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1 Introduction

Hudzik and Maligranda [1] defined the s-convex function as: A function f : [0,00) — R is
said to be s-convex or f belongs to the class K, if for all x,y € [0,00) and u, v € [0,1], the
following inequality holds:

fux +vy) < w3 (x) + v'f (),

for some fixed s € (0,1].

Note that, if u® + v* = 1, the above class of convex functions is called s-convex functions
in first sense and represented by K and if s + v = 1, the above class is called s-convex in
second sense and represented by K2.

It may be noted that every 1-convex function is convex. In [1], they also discussed a few
results connecting with s-convex functions in second sense and some new results about
Hadamard’s inequality for s-convex functions are discussed in [2], while on the other hand
there are many important inequalities connecting with 1-convex (convex) functions [2].

The Simpson’s inequality is very important and well known in the literature. This in-
equality is stated as: If f : [a, b] — R be four times continuously differentiable mapping on
(@,b) and |[f*]|oo = SUpP,c(up f* ()| < 00. Then

‘l[f(a)+f(b)+2f<a+b)}_bidfbf(x)dx 1

T 4 )4

3 2 2

Recently, many others [1-6] developed and discussed error estimates of the Simpson’s
inequality interms of refinement, counterparts, generalizations and new Simpson’s type
inequalities.
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In [3], Dragomir et al. proved the following recent developments on Simpson’s inequality
for which the remainder is expressed interms of lower derivatives than the fourth.

Theorem 1.1 Suppose f : [a,b] — R is a differentiable mapping whose derivative is con-
tinuous on (a,b) and f' € Lla, b). Then

Hf(a) ;f(b) +2f<a+b):| /fx)dx

where ||l = [ 1f ()| dx.

(1.1)

Note that the bound of (1.1) for L-Lipschitzian mapping is > L(b — a) [3].

Theorem 1.2 Suppose f : [a,b] — R is an absolutely continuous mapping on [a, b] whose
derivative belongs to Ly[a, b]. Then the following inequality holds:

‘%[f(zz) ;f(b) . 2f<a;rb):| B bia /ﬂ”f(x)dx

12
<=
6[3(q+1)]

where X + 1 =1and p>1.
poa

(1.2)

In [7], Kirmaci established the following Hermite-Hadamard type inequality for differ-
entiable convex functions as the following.

Theorem 1.3 Let f : I C R — R be a differentiable function on I° (interior of I), where
a,b € I with a < b. If the mapping |f'| is convex on [a, b), then

/ ) d —f(‘”b)

For generalizations of (1.3), we refer to [8-10].

b—
= =l @]+ F o). (1.3)

In [4] and [5], Dragomir and Fitzpatrick presented the following inequalities.

Theorem 1.4 [4] Letf :[a,b] — R be a L-Lipschitzian mapping on [a, b]. Then

b b-a)[f(a)+f(b) a+b 5
/af(x)— 3 [ 5 +2f< 5 )”_%L(b a)’. (1.4)

Theorem 1.5 [5] Suppose thatf : [0,00) — [0,00) is a convex function in the second sense,
where s € (0,1) and let a,b € [0,00), a < b. Iff € LYa, b), then

capfath L f@) +£b)
2 1f<T) = E/‘; Sfx)dx < il (1.5)

The constant k = ﬁ is the best possible in the second inequality in (1.5). The above inequal-
ities are sharp.

n [11], Mishen presented the class of («, m)-convex functions as the following.
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Definition 1.6 A function f : [0, b) — Ris said to be («, m)-convex, where (o, m) € [0,1]2,

if for every x,y € [0, b] and X € [0,1], the following inequality holds:

F(hy + m(L— )x) <297 0) + m(1 - A%)f (),
where (o, m) € [0,1]?, for some fixed m € (0,1].

