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X2 =voxy +y* =—(p* - Hu2,

X —vpxy +yr = U,
and
= (=D upxy - (P =4y’ =V},

for p > 3 and a square-free integer p® — 4. In addition to these, all solutions of some
different Diophantine equations such as x* - vapxy +y? = —(p? — 4)u2,

X2 =Xy + Y2 = (07 = 4), X2 —Voxy + Y2 = 1,X2 = vapxy + y2 = U2, X2 = Vapxy + Y2 = V2,
X2 = (p? = Buyxy — (p? - 4)y? = 1 are identified, by using divisibility rules of the
sequences (up) and (vy).
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1 Introduction

In this paper, we consider the generalized Fibonacci sequence (u,) and the generalized
Lucas sequence (v,). Let p > 3 be an integer. For any n > 2, (4,,) is defined by the recurrence
relation u, = pu,,_; — u,_, with the initial conditions uy = 0, #; = 1. The generalized Lucas
sequence (v,) is defined by the recurrence relation v, = pv,_; — v, for any n > 2 with
the initial conditions vo = 2 and v; = p. The terms u, and v,, are called the nth generalized
Fibonacci and Lucas numbers, respectively.

Moreover, generalized Fibonacci and Lucas numbers can be extended to negative in-
dices. In general, for all # € N, u_, = —u, and v_, = v,. Furthermore it is known that
Vp = Uyy1 — Uy_1. For more detailed information about these sequences, one can consult
[1-5] and [6].

In [3], McDaniel showed that the solutions of the equation x? — (p> — 4)y? = 4 are given
by (x,y) = (vu, u,,) with n > 1. Moreover, in [7-9] and [10], Jones investigated whether the
equations x> — (p? F4)y? = F4, 22— (P> F1)y? = F4, 4> - (p? F1)y* = Fland x? — (p> F4)y* =
F1 have solutions or not. In his proofs, he used Fermat’s method of infinite descent.
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In [11], Demirtiirk and Keskin determined all solutions of the known Diophantine equa-

2

tions x% — L,xy — y* = F1, x> — L,xy + (-1)"y? = =5 and new Diophantine equations

x% — 5F,xy — 5(-1)"y* = 71,
x% = Lyxy + y* = F5F2,
x* —Lyyxy +y2 = :FFfl,

x* = Logxy +y* = FL2
and
X% —Ly,xy +9* = ZFSLf,.

In this paper, our main purpose is to determine all (x,y) solutions of the Diophantine

equations
¥ +axy+ by =,

where a4, b, ¢ are generalized Fibonacci and generalized Lucas numbers. These equations
can be listed as follows:

2
n’

2 vy + 3 = (" - A)u
2 — vy =i,

&= (P - Qupxy - (p* - 4)7* = V3,
2~ vamey 45 = —(p — 4)i,

& —vuxy +yt = —(p* - 4),

X% - vnxy—y2 =1,

2

n’

X —voxy+y =u

2

*% = Vouxy + 9 = V2

and

&= (PP = Vuuxy - (p* -4)y* =1

2 Divisibility rules of sequences (u,) and (v,)

In this section, we recall some divisibility rules related to generalized Fibonacci and Lucas
sequences (u,) and (v,). Since these rules are proved in [12-16], we omit their proofs.
Using these divisibility rules, in the last section, we will find all solutions of Diophantine

equations mentioned above.
Theorem 1 Let m,n € N. Then v,|u,, if and only if n|m and m/n is an even integer.

Theorem 2 Let m,n € N. Then u,|u,, if and only if n|m.
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Theorem 3 Let m,n € N. Then v,|v,, if and only if n|m and m/n is an odd integer.

Theorem 4 Let m,n € Nand n > 1. Then u,|v,, ifand only ifn = 2 and m is an odd integer.

3 Some identities of the sequences (u,) and (v,))

In this section, we obtain some identities by using special matrices including generalized

Fibonacci and Lucas numbers.

Now we compile some identities to use in the proofs of the following theorems. These

identities can be found in [5, 17, 18] and [19].

ufl — Puyty_ + “iq =1,

= pra + V2 = (57 - 4),
Vinlhy — UV = 2Up_im,

VinVn — (p2 - 4)umun =2Vyoms
UnUms1 — Umln-1 = Unims
ViV + (D% = 4) thnhy = 2V
Uy Vy + Viplhy = zuerr

Uni1l —Up1 = Vi

Vil = V-1 = (PZ - 4) Uy,

vf, - (p2 - 4)ufl =4,

Um1lVn — UmVn-1 = Viuem

for all m,n € Z.

