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Abstract
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1 Introduction
Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be a
nonempty closed and convex subset of H, and let T': C — C be a nonlinear mapping. In
this paper, we use F(T) to denote the fixed point set of T.

Recall the following definitions.

(1) The mapping T is said to be nonexpansive if

1Tx - Tyl < llx-yl, VxyeC. (L1)

Further, let F be a bifunction from C x C into R, where R is the set of real numbers. The
so-called equilibrium problem for F: C x C — R is to find y € C such that

F(y,u) >0, VueC. 1.2)

The set of solutions of (1.2) is denoted by EP(F). Given a mapping A : C — H, let F(y,u) =
(Ay,u —y) for all y,u € C. Then z € EP(F) if and only if (Az,u —z) > 0 for all u € C. Nu-
merous problems in physics, optimization and economics reduce to finding a solution of
(1.2).

(2) The mappings {7}, are said to be a family of nonexpansive mappings from H into
itself if

ITwx = Tuyll < llx=yll, Vxy€H, (1.3)
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and denoted by F(T,) = {x € H : T,,x = x} is the fixed point set of T},. Finding an optimal
pointin "),y F(T,) of the fixed point sets of each mapping is a matter of interest in various
branches of science.

Recently, many authors considered the iterative methods for finding a common element
of the set of solutions to problem (1.2) and of the set of fixed points of nonexpansive map-
pings; see, for example, [1, 2] and the references therein.

Next, let A : C — H be a nonlinear mapping. We recall the following definitions.

(3) A is said to be monotone if
(Ax—Ay,x-y) >0, VxyeC.

(4) A is said to be strongly monotone if there exists a constant « > 0 such that
(Ax —Ay,x —y) > a|x —y||2, Vx,y € C.

In such a case, A is said to be a-strongly monotone.
(5) A is said to be inverse-strongly monotone if there exists a constant « > 0 such that

(Ax — Ay, x —y) > a||Ax — Ay|®>, Vx,y € C.

In such a case, A is said to be «-inverse-strongly monotone.
The classical variational inequality is to find u € C such that

(Au,v—u) >0, VveC. (1.4)

In this paper, we use VI(C, A) to denote the set of solutions to problem (1.4). One can easily
see that the variational inequality problem is equivalent to a fixed point problem. u € C
is a solution to problem (1.4) if and only if u is a fixed point of the mapping Pc(I — 1)T,
where A > 0 is a constant.

The variational inequality has been widely studied in the literature; see, for example, the
work of Plubtieng and Punpaeng [3] and the references therein.

Recently, Ceng et al. [4] considered an iterative method for the system of variational
inequalities (1.4). They got a strongly convergence theorem for problem (1.4) and a fixed
point problem for a single nonexpansive mapping; see [4] for more details.

On the other hand, Moudafi [5] introduced the viscosity approximation method for
nonexpansive mappings (see [6] for further developments in both Hilbert and Banach
spaces).

A mapping f : C — C s called a-contractive if there exists a constant « € (0,1) such that

lf @) —fO)| <ellx=yl, VYxyeC. (1.5)

Let f be a contraction on C. Starting with an arbitrary initial x; € C, define a sequence

{x,} recursively by

Xn+l = (1 - Gn)Txn + Unf(xn)¢ n=>0, (16)
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where {o,} is a sequence in (0,1). It is proved [5, 6] that under certain appropriate con-
ditions imposed on {o,}, the sequence {x,} generated by (1.6) strongly converges to the
unique solution g in C of the variational inequality

({U-fap-q)=0, peC.

Let A be a strongly positive linear bounded operator on a Hilbert space H with a con-

stant y; that is, there exists ¥ > 0 such that
(Ax,x) > 7llx||>, VxeH. (1.7)
Recently, Marino and Xu [7] introduced the following general iterative method:
Xni1 = ([ — nA) Ty + apyf(Xn), 120, (1.8)

where A is a strongly positive bounded linear operator on H. They proved that if the se-
quence {a,} of parameters satisfies appropriate conditions, then the sequence {x,} gener-
ated by (1.8) converges strongly to the unique solution of the variational inequality

(A-yf)x"x-x*)>0, xeC, (1.9)
which is the optimality condition for the minimization problem
in - (Ax,2) ~ ()
min = (Ax, x) — ,
min - (A%, x x

where / is a potential function for yf (i.e., ' (x) = yf(x) for x € H).