Note that (o,m) € {(0,0),(x,0),(1,0),(1,m)(1,1),(x,1)}. One receives the following
classes of functions respectively: increasing, o-starshaped, starshaped, m-convex, con-
vex and «-convex. Denote by K (b), the set of all («, m)-convex function on [0, b] with
f(0) < 0. For recent results and generalizations referring m-convex and («, m)-convex
functions, we refer to [12, 13] and [14].

In this paper, we establish some new inequalities of Simpson’s type based on («,m)-
convexity for differentiable mappings. This contributes to new better estimates than pre-
sented already. Some applications for special means of real numbers and error estimates
for some numerical quadrature rules are also given. By using these results, without dis-
cussing the higher derivatives, which may not exist, not be bounded and may be difficult

to investigate, we find the error estimate of Simpson’s formula.

2 Main results
Before proceeding toward our main theorem regarding generalization of Simpson’s in-

equality using («, m)-convex function, we begin with the following lemma.

Lemma 2.1 Letf:I C R — R be differentiable mapping on I° (interior of I), where a,b € I
such that a < b. Then we have the following inequality:

%[f(mm car(74r?) +f(b)] | [

b-ma J,,
1
= (b—ma) / kQOf (b + m(1 - M)a) da, (2.1)
0
where

1 1
€0 - A-1, aelfo ]
A-2, aeld 1]

Proof Consider

1
I= / k()f' (b + m(1 - X)a) d
0

1/2 1
_ f <)\ _ _)//(ua +m(1 - 2)a) dx
0 6
1 5 ,
+ ‘/1./2 <k - E)j (Ab + m(1 - 1)a) dA.
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Using integration by parts, we have

s ()\__)f()\b+m1 Aa) g

6 b—-ma

/‘ f(Ab+ m(l—A)a)

b—-ma

. <A ) 2)f(u; +m-Na)|!

b—ma

[fabemiiia

b—-ma

dA.

ma+b) +f(b)] B LEb + m(1 - N)a)
0

b—-ma

o )[f(’”“ +4f(

Let we substitute, x = Ab + m(l Ma, and dx = (b — ma) di, which gives (b —ma). I =
3 L(f(ma) + 4f( ’”‘”b) +f(b)] = 5= fmf x) d). This proves as required. d

In the following result, we have another refinement of the Simpson’s inequality via

(o, m)-convex functions.

Theorem 2.2 Let f be defined as in Lemma 2.1. If the mapping |f'| is (o, m)-convex on
la, b], for (o, m) € [0,1]2. Then we have the following inequality:

(") s o [ s
< (b-ma)[n|f' (b)| + mnf (a)|], (2.2)

677-9(2)"+(5)**2(6) ¥ +30—12
18(a+1)(a+2)

where v = and vy = (% —1).

Proof Using Lemma 2.1 and («, m)-convexity of |f’|, we have

fma) + 4f 0] - [ pwan
b (52 )]

< (b-ma) /l‘k()»)‘ [f’(kb +m(1 - )»)a)’ di
0

5(b—ma)/z‘k—é‘[}”(kb+m(1—k)a)|dl
0

1 5 ,
% A—g’[f(kb+m(1—k)a)|dk

1
§(b—ma)/ ‘A—g

A“Uf'(B)| + m(1-21%)|f (a)| dA

)\“Lf(b)| +m(1=2%)|f'(a)| d.

By simple calculations, we have

12 1 1
/ A% k——‘d)\+/ A
0 6 12

5

L5 ' e 67 —9(2)* + (5)**2(6) ™ + 3a — 12

18(a + 1) (cx + 2)
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Also,

[Ca-)

5 67-9(2) +(5)"**(6) ™ +3a —12
T 36 18(a + 1) (e +2)

1 1
A—g‘dk+/ (1-1%)

1/2

5
k——‘d)\
6

The proof is completed. d
Now, we conclude the following corollaries.

Corollary 2.3 Let f be defined as in Theorem 2.2. If the mapping |f'| is (a, m)-convex on
la,b], (o, m) € [0,1]2. Then we have the following inequality:

) f(b)]—% / ) d

—y Il @[+ | @)]- (23)

Observation 1 It is observed that the above midpoint inequality (2.3) is better than the

S rar (2

S(b ma)

inequality (1.1) presented by Dragomir [12].
The upper bound of the midpoint inequality for the first derivative is presented as:

Corollary 2.4 By substituting f (ma) =f(%*b) =f(b), in inequality (2.2), we get

1 ma+b , ,
‘b— / fx)dx f( )‘ f(b—ma)[vﬂf(b)I+mV2[f(a)|], (2.4)
here = SN gy (5 ),

Corollary 2.5 Putting o =1, and m =1, in the above inequality (2.4), we get

’—/f(x)dx f(Mb)‘ - “)[Lf( )+ ®)]]. 2.5)

Observation 2 It is observed that the above midpoint inequality (2.5) seems better than
the inequality (1.3) presented by Kiramic [7].

By applying Holder’s inequality, we obtain the following theorem.

Theorem 2.6 Letf be defined as in Theorem 2.2 wzth + L = 1. Ifthe mapping |f'|P/®~D
(a, m)-convex on [a, b], for (o, m) € [0,1)? and p > 1. Then we have the following mequallty

b
B e B e WL
—ma Jma

1+20 \"7 1
67 1(p + 1)) (o +1)VVa

[l (=) ) o) ] s

S(b—ma)<
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Proof Using Holder’s inequality and by Lemma 2.1, we get

’ [f(ma)+4f( ) f(b)]—Lm Fdx

< (b—ma)/Wk(A)Hf’(kb +m(1 —A)a)‘d)»
0

1
i A—é‘v/(kb+m(1—k)a)|d)»
0

1
A- %‘V’(Ab+m(l—k)a)|dl
2

1/2 1 1/2 1
5(b—ma)</0 (A—é)pdk) p(/o [f’(kb+WI(1—)L)a)iqd)») !
1 5 4
b_ _2
o-ma( [ [(-)

By simple calculations, we get
(-5)
-
6

12 1\ P 1
[1G-g)f @)
0 6 172

Also the (at, m)-convexity of |f'|”’®-V implies that

1/p 1 lq
dk) ( If' (A + m1 - N)a)|” dA) .
1/2

'3 1 2p+1
dh=—1" 2.7)
6/t (p +1)

1/2 / 1 ( ma+b
/ If (A + m(1 - M)a)|" dr < / (WWOLUQ S )|q, (2.8)
0
7 ( ma+b !
[f(kb+m(1 Na)|"dx < S ;'i;lf(b”q. (2.9)

Therefore, by combining (2.7), (2.8) and (2.9), we get the required result. The proof is
completed. d

Corollary 2.7 Letf be defined as in Theorem 2.6. If the mapping |f'|P'?~V is (o, m)-convex
on [a, b], for (o, m) € [0,112 withp >1 and}y + % = 1. Then we have the following inequality:

1 b 1t
‘g[f(mmwf(m”; )10 5o [ s

142070\ /1
<0-m(Gi5s) (57)

[ (=) (1 (252 o)}

Corollary 2.8 By putting |f'(ma)| = |f'(b)| = 0, in Theorem 2.6, we get

1 b 1 b
‘g[f(ma)+4f<ma+ )+f<b>]—m | jwa

<9 (b ma) [ 1+2°*1 1/”'/, ma+b ‘ @.10)
B (a+1)q (6p+l(p+1)) ( 2 ) '
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In the following corollary, we have the mid point inequality for powers in terms of the

first derivative.

Corollary 2.9 By substituting f (ma) :f(%*b) =f(b) in Theorem 2.6, we get

e a(52)

1+20t \"
=<(b- m")<6p+1(p n 1)) (@ + 1)

[l (=) ()

In the following theorem, we obtain another form of Simpson inequality for powers in

q l/q
+[f’(b)]q) ] (2.12)

term of the first derivative.

Theorem 2.10 Let f be defined as in Theorem 2.6. If the mapping |f'|1 is (o, m)-convex on
la, b), for (o, m) € [0,1) and q > 1. We have the following inequality:

1
lromaear (") o] - [ rwas
5 1-1/q
<(b- ma)(72)
x [(|f (0|7 + muss| ' @)|")" + (s |/ (B)|" + mua|f'(@)|")"], (2.13)

(5%+2)(3-0)(21-*)—3(a) (21 ~*)—21(27%) +6 () 24
63 (a+1)(ar+2)

BTEITB@ET)BR™) ) (5
; 63 (a+1)(a+2) 2 = \73
and uy = (ﬁ —U3).

where u; = —u), Uz =

Proof From Lemma 2.1, and using power mean inequality, we have

fma) + af 0] - [ pwan
b (52w o

1
< (b—ma)/ ‘k()»)Hf’()»b+m(1—)»)a)’dk
0
§(b—ma)/7 ‘)\—Hv/(kb+m(l—k)a)|dk
0

1
+ (b —ma) A—%‘V'(Ab+m(l—k)a)|dl

<G-ma( [ (“8)’%)1_%@/0%
+ (b—m)(/l1 <A - g)’dOIW (/1

2
The (o, m)-convexity of |[f'|7 gives that

M= NI

A - %‘[f’(kb+m(1—k)a)|dl)a

A— g’[f/(kb+m(1—)»)a)|dk)q.

/Zlk—%‘[f(klwm(l 0a)|*di. < w|f' B)|* + mus|f @) (2.14)
0
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Also

1
/1‘/2

By simple calculations, we have

1/2 1 1 5 5
/0 (A—g>'dkz/1/2 (k—g>‘dk:—. (2.16)

72
Our required result is obtained by combining inequalities (2.14), (2.15) and (2.16). The

<A - g) ‘ If (b + m(1 - N)a)|" di < mus|f'(@)|* + us|f' (b)|". (2.15)

proof is completed. d

Corollary 2.11 Let f be as in Theorem 2.10 and o = 1, the inequality holds for s-convex
functions:

b b
e e B e L
1-1/ 1
=(b- m“)<752> q[@; b + 1226”1 /(“)’q>q

q
(1296lf( '+ 12967”[“ @) ) } 217)

Moreover, if a =1, m = 1, the inequality holds for convex function. If |f' (x)] < Q, Vx € I,
then we have

fla) +4f o) - [ fwar] <2829 g (2.18)
el w5 ] -2 [ <

Observation 3 It is observed that the inequality (2.18) with m =1 gives an improvement
for the inequality (1.4).

The following corollary gives the refinement of inequality (2.13).
Corollary 2.12 Let f be as in Theorem 2.10, then we have the following inequality:

ma+b

| [f(ma)+4f< ) +f(b >]—# mif(x)dx

)|) (2.19)

_ 1-1/q
<P () [0 )] @]+ [0

(63(a + 1)(a + 2))4
where v; = (37%)(217%) + 3(a)(27%) + 3(27%), and v, = (5“*2)(37)(2'%) - 3(a)(21%) —
21(27*) + 6(«) — 24. Further, ifa = 1, we get

b
‘ [f(ma) . 4f( ) f(b)] e f o) dx

5[(732)V4 + (348)V1]
= 72(6,480)V4

(b- ma)(m [f/(a)’ + [f’(b)’). (2.20)

Page 8 of 13
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Proof Let us take inequality (2.13), for p > 1, g = p/(p — 1). Suppose that
Y1 =n|f'(b) ,
vy = vim|f'(a)

L a=vmlf(@)
L a=nlfo)