Theorem 5
2 2 2 2 2
Viem — (p - 4)un—tvn+mum+t - (P - 4)um+t =V,_p
forallm,n,t € Z.

Proof If we consider identities (3.6) and (3.7), then the matrix multiplication
val2 (O =D unl2 | | Vi || Viem
ut/2 Vt/z Um U+t
can be written. By identity (3.4), we get
-1
Vi | | val2 (0% = 4)uu/2 Voo | 2 | vel2 (0% = D)unl2 | | Viem
U - ut/z Vt/2 U+t - V-t _ut/z V,,/Z Um+t

since

val2 (P — 4)un/2
Mt/z Vt/z

_ Vv = (0 - Duptte Vi 0
4 2 7

(3.1)
(3.2)
(3.3)
(3.4)
(3.5)
(3.6)
3.7)
(3.8)
(3.9)
(3.10)
(3.11)

|
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Thus, it follows that

_ VitVnim — (102 - 4)Mnumﬂ
=

V-t
and

Vulbmit — UtViem
Upy = —— T
V-t

Since v2, — (p* — 4)u?, = 4, we have

(VtVn+m - (P2 - 4)unum+t)2 - (P2 - 4) (Vnumﬂt - MtVner)2 = 4Vfl,t~

Therefore, we obtain (v2 — (p? — 4)u? V2, —2(p? — 4)(Vithy — Vilhe) Vismthmsr — (* — 4) (V2 —

@? - 4)u2)u?,,, = 4v>_,. By using (3.3) and (3.10) in this equation, it is seen that

m+t

4v?, = 40" = )ty Vymtimsr — (7 = 4) 1, = 4V

n+m n—t*
Thus, we get

szer - (p2 - 4)”"—”"*”‘”’”” - (p2 - 4”)an+t = sz—t'

Theorem 6 Let m,n,t € Z and t # n. Then

2 2 2 2
Viem = Vn-tVnsmVmst + Viyyp = _(P - 4) Uyt

Proof By using (3.6), we can consider the matrix multiplication
val2 (O =D unl2 | | Vi | | Viem
vel2 (PP = Dud2 || wn Vst |

Since ¢ # n, we get

val2  (p* = 4)un/2
vi/2  (p* = 4)u,/2

_ (pz = 4)(Vyuy — vitty) _ (Pz —4) s 40,
4 2

by (3.3). Therefore, we have

v | a2 @2 = 9u2] " [vnem
Um | | vel2 (% - 4)ul2 Vinst

2 P = Du /2 —(p? = Du,/2 | | Viem
(P2 - 4)un—t —vt/Z Vn/z ’

Vin+t

Thus, it follows that

UtViem — UnVim+t
Vp=—""—""""
Up—t

(3.12)
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and

_ ViuVm+t = VtVuem

u,, =
" »* = Dy
Since V2, — (p? — 4)u?, = 4, we get

<p2 - 4)(utvtﬁm - ManH)z - (Van+t - VtV}’l+m)2 = 4'([72 - 4)”;%1—#
Hence, it is seen that —(v? — (p? — 4)u?)v2,, + 2(V,vs — (0% — B usthy) Ve Vimas — (V2 — (% —
) t t'Yn+m nVt t¥n)Vn+mVm+t n

L), = 4(p* - 4)u?_,. By using identities (3.4) and (3.10), we obtain

2 2 2 2
v = YV tVnimVmee + Vi = _4‘(]9 - 4)un_t,

that is,
Vme — VyetVism Vst + vfn” = —(p2 - 4) ufl_t. (3.13)
O
Using (3.7) and the matrix multiplication
[un/z Vn/z] H ) {}
w2 vil2 || U Uit ’
we can give the following theorem.
Theorem 7 Let m,n,t € Z and t # n. Then
uﬁw — Vi tUpemUmar + Mf,m = ufl_t. (3.14)

4 Solutions of some Diophantine equations
In [4], Melham proved that all solutions of the equations y* — v,,,xy + x* = Fu2, are (x,y) =
F(thy, pyrm) With 1 € Z. Moreover, he showed that if m € Z and p? — 4 is a square-free
integer, then all solutions of the equation y* — v,,.xy + x* = —(p* — 4)u?, are given by (x,y) =
F(Vus Viem) With n € Z. These theorems of Melham are generalized forms of the theorems
given in [3], by McDaniel. In [2], Kili¢c and Omiir examined more general situations of the
conics that McDaniel and Melham dealt in [3] and [4], respectively.

