5], and (more recently) by Altintas et al.
[6-9], Cdtas [10], Frasin [11], Keerthi et al. [12] and Srivastava et al. [13], we begin by
introducing here the §-neighborhood of a function f € A,, of the form (1.1) by means of
the definition

Ns(f)i=1g€ Ap:glz) =2+ Z byz" and

k=m+1
2\ k(1 + ket — ) = Vi
3 (+1“ A Y bl <8 Ga>0.0< Bl <Dt (1)
— Vm
k=m+1

By making use of the definition (2.1), we now derive the following result.
Theorem 1 Iff € A,, satisfies the condition

fz) +ez

€ Hu(a,B) (¢ €Cile| <88>0), (22)
l+¢

then
Ns(f) € Hnla, B). (2.3)

Proof By noting that the condition (1.3) can be rewritten as follows:

#f@ , '@

@ e L <1 (zel), (2.4)
7f'(2) + O{sz//(z) _ (2 _ 1)
@ 7@ Ym

we easily find from (2.4) that a function g € H,,(, B) if and only if

2g'(2) + az’g"(2) - g(2)
zg'(2) + az2g"(2) — 2ym — 1g(2)

7o (zeUjo €Glo|=1),
which is equivalent to
(g*h)(2)

? #0 (Z € U), (2'5)

where

> k+ak(k—1)—1- [k +ak(k=1) = 2y - D]o
h(z) = = . (26
(2)=z+ ,(;1 cxZk (ck 2m—Do ) (2.6)
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It follows from (2.6) that

k+ak(k-1)-1-[k+ak(k-1)- 2y, —1)]o
2(Ym = 1o
k+ak(k—=1)-1+[k+ak(k-1)- 2y, —1)]|o|
2(1=ym)lo|

k(1 + ko —a) =y,

= — (lo] =1).

lexl

A

If f € A,, satisfies the condition (2.2), we deduce from (2.5) that

(f = h)(z)

" #—¢ (|8|<8;8>0),

or, equivalently,

’@ >5 (zeU;s > 0). 2.7)

We now suppose that

q@) =z+ Y did e N5(f).

k=m+1

It follows from (2.1) that

((g =f) = h)(2) . k-1
—| = (di — ax)cxz
‘ z k;&
<y M ”;“_‘y“) — - ag| < . 2:8)
k=m+1 m

Combining (2.7) and (2.8), we easily find that

>0,

’(LI* h)(z)
z z

_ ‘([f+ (a-11 %))

> ’(f*h)(Z)
- z

) ’ ((—f)* W)2)

z

which implies that

w 40 (zel).

Therefore, we conclude that
q(z) € N5(f) C Hyn(e, B).
We thus complete the proof of Theorem 1. O
Next, we derive the partial sums of the class ,,(«, 8). For some recent investigations

involving the partial sums in analytic function theory, one can refer to [14-16] and the
references cited therein.
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Theorem 2 Let f € A,, be given by (1.1) and define the partial sums f,(z) of f by

fil@)=z+ Y ad (neNinzm+1). (2.9)
k=m+1

I

[e¢]

k(L + ket = @) = i

s MR <1 @z 00<p<tiy<n), (2.10)

k=m+1 = Vm
then

M) feHula,B);
)

f(2)

m</n(2)

SR(fn(Z)>> (n+ 1)1+ net) - yom
"\ f(2) (m+1)1A+na)+1-2y,

1
)g( ml+ o + ) meN;nzm+1;zeU) (2.11)

n+1)1+ na) -y,

and

meN;n=m+1;zeU). (2.12)

The bounds in (2.11) and (2.12) are sharp.

Proof (1) Suppose that fi(z) = z. We know that z € H,,(«, 8), which implies that

filz) +ez
l+e

z€ Hula, B).

From (2.10), we easily find that

[e¢]

Z k(1 +ka —a) = v
1_Vm

|ﬂk - Ol é 11

k=m+1

which implies that f € Ai(z). In view of Theorem 1, we deduce that
feM@) CHula,p).

(2) It is easy to verify that

m+D1+(m+1)a—-a] —ym _ (n+ 1A + nat) — yim

1= Ym 1= Ym
n(l+noz—oz)—y,,,>1 (nen)
1_ym

Therefore, we have

“ 1)1 — Y — 2 k(1 + kot — ) — Yy
3 fagl + DI Y 5 ooy KR T )

1- 1-
k=m+1 Vi k=n+1 k=m+1 Ym
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We now suppose that

v = (n+1)A +na) =y [ f(2) n(l+ o + na) )
1= Ym (2)  (n+ 1)+ 1) — ym
ey
=1+ _ (2.14)
I+ Zk:mﬂ akzk&
It follows from (2.13) and (2.14) that
(n+1)(1+na)—ym 00
-1 1= Z n+ |a/<|
’ w(Z) ‘ § L (n+1)( 1-]:71()( . < 1 (Z € U)
W(Z)"'l 2 - 22/( m+l |a | TMZk n+1|ak|
which shows that
R(Y(2) =20 (ze). (2.15)
Combining (2.14) and (2.15), we deduce that the assertion (2.11) holds true.
Moreover, if we put
1- VYm n+l
fl)=z+ 2% (meN\{L2,....m-1};meN), (2.16)

(m+ 1)1+ na) -y,
then for z = re™ ™, we have

fl) 1Y ; n(l + o + na)
f,,(z)_ +(n+1)(1+no:)—ymz - (n+1)1A + na) -y,

(r — 1’),

which implies that the bound in (2.11) is the best possible for each n € N\ {1,2,...,m —1}.

Similarly, we suppose that

(m+1)1Q + na) +1-2y, f,,(z) (n+1)(A + na) — ym
¢(z) = ( )

1- Y f(z) (n+1)(1+noz)+1—2ym

(n+1)(1+na)+1-2y,, ZZO ﬂka_l
=n+l

=1- lliimZEimﬂ = (2.17)
In view of (2.13) and (2.17), we conclude that
|¢>(Z)— < I 2 3 o | <1 (zeU),
0@ +1] 7 22370 laxl = "GEEL T
which implies that
NR(pz)) 20 (zel). (2.18)

Combining (2.17) and (2.18), we readily get the assertion (2.12) of Theorem 2. The bound
in (2.12) is sharp with the extremal function f given by (2.16).
The proof of Theorem 2 is thus completed. d
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Finally, we turn to ratios involving derivatives. The proof of Theorem 3 below is much
akin to that of Theorem 2, we here choose to omit the analogous details.

Theorem 3 Let f € A, be given by (1.1) and define the partial sums f,(z) of f by (2.9). If
the condition (2.10) holds, then

m(f/(z)> < (n+1)(na + Yim) = Ym meN;n=m+1Lzel) (2.19)

(2)) = (m+ 1)1 +na) -y
and
fa(2) (n+1)(1 + nat) = ym . ‘
Eﬁ<f@>§(n+1)(2+m_ym)_ym (neNinzm+Lzel). (2.20)

The bounds in (2.19) and (2.20) are sharp with the extremal function given by (2.16).

Remark By setting o = 0 and m = 1in Theorems 2 and 3, we get the corresponding results
obtained by Silverman [16].
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