In 2007, Takahashi and Takahashi [2] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions (1.2) and
the set of fixed points of a nonexpansive mapping in Hilbert spaces. Let S: C — H be a
nonexpansive mapping. Starting with arbitrary initial x; € H, define sequences {x,} and

{u,} recursively by

Funr +i —-Uu ;un_x 20, V GC,
(tn,y) T (y—un ) y (110)
Xn+l = anyf(xn) + (1 - Oln)SMn, Vn e N.

They proved that under certain appropriate conditions imposed on {«,} and {r,}, the se-
quences {x,} and {u,} converge strongly to z € F(S) N EP(F), where z = Prs)nepe)f (2).
Next, Plubtieng and Punpaeng, [3] introduced an iterative scheme by the general itera-
tive method for finding a common element of the set of solutions (1.2) and the set of fixed
points of nonexpansive mappings in Hilbert spaces.
Let S: H — H be a nonexpansive mapping. Starting with an arbitrary x; € H, define
sequences {x,} and {u,} by

Fttyy) + 1y = thy thy — %) 20, Vy€C,
Xps1 = Y fx,) + ([ — a,A)Suy,, VneN.

(1.11)
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They proved that if the sequences {o,,} and {r,} of parameters satisfy appropriate condi-
tions, then the sequence {x,} generated by (1.11) converges strongly to the unique solution

of the variational inequality
(A-yf)z,x—2)>0, VxeF(S)NEP(F), (1.12)
which is the optimality condition for the minimization problem

. 1
min  —(Ax,x) — h(x),
x€F(S)NEP(F) 2

where / is a potential function for yf (i.e., /' (x) = yf(x) for x € H).

Let T3, T5,... be an infinite sequence of mappings of C into itself, and let A1, Ao,... be
real numbers such that 0 < ; <1 for every i € N. Then for any # € N, Takahashi [8] (see
[9]) defined a mapping W, of C into itself as follows:

Un,n+1 =1,
un,n = )‘n Tnun,n+1 + (1 - }‘n)lx

Un,n—l = )\‘}’l—l Tn—lun,n + (1 - )"n—l)L

Upi = Tl g + (L= 20, (1.13)

Uy = rcr T Uy + (1= X)),

Uyp =2 Toll,3 + (1 - Ay)l,

Wy=U =Tl +(1-1)L

Such a mapping W, is called the W-mapping generated by T}, T;-1,..., T1 and A, A,-1,
co AL
Recently, using process (1.13), Yao et al. [10] proved the following result.

Theorem 1.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F:C x C— R be an equilibrium bifunction satisfying the conditions:

(1) F is monotone, that is, F(x,y) + F(y,x) <0 for all x,y € C;

(2) foreach x,y,z € C,limyo F(tz+ (1 — t)x,y) < F(x,);

(3) foreach x € C, y— F(x,y) is convex and lower semicontinuous.

Let {T;}?2, be an infinite family of nonexpansive mappings of C into C such that
Mo  E(T:) N EP(F) # 0. Suppose {a,}, {Bn} and {y,} are three sequences in (0,1) such that
Ay + By + vu =1and {r,} C(0,00). Suppose the following conditions are satisfied:

1) lim, o0, =0and y o) o, = 00;

(2) 0<liminf,_,« B, <limsup,_, . Bn<1;

(3) liminf,_, o 7, > 0 and lim,,_, o (rys1 — 1) = 0.
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Let f be a contraction of H into itself, and let xo € H be given arbitrarily. Then the sequences
{x,} and {y,} generated iteratively by

F( %) + (X = Y Y = %2) 20, Vx€C,
Xn+l = ar(f(xn) + ﬁnxn +Vn Wn_yru

converge strongly to x* € (o, F(T:) N EP(F), the unique solution of the minimization prob-
lem

1
min — ||| = h(x),
xeN%, F(T)NEP(F) 2

where h is a potential function for f.
Very recently, using process (1.13), Chen [11] proved the following result.