In this section, using the identities given in (3.13) and (3.14), we will obtain all solutions
of the equations

X — vy + 9y = —(p2 - 4)ui

and

2

X - vy + Yt =l

n

with # > 1, p > 3 and p? — 4 is a square-free integer. The solutions of these equations were
explored by Kimberling, McDaniel and Melham, respectively in [3, 20] and [4], but we will
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give different proofs of them here. Moreover, for p > 3, we will obtain all solutions of the
Diophantine equation

& = (P =4 uuxy — (P> - 4)y* =V,

by using (3.12). Subsequently, if p > 3 and p? - 4 is a square-free integer, then we will find
all solutions of Diophantine equations

X —vyuxy + 9% = —(p2 - 4)uﬁ

and
& —vuxy + 9 = —(p* - 4).

Moreover, all solutions of the equations

2

X —vaay+yi =1, x% = vouxy + 9% = u?

and
X% = Vouxy + 9 = V2

will be determined. Addition to this, if p > 3, then all solutions of the equation
& = (P =4y — (P> -4)y* =1

will be found.

Now we will remind some Diophantine equations with their solutions. The solutions of
these equations are explored in [3] and [6]. We will use these equations for determining
all solutions of other Diophantine equations.

Theorem 8 Let p > 3. All solutions of the equation x* — pxy + y* = 1 are given by (x,y) =
F(thysy Upy—1) With m € 7.

Since Corollary 1 can be seen from Theorem 8 and Corollary 2 is stated in [10], we will
give them without proof.

Corollary1 Allsolutions of the equation x2— 3xy+y* = 1aregiven by (x,y) = F(Fams2, Fom)
with m € 7.

Corollary 2 Let p > 3. All nonnegative solutions of the equation u* — (p* — 4)v* = 4 are
given by (u,v) = (Vi Uyy,) with m > 1.

Theorem 9 and Theorem 10 are stated in [21], so will give them without proof.
Theorem 9 Let p > 3. Then the equation x> — pxy + y* = -1 has no solutions.

Theorem 10 All solutions of the equation x* — 3xy + y* = -1 are given by (x,y) =
F(Fomer, Fom-1) with m € Z.
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From now on we will assume that # is an integer such that n > 1.

Theorem 11 If p > 3, then all solutions of the equation x* — (p* — 4)u,xy — (p*> — 4)y* = V>
are given by (x,9) = F(Vyym, Um) with m € 7.

Proof Assume that x> — (p? — 4)u,xy — (p* — 4)y* = v2 for some integers x and y. Hence, we

can write
(2x - (p2 - 4)uny)2 - ((p2 - 4-)2143, + 4(p2 - 4))y2 = 41;3,.

Thus, it follows that (2x — (p* — 4)u,y)> — (p* — 4)((p?* — 4)u? + 4)y* = 4v2. By using (3.10)
in this equation, we get (2x — (p* — 4)u,,y)* — (p* — 4)v2y* = 4v2. Therefore it can be seen
that v,,|2x — (p* — 4)u,,y. Then taking

(-
(W +py)
u= and v=y,
2

we obtain u = (x + v,,_1y)/v,, by (3.9). From here we get

u? — puv +v* = ((x + 1/,,_1)/)/1/,1)2 —p((x - v,,_ly)/v,,)y +9°

= (x2 — (Vs — Vi)Y + 92 (Vﬁ —PVnVu1 + ViA))/Vi'
Hence, it follows that
w —puv+v* = (8* = (p* = ) upxy — (p° = 4)y°) IV, = VoIV, =1,

by using (3.2) and (3.9). From Theorem 8, we obtain (u, v) = F(ty+1, ) for some m € Z.
Thus, it is seen that

X+ Vi ))/Ve = Fthypy  and  y = Fu,
so we get x = F(Uy1Vy — Vu1U) and y = Fu,,. Now using (3.11), we obtain
*,9) = FVism> Um)-

Conversely, if (x,y) = F (Vs> ) With m € Z, then it can be seen that x? — (p? — 4)u,xy —
(»* - 4)y* =v2, by (3.12). 0O

Using Theorem 9 in the same manner with Theorem 11, the following corollary can be

given.
Corollary 3 Ifp > 3, then the equation x* — (p* — 4)u,xy — (p* — 4)y* = —v2 has no solutions.

Proof Assume that x* — (p* — 4)u,xy — (p* — 4)y* = —v> for some integers x and y. Similar
with the proof of Theorem 11, taking u = (x + v,_1¥)/v,, and v = y, it can be seen that

u? —puv +v* = (8 — (p* = 4)uuxy — (> — 4)y*) Ve = —vilve = -1,
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which is impossible by Theorem 9. Thus, it follows that the equation x? — (p? — 4)u,xy —
(p* — 4)y* = —v2 has no integer solutions. O

The following corollary is a result of Theorem 11. Since it is proved in [11], we will give
it without proof.

Corollary 4 All solutions of the equation x> — 5F,,xy — 5y* = —L3, are given by (x,y) =
F(Lans2ms1, Foms1) with m € Z..

Theorem 12 and Theorem 13 are stated by Melham, Kili¢ and Omiir without proof in
[4] and [2], respectively. Now we will prove them.

Theorem 12 Let p > 3 and p? — 4 be a square-free integer. Then all solutions of the equa-
tion x> —vuxy + y* = —(p* — 4)u? are given by (x,5) = F Vi, Vi) with m € Z.

Proof Assume that x*> —v,xy +y* = —(p* — 4)u? for some integers x and y. Then multiplying
both sides of this equation by 4 and using (3.10), we get (2x —v,,9)? — (p*> — 4)uy* = —4(p* -
4)u?. Since p* — 4 is square-free, it follows that u,|2x — v,y. Therefore, there is an integer
z such that 2x — v,y = u,,z. From here we get (1,2)* — (p* — 4)u2y* = —4(p* — 4)u2, and then
z2 — (p* - 4)y* = —4(p* - 4). This implies that (p> — 4)|z. Then there is an integer a such
that z = (p? — 4)a, and we have 2x — v,y = (p> — 4)u,.a. Thus, it follows that

¥ - (p2 — 4-)612 =4.
Since
y* —p*a’ = 4 + 4d?,

we have y> — p?a® is even. Then we can see that y and pa have the same parity. Taking
u = (y + pa)/2 and v = a, we obtain

2x—vy
L~ y+p(m) _2px+ (P* =)y —pvn)y _px-vey
2 207 — 4, =4,
and
22X - vy
B (p* - 4)uy .

Hence, we get

u® — puv+17% = PX = Vn-1y 2_ bxX —Vp-1Y 2% — v,y . 26—V, 2
b (P2 — 4)Mn p (pz _ 4)“}1 (P2 _ 4)”;1 (p2 _ 4)1/!;«,

= (P -4 vy + )/ (0" - 4) ", = 1.

Therefore it follows that («, v) = F(441, 4y,) with m € Z from Theorem 8. Thus, we obtain

(px - anl)’)/(Pz - 4)”;4 =FUma and (2x-— Vny)/(P2 - 4‘)”;1 = FUpm-. (4.1)

Using the identities (3.6), (3.8) and (3.9) in (4.1), we get (%, %) = F(Virm> Vim)-


http://www.journalofinequalitiesandapplications.com/content/2013/1/162

Demirtirk Bitim and Keskin Journal of Inequalities and Applications 2013, 2013:162 Page 9 of 12
http://www.journalofinequalitiesandapplications.com/content/2013/1/162

Conversely, if (x,%) = F(Vyem> Vi), then it follows that x* — v,xy + y* = —(p* — 4)u?, by
(3.13). 0

Using Theorem 9 in the same manner with Theorem 12, we can give the following corol-
lary.

Corollary5 Let p > 3 and p® — 4 be a square-free integer. Then the equation x* —v,xy +y* =
(p* - 4)u? has no solutions.

We can give the following corollary from Corollary 5.

Corollary 6 Letp > 3 and p* — 4 be a square-free integer. Then the equation x* —v,xy +y* =
(p* - 4) has no solutions.

When p = 3, the equation x? — v,xy + y* = (p* — 4)u? has solutions. In this case we have
the equation x? — Ly,xy + y* = 5F3,. Now we can give all solutions of these equations in the
following lemma. Since this lemma is proved in [11], we will give it without proof.

Lemma 1 All solutions of the equation x% - Lyxy + y* = 5F22n are given by (x,y) =
:F(L2n+2m+11L2m+1) with m € Z.

Theorem 13 All solutions of the equation x* — v,xy + y* = u> are given by (x,y) =
F(Uhysrmy Upy) With m € 7.

Proof Suppose that x> — v,xy + y* = u2 for some integers x and y. Completing the square
gives (2x — v,y)* — (p* — 4)u2y* = 4u?, and it is seen that u,|2x — v,,y. Thus, it follows that

((x - v,,y)/l,ty,)2 - (P> -4)y* =4

Taking u = (((2x — v,)/u,) + py)/2 = (x + w,_1y)/u, and v = y, we have u® — puv + v* = 1.
Therefore, from Theorem 8, we get (&, v) = F(Uy41, Uy,) With m € Z. From here, we obtain

(0,9) = F(Unthms1 — Un-1Um, Um). Then by (3.5), it follows that (x, y) = F(Uusm> Um)-
Conversely, if (x,7) = F (1 m thm), then it can be seen that x> — v,.xy + y* = u?, by (3.14).
O

Using Theorem 9 in the same manner with Theorem 13, we can give the following corol-
laries.

Corollary 7 The equation x* — v,xy + y* = —u> has no solutions.

The following corollary is a generalized form of Theorem 10. Since it is proved in [11],
we will give it without proof.

Corollary 8 All solutions of the equation x* — Ly,xy + y? = _F22n are given by (x,y) =
:F(F2n+2m+1,F2m+1) with m € Z.

Now, let us examine all solutions of the following equations by using Diophantine equa-
tions given in Theorem 11, Theorem 12, Theorem 13 and the divisibility rules of the se-
quences (u,) and (v,).
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Theorem 14 All solutions of the equation x* — v,xy + y* = 1 are given by (x,) = F(Us1yn/
Uy, Usy/Uy) With t € 7.

Proof Assume that x> — v,xy + y* = 1 for some integers x and y. Multiplying both sides of
this equation by u2, we get

(Un)* = V(%) (Uny) + (Uny)* = 1t

From Theorem 13, it follows that u,x = Fu,,,, and u,y = Fu,, for some integer m. Hence,
we get X = Fityym /Uy, and y = Fu,,/u,. Since x and y are integers, it is clear that n|m. There-
fore, it follows that m = tn for some t € Z. Then we obtain

(x:y) = :F(M(Hl)n/unr Mm/un)'

Conversely, if (x, y) = F (1)) tn, tin/u,) with t € Z, then it follows that x> —v,xy +y? = 1,
by (3.14). 0

Multiplying both sides of the equation x> — v,xy + * = —1 by u2 and using Corollary 7,
the following corollary can be given.

Corollary 9 The equation x* — v,xy + y* = =1 has no solutions.

Theorem 15 If p > 3, then all solutions of the equation x* — (p* — 4)u,xy — (> —4)y* =1
are given by (x,y) = F(Vaes1)n/ Vi Uoin/ V) With t € Z.

Proof Assume that x? — (p* — 4)u,xy — (p* — 4)y* = 1 for some integers x and y. Multiplying
both sides of this equation by v2, we get

(vux)* = (p* = 4)un(vux) (viy) — (P* = 4) (v)? = V2.

Thus, it follows that v,x = Fv,.,, and u,y = Fu,, according to Theorem 11. Hence, we get
(0,9 = FVysm/ V> Uyn/v,). From Theorem 1 and Theorem 3, it can be seen that n|m and
m/n is an even integer. This implies that m = 2¢n for some ¢t € Z. Therefore, we obtain
%, 9) = FV@rr1yn/ Vi o Va).

Conversely, if (x,7) = F(Vari1)n/Va» h2in/v,) for some t € Z, then it follows that x? — (p* —
Y u,xy — (p* - 4)y* =1, by (3.12). O

The following corollary can be given from Corollary 3.
Corollary10 Ifp > 3, then the equation x* — (p* — 4)u,xy — (p*> —4)y* = =1 has no solutions.

Theorem 16 Ifp > 3 and p* — 4 is a square-free integer, then all solutions of the equation

% - VanXy +.y2 = _(p2 - 4)”3 aregiven b}’ (x’y) = :F(V(ZHS)n/Vm V(2t+1)n/Vn) witht € 7.

Proof Suppose that x* — vy,xy + y* = —(p* — 4)u? for some integers x and y. Multiplying
both sides of this equation by v and considering the fact that u,, = u,v,, we get

(Vux)? = Vo (V) (V) + (Vy)? = —(p* = 4) i3,
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From Theorem 12, it follows that v,x = Fvy,,,, and v,y = Fv,,. Hence we get (x,y) =
F(Vansm!Vur Vim/v). Moreover, since x and y are integers, it follows that n|m and m/n is
an odd integer from Theorem 3. Then there is an integer ¢ such that m = (2t + 1)n. There-
fore, we obtain (x,y) = F(Vars3)n/ Vi Vars1)n/Va)-

Conversely, if (x,9) = F(V@rs3)n/Vu, Vars1)u/vy) for some ¢ € Z, then it follows that x> —
Vauxy + 9> = —(p? — 4)u?, by (3.13). O

The following corollary can be proved similar to Theorem 16, by using Corollary 5. So,
we omit its proof.

Corollary 11 Ifp >3 and p® — 4 is a square-free integer, then the equation x> — vy,xy + y* =
(p* - 4)u? has no solutions.

2 2

Theorem 17 All solutions of the equations x* — vy,xy + y* = u? and x* — vy,xy +y* = v> are
given by (x,5) = F(U@ir)n/ Vi Uon! Vi) and (x,y) = F(ro)n/ thn, Un/uy) with t € 7, respec-

tively.

Proof Assume that x? — v,,xy + ¥* = u? for some integers x and y. Multiplying both sides
of this equation by 2, we get

(V32)2 = Vo (V) (V) + (v 9)? = 13,

Then from Theorem 13, it follows that (x, y) = FF(42,4m/ V> Um/vy) for some m € Z. Hence,
using Theorem 1 it is seen that n|m and m/n is an even integer. Thus, we have m = 2tu for
some ¢t € Z. Therefore, (x,y) = F(u@es2)n/Vi» U2tn!Vn)-

Conversely, if (x,y) = F(U@r42)n/Vi» U2tn/ V) for some t € Z, then by (3.14) it follows that

2
e

X — vy +y = u
Now suppose that x> — v5,xy + y* = V2 for some integers x and y. Multiplying both sides
of this equation by ufl and considering Theorem 13, we get (x,¥) = F(Uosm/Un, U/ thy) for
some m € Z. Furthermore, since xandy are integers, it follows that #|m from Theorem 2.
Then we have m = tn for some ¢t € Z. Thus, we obtain (x,y) = F(Us2)n/thn, Un! th)-
Conversely, if (x,7) = F(u(s2)n/thn, tin/u,), then by (3.14) it follows that x* — vy,xy + y* =

2
V. O

The proof of the following corollary is similar to that of Theorem 17, by using Corol-
lary 7. So, we omit its proof.

Corollary 12 The equations x* — Ly,xy + y* = —F3, and x* — La,xy + y* = L3, have no
solutions.

Theorem 18 Let p > 3, p> — 4 be a square-free integer. If n > 2, then the equation x* —v,xy +
y* = —(p? —4) has no solutions and all solutions of the equation x> — (p* = 2)xy+y* = —(p* —4)

are given by (x,y) = :F("Z;%, %) with t € 7.

Proof Assume that x> — v,xy + y* = —(p* — 4) for some integers x and y. Multiplying both
sides of this equation by u2, we get

(%) = V(%) (W) + (y)* = —(p* = 4) sl
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From Theorem 12, it follows that (x,y) = F(Vyim/tns Vin/th,) with m € Z. If n > 2, then

2

4,1V, from Theorem 4. Therefore, the equation x* — v,xy + y* = —(p* — 4) has no solu-

tions. If # = 2, then we get that all solutions of the equation x? — (p? — 2)xy + y* = —(p? — 4)

are given by (x,y) = F(Vy2/tha, vin/uz) with m € Z. Hence, it is seen that m is an odd in-

teger according to Theorem 4. Thus, m = 2¢ + 1 for some ¢ € Z. Therefore, it follows that
= Yat+3  Vatsl

(5,9) = (22, 2. =
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