Take 0 <1/g <1, for g > 1 and by using the well-known fact,

n n n
DY) <D &> v
j=1 j=1 j=1
we consider 0 <r <1, &,&,...,&, > 0and Yy, ¥y,..., ¥, > 0. For n =2, we have

b
L e B e L

2 ma
- 5[(732)V4 + (348)V1]
- 72(6,480)V4

b- ma)(mV’(a)| + V/(b)|).
The proof is completed. O

3 Application to Simpson’s formula
Suppose D be the partition of the interval [a, b], with &; = (x;,1 — x;)/2 and suppose that
D:a=xy<x <+ <x,_1 <x, =b. Since the Simpson’s formula is:

"Z*lf(xi) + A G+ hy) + f (i)

Sn(frD) = 6

(Xis1 — 1) (3.1)
i=0

We know that if the function f : [a,b] — R, is differentiable such that the fourth deriva-
tive of f(x) exists on (4, b) and K = max,e(4,b) [f® (x)| < 0o, we have

b
1= [ feds= 54,0+ EX.D) 62)
where the error term ES(f, D) of the integral I by Simpson’s formula S,(f, D) fulfils the
following:
K &
Ex(f,D on i1 — %) 3.3
|E(f )|§9O;(x1 %) 33)

Clearly, (3.2) cannot be applied, if the fourth derivative of f is not bounded on (a, b).
Some new error estimates for the Simpson’s rule in terms of first and second derivative
are presented as follows.

Proposition 3.1 Let f be defined as in Corollary 2.3. If the mapping |f'| is (a, m)-convex
on [a, b), then for every division D of [a, b], in (3.2), we have
5 n-1
S 2T | £/ !
[EX(f.D)| < — D Geia = ma)*[[f (mx)| + |f (xi1)] ]

i=0
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Proof Let D be the division of the subintervals [x;,; — x;] (i = 0,1,...,# — 1). By applying
Corollary 2.3 on the subintervals, we get

M (f(mxl) + 4f<w> +f(xi+1)) - fxi+lf(x) dx

mx;

5% — mx;)

_7[|Mf )| + | (x)]]-

Using the (o, m)-convexity of |f’|, by summing over i from 0 to # — 1, and by triangle in-
equality, we get

Sulf, D) — /fx)dx

= _Z(le mxl [|Wlf Xi | Lf x‘+1)|]

The proof is completed. d

The proof of following proposition is same as of Proposition 3.1 and by using Corol-
lary 2.9.

Proposition 3.2 Let f be defined as in Proposition 3.1. If |f'|"'?~V is (at, m)-convex on [a, b),
p > 1, then for every division D of [a, b), in (3.2), we have

S 140041 \VP/
002 (gages) ()
n-1
1 1/q
+ V/(xhl)‘q) :|

(r(=5)

4 Application to the midpoint formula

q) 1/q

Suppose D be the partition of the interval [a, b], with /4; = (x;,1 —x;)/2 and suppose that
D:a=xy<x) <+ <x,_1 <%, =b. Since the midpoint formula is:

M(f,D) = Z (is1 — xz)f(xl i ) (4.1)

We know that, if the function f : [4,b] — R, is differentiable such that second derivative
of f(x) on (a, b) exists and K = maxye(s,p) |f*(*)| < 00, then

b
I= / f(x)dx = M(f, D) + Ei(f, D). (4.2)

Where the error term Ey(f, D) of the integral I by the mid point formula M(f, D) fulfils
the following:

kl

4
|En(f,D)| S — > (X —x)”. (4.3)
i-0

,.[;

Page 10 0of 13
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Here, we derive some new better error estimates for the remainder term E(f,D) in
terms of the first derivative which are refined estimates as compared to presented in [10].

Proposition 4.1 Let f be defined as in Corollary 2.5. If the mapping |f'| is (o, m)-convex
on [a, b), then for every division D of [a, b], in (4.2), we have

5 -1
’EM(f D f 7_ Z Xisl — V (xl | V/(xi+l)|]'
i=0

Proof Let D be the division of the subintervals [x;;; —x;] (i =0,1,...,n —1). By applying
Corollary 2.5 on the subintervals, we get

1+ 1 xi+1 5 1+ 7
(xm—xl)f(’“”)— | f(x)dx‘ (’“ [V(xl)| I (xi0)|]-

Using the (o, m)-convexity of |f’|, by summing over i from O to n — 1, and by triangle in-

equality, we get

n-1
|En(f,D)| < % Z(xm —x)?[|f' )| + | (i) |]-
i=0

The proof is completed. 0

The proof of following proposition is same as of Proposition 4.1, by putting m =1 in
Corollary 2.9.

Proposition 4.2 Let f be defined as in Proposition 4.1.If |f' [P~V is (a, m)-convex on [a, b],
p > 1, then for every division D of [a, b], in (4.2), we have

1+207 \YP /g
'EMV’D)‘5<6P+1@+1>) (?)
n-1
x ZO (i1 —x»z[(lf’(xw ¥ }/(" +2"”“>
1/
+ O/(xg +zxi”) ‘ ' V’<xi+1>|q) }

5 Application to some special means
We now consider the applications of our main theorem to the special means.

q)llq

(a) The arithmetic mean:

b
A=A(a,b):= %, a,b>0.

(b) The logarithmic mean:

a, ifa=>b,
=L(a,b) = a,b>0.

b .
e itazb
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(c) The p-logarithmic mean:

L,=Lyab)=1]" ifa=0, R\{-1,0}: a,b>0
P = P a, = pp+l_gptl . p € b ca,0>0.
g Ha7b,

It is well known that Lp is monotonic nondecreasing over p € Rwith L_; := Land Ly := 1.
In particular, we have L < A.
Suppose that « € (0,1] and ¢, ¢, x € R. Consider the function g: [0, 00) — [0, 00) as

o, t=0,
ot + x, t>0

g(®) =

for ¢ > 0 and 0 < x < ¢, we have g € K? [1]. Thus, by taking ¢ = x = 0, ¢ =1, we get
g:[0,00) — [0,00) implies: g(¢) = t*, g € K2.
Consider f : [a,b] - R (0<a<b), f(x) = x*, @ € (0,1]. Then we have the following

means:

b
blfa / fx)dx =L5(a,b),

1O ),
f(“ ; b) - A%(a,b).

Now using the results of Section 2, some new inequalities are derived for the above

means.

Proposition 5.1 Letf:[a,b] - R,0<a<band n € N. Then we have

1 2
SAWb) + A (@ b) - Li(a D)

67 —9(2)% + (5)%*2(6) ™ + 30 — 12

salb-a) 18(a + 1) (cx + 2)

[lal*™" + 1b]*7]. (5.1)

Proof The assertion follows by taking m = 1 and from inequality (2.2) applied to the map-
ping f(x) = x%, x € [a, b] with n € N.
Moreover, by setting o = 1 in inequality (5.1), we get

5
|A(a,b) —L(a,b)| < —(b-a). O
36
Proposition 5.2 Letf :[a,b] - R, 0<a<band n € N. Then we have
1 2
|§A(a°‘,b°‘) + §A°‘(a, b) - Ly (a, h)‘

1420t \P
6P+1(p+1)> (o +1)Va

X [(|u""1’q + ‘A"‘_l(a, b)|‘17)1/q7 + (}A"‘_l(a, b)|q + ’b“‘l‘q)uq]. (5.2)

Sa(b—a)(
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Proof The assertion follows by taking m = 1 and from inequality (2.6) applied to the map-
ping f(x) =x*,x € [a,b] and n € N.
Moreover, by setting o = 1 in inequality (5.2), we get

+1 1/
|A(ﬂ,b)—L(a,b)|§2(b_a)( 1+27 ) p

&)
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