Theorem 1.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T,}:2, be a sequence of nonexpansive mappings from C to C such that the common fixed
point set Q= (o2, F(T,,) #¥. Let f : C — H be an a-contraction, and let A: H — H be a
self-adjoint, strongly positive bounded linear operator with a coefficient y > 0. Let o be a
constant such that 0 < ya < y. For an arbitrary initial point xy belonging to C, one defines
a sequence {x,},>0 iteratively

Kni1 = Pefanyf () + I — 0y A) Wi, ], Vn >0, (1.14)

where {a,} is a real sequence in [0,1]. Assume the sequence {a,} satisfies the following con-
ditions:

(C1) lim,_, o0, = 0;

(C2) Y 02 oy = 00.
Then the sequence {x,} generated by (1.14) converges in norm to the unique solution x*,
which solves the following variational inequality:

x* € Q  such that <(A —yf)x*, x* —56) >0,Yx € Q. (1.15)
Motivated by this result, we introduce the following explicit general iterative scheme:

X1 € H,
F(u,,y) + i (y =ttty —%,) >0, VycH, (1.16)
Xntl = PC[aan(xn) +( - a,A)Wyu,], VneN,

where {T,},en is a family of nonexpansive mappings from H into itself such that
(Myen F(T) is nonempty, F : C x C — R is an equilibrium bifunction, A is a strongly
positive operator on H, f is a contraction of H into itself with « € (0,1), {&,}, {rn}, {}4}
suitable sequences in R and {W,,} is the sequence of a W-mapping generated by {7, },en
and {A,}. Let U be defined by Ux = lim,,_, .o Wy, = lim,,_, o U,,1% for every x € C using pro-
cess (1.13). We shall prove under mild conditions that {x,} and {u,} strongly converge to
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a point x* € (5, F(T;) N EP(F), which is the unique solution of the variational inequality

((A-yPa"a"-2)>0, Vae( |E(T)NEPKF), (117)
i=1

or, equivalently, the unique solution of the minimization problem

1
min —(AX,x) — h(%),

xe2S, F(T)NEP(F) 2
where / is a potential function for yf.
2 Preliminaries
Let H be a real Hilbert space with the norm || - || and the inner product (-, -), and let C be

a closed convex subset of H. We call f : C — H an a-contraction if there exists a constant
« € [0,1) such that

If@) -f )| <allx—yl, VxyeC.

Let A be a strongly positive linear bounded operator on a Hilbert space H with a con-
stant y; that is, there exists y > 0 such that

(Ax,x) = 7|lx*>, VxeH.
Next, we denote weak convergence and strong convergence by notations — and —, re-
spectively. A space X is said to satisfy Opial’s condition [12] if for each sequence {x,} in X
which converges weakly to a point x € X, we have
liminf ||x, — x| <liminf|x, —y|, VyeX,y#x.
n—00 n—oo
For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such that

lx - Pex|l < llx—yll, VyeC.

Pc is called the (nearest point or metric) projection of H onto C. In addition, Pcx is char-
acterized by the following properties: Pcx € C and

(x — Pcx,y — Pcx) > 0, (2.1)

2= ylI* > llx = Pexl) + lly - Pex|)?, VxeH,yeC. (2.2)
Recall that a mapping 7 : H — H is said to be firmly nonexpansive mapping if

1 Tx - Ty|* < (Tx — Ty,x—y), Vx,y€H.
It is well known that P is a firmly nonexpansive mapping of H onto C and satisfies

|Pcx — Pcy|® < (x —y,Pcx — Pcy), Vx,y € H. (2.3)
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If A is an a-inverse-strongly monotone mapping of C into H, then it is obvious that A is
é—Lipschitz continuous. We also have that for all x,y € C and A > 0,

||(I—AA)x— (I—)\A)yH2 = ||x—y—A(Ax—Ay) ||2
= [lx - ylI> - 20 (Ax — Ay, x — ) + A* || Ax — Ay||®

< llx=ylI* + A(A - 2a) | Ax — Ay||>. (2.4)

So, if & <2a, then I — AA is a nonexpansive mapping of C into H.
The following lemmas will be useful for proving the convergence result of this paper.

Lemma 2.1 Let H be a real Hilbert space. Then for all x,y € H,
@ N +yl1?> < x> +2(9,% +y);
2) llx+ I = llxll* + 2(y, x).

Lemma 2.2 ([13]) Let {x,} and {y,} be bounded sequences in a Banach space X, and let
{Bu} be a sequence in [0,1] with 0 < liminf,_, o B, <limsup,_, ., B, < 1. Suppose that x,,1 =
(1= B)yn + Buxn for all integers n > 0 and limsup,,_, .. (|1¥u+1 — Yull = %1 — %) < 0. Then
limy,, o6 [[yn — %4l = 0.

Lemma 2.3 ([14]) Assume that F : C x C — R, let us assume that F satisfies the following
conditions:

(Al) F(x,x) =0 forallx € C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forall x,y € C;

(A3) foreach x,y,z € C, im0 F(tz + (1 — t)x,y) < F(x,y);

(A4) foreachx e C,y+> F(x,y) is convex and lower semicontinuous.

Lemma 2.4 ([14]) Assume that F : C x C — R satisfies (A1)-(A4). For r > 0 and x € H,
define a mapping T, : H — C as follows:

1
Tp(x) = {ze C:F(z,y) + ;(y—z,z—x) >0,Vye C}

forall ze H. Then the following hold:
1. T, is single-valued,;
2. T, is firmly nonexpansive, i.e., for any x,y € H,

| Tox = Toyll* < (Tox = Ty, % — y);

3. F(T,) = EP(F);
4. EP(F) is closed and convex.

Lemma 2.5 ([12]) Let H be a Hilbert space, C be a closed convex subset of H,and S : C — C
be a nonexpansive mapping with F(S) # 0. If {x,} is a sequence in C weakly converging to
x € C and if {(I — S)x,} converges strongly to y, then (I — S)x =y.

Lemma 2.6 ([6]) Assume that {a,} is a sequence of nonnegative real numbers such that

Apel = (1 - Vn)ﬂn + (Srn n= O;
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where {y,} is a sequence in (0,1) and {3,} is a sequence in R such that

(1) Z:il Vn = O0;

(2) limsup,_, o, i—’; <0o0rY 2|8, < o0.

Then lim,_, o a,, = 0.

Lemma 2.7 ([7]) Let H be a Hilbert space, C be a nonempty closed convex subset of H,
and f : H— H be a contraction with a coefficient 0 < a <1, and let A be a strongly positive

linear bounded operator with a coefficient y > 0. Then, for 0 <y < g,

-y A-yNx—A-y )= 7 -yo)llx-ylI>, xyeH.
That is, A — yf is strongly monotone with a coefficient y — ya.

Lemma 2.8 ([7]) Assume A is a strongly positive linear bounded operator on a Hilbert
space H with a coefficient y >0 and 0 < p < ||A||™L. Then ||I - pA| <1-py.

Lemma 2.9 ([9] and [15]) Let C be a nonempty closed convex subset of a Banach space E.
Let {T;}%°, be a sequence of nonexpansive mappings of C into itself with (o, F(T;) # ¥, and
let {A;}5, be a real sequence such that 0 < X; < b <1,Vi>1. Then:

(1) W, is nonexpansive and F(W,) = (5, F(T}) for each n > 1;

(2) foreach x € C and for each positive integer k, the lim,,_, o U, xx exists;

(3) the mapping U : C — C defined by

Ux=1lim Wyx= lim U,;x, x€C
n— 00 Hn—0Q
is a nonexpansive mapping satisfying F(U) = (-, F(T;) and it is called the
W -mapping generated by T, Ty, ... and A1, 1y, .. .;
(4) limy,,— o0 SUPei || Winx — Wox|| = O for any bounded subset K of E.

3 Main results
In this section, we introduce our algorithm and prove its strong convergence.

Theorem 3.1 Let C be a closed convex subset of a real Hilbert space H. Let F be a bifunction

from H x H into R satisfying (A1)-(A4). Let f be a contraction of H into itself with a €
(0,1), and let T, be a sequence of nonexpansive mappings of C into itself such that Q =
Mooy E(T,) NEP(F) # 3. Let A : H — H be a strongly positive bounded linear operator with
a coefficient y >0 with 0 <y < g Let Ay, Ay, ... be a sequence of real numbers such that
O<i,<b<lforeveryn=12,.... Let W, be a W-mapping of C into itself generated by
Tuy Tu-1,..., Th and dy, )ya, ..., M. Let U be defined by Ux = limy,_, 00 Wyx = lim,_ 00 Uy 1%
forevery x € C. Let {x,} and {u,} be sequences generated by x; € H and

F(Mnry)"'i(y_umun_xn)zo; VyEH,
Kntl = PC[aan(xn) +( —a,A)Wyu,], VneNl,

3.1)

where {a,} is a sequence in (0,1) and {r,} is a sequence in [0,00). Suppose that {«,,} and
{r,} satisfy the following conditions:
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(C1) lim, o0y = 0;
(C2) Z:ozl o, = 00;
(C3) lim, ooty =7r>0.
Then both {x,} and {u,} converge strongly to x* € Q, which is the unique solution of the

variational inequality
(A-yflta"-3)20, Vieq (32)

Equivalently, one has x* = Po(I — A + yf)(x*).

Proof We observe that Po(yf + (I — A)) is a contraction. Indeed, for all x,y € H, we have

|Pa(vf + U= A) @) - Pa(vf + U= A)W)|| < [ (vf +T-A)®) - (vf + T-A)»)]
<y|f=) -fO + 1= Alllx -yl
<yallx-yl+1-P)lx -yl
<(1-F-ya)lx-yl.

Banach’s contraction mapping principle guarantees that Po(yf + (I —A)) has a unique fixed
point, say #* € H. That is, * = Po(yf + (I — A))(x*). Note that by Lemma 2.4, we can write

Xntl = PC[anyf(xn) + (I - ayA) WnTrnxn];
where

1
T,,(x) = {zeH:F(z,y)+ —(y—-z,z—x) EO,VyGH}.
'y

Moreover, since a,, — 0 as # — oo by condition (C1), we assume that o, < [|A||™! for all
n € N. From Lemma 2.8, we know that if 0 < p < ||A|| ™}, then ||[I — pA|| <1 - py. We divide
the proof into seven steps as follows.

Step 1. Show that the sequences {x,} and {u,} are bounded.

Let x € Q. Then x € EP(F). From Lemma 2.4, we have

ln =2l = | Ty, — Tp &l < N0 — X1
Thus, we have

%01 — %I = ”PC[anJ/f(xn) + (- anA)Wnun] _5&“
= ||Olnyf(xn) + ([ — 0, A) Wy, _55”
< oy [f@n) = fR)| + I = cnAll| Woste — %] + | v/ &) — AR

< agyallx, =& + 10— anp)llu, — | + o vf(R) - A%||

||Vf(55)—A5€||'

= (1 - 05;'1(77 - )/Ol)) ll,, — 56” + (1,,(]7 - )/Ol) ()7 _ )/C()
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By induction, we have

Vn>0.

o If (&) - AX| }

llx, — 2| < maX{ llx — [,

This shows that the sequence {x,} is bounded, so are {u,}, {f(x,)} and {W,u,}.
Step 2. Show that | W),,1u, — W,u,|| — 0 as n — oo.
Let x € Q. Since T; and U,,; are nonexpansive and Tjx = X = U, ;% for every n € N and

i <n+1, it follows that

I Wistsy — Wity |l = 1M T1Ups1 00, — M T U0, ||
=< )"1||un+1,2un - Un,ZMn”
= MlAeTolyi3u, — A Toly zuy,|

=< )"1)\2”un+1,3un - Un,?)un”

Since {u,} is bounded and 0 < 1, < b <1 for any # € N, the following holds:

lim || W, qu, — Wyu,l = 0.
n— o0
Step 3. Show that ||x,,; —x,|| = 0 as n — oo.
Setting § = 2P¢ — I, we have S is nonexpansive. Note that W, = (1 - A1)] + A T1U,,». Then

we can write

I1+S

Xnsl = T[anyf(xn) + ([ - a,A) Wnun]

l-« o
) W, + ?"(yf(x,,) - AW, u, + W,,u,,)

+ %S[anyf(xn) + (I - anA)Wnun]

l-« o
- 2@ = A + M Tyl Jun + Tn(yf(x,,) — AW,y + W)

i %S[anyf(xn) (I = arpd) Wit ]

(1= A)(A - ) M1 - an)
- 2 It T

oy
ThU,ou, + T(Vf(xn) - AW, u, + Wnun)

+ %S[a,,yf(x,,) +( - a,,A)W,,un]. (3.3)
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Note that
1-2)A- 1-A
0 < lim A-A)A-a) _ Lo,
n—00 2 2
and
)\.1(1—06,,1) 1 1+ M
+-= - —y.
2 2 2 2

From (3.3), we have

1+)\1 1—)\.1 1+)\.1 1—)\.1
Xps1 = |1 - ) + ) oy Uy + ) + ) oy

<)\1(1 —a,)
N e 2e
2

a
T\U,u, + Tn(yf(xy,) - AW, u, + Wy,u,,)

+ %S[anyf(xn) + (I—oz,,A)W,,un]>/(1 +2M + ! _Z)Ll oz,,)

1+)u1 1—)\‘1 1+)\‘1 1—)\.1
=|1- 5 + 5 oy ) |u, + 5 + 5 &y )V (3.4)

where

n =

(kl(l—an)

2 Tlun,Zun + Olgn(yf(xn) —AW,,M,, + Wnun)

oot o) (12 1250)

= ()"1(1 - an)Tlun,Zun + 0y (yf(xn) _AWnun + Wnun)
+ S[anyf(x,,) +( - a,,A)W,,u,,])/(l +A+(1- Al)an).
Sete, = yf(x,) — AW, u, + W,u, and d,, = a,yf (x,,) + (I — ¢, A)W,u,, for all n. Then

MQA—a,) YU, uy, + aye, + Sd,

= , VYn>0.
In 1+ A+ Q= A)a, -
It follows that
Ml — o) Ty Uy12Une1 + Qpi1€pi1 + Sdyiy
Yn+l = Yn =

1+ )\.1 + (1 — )\,1)Oln+1
M —a,)Ti U, u, + aye, + Sd,
1+ )»1 + (1 - )»1)0[,,

)\1(1 _an+1)
= U -TU,
T+ +(— M)Otnu( 1Un+1,2Un+1 1Unpttn)
M- M-
11— au) _ 11—ay) T\l oty
1+ )»1 + (]. - )»1)0[,”1 1+ )»1 + (]. - )»1)0[,,

+ Api1€n+1 _ Uy €y
1+)\.1 + (1—)»1)0[,,.,_1 1+)\.1 + (1—)\.1)05,,,

Sdy1 — Sd, 1 1
. . _ Sd,.
1+)\1 + (1—)\,1)05,,”1 1+)\1 + (1—)\1)05,,”1 1+)\1 + (1—)\1)6(;,,
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Thus,

ot =yl < et
T 1+ )‘-1 + (1 - )‘-l)anﬂ
Ml —ay) 3 Ml —ay)
1+)\.1 +(1—k1)an+1 1+)\.1 +(1—)\‘1)Oln
(07788 |
+
1+ )\.1 + (1 — )\,1)0("_,.1
1
+
1+x+ 1 - Ao
1
1+ )\,1 + (1 - )\.1)0[,,“.1 1+ )\,1 + (1 - )\.1)(1,,,

| T Up10tne1 — Tilp ||

1T Uzt

o
lenall + ———————llell
1 +)»1 + (1—)\1)Oln

||Sdn+1 - Sdn ”

ISdlall.

+ ‘
Since S is nonexpansive, we obtain that

1Sd i1 = Sl < | ds1 — dnll
= [ty f onar) + (I = @1 A) Wit — (ot f () + (I — ctuA) Wiats,) |
< ot |V Gni1) = AWosathan | + || v (%) = AW,10) |
+ | Wirittnr — Wty ||
< o | ¥ K1) = AWonirtta || + || v (60) = AW1a) |
+ Wit = Waatin || + (| Wity — Witd ||
< Wt | Vf Wos1) = AWopaathr || + et || v f ) = AW || + Netisn — th .

+ | Wity — Wi, ||
Since T; and U,,; are nonexpansive, we have

| T1Upsrpun — Tilpotinll < N Upiratn — Ut
= Aol 3tn — Ao Tolysuy||
< Al Ups1,3un — Upzity||

S )\2 tee )"n” Un+l,n+lun - un,n+lun ||

where M > 0 is a constant such that ||U,,1,,114n — Uyt < M for all n > 0. So,

” Tlun+1,2un+1 - Tlun,Zun” S ” Tlun+1,2un+1 - Tlun+1,2un|| + ” Tlun+1,2un - Tlun,Zun”

n
< s =l + M [ i
i=2
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Hence,
(1= ap1) -
- < Upe1 — Uyl + M| | A
ynse1 = yull < T+ + (1= A)apm Il 2241 all !:2[ i
Al — o) Ml —ay,)
+ e - T | Ty U200
1+)\.1+(1—)\‘1)0ln+1 1+)\.1+(1—)\‘1)0ln
+ ool el + —————— el
Tt d+ =)o T Te g+ A= A)ay,
+ ! (an+1 H Yf Xni1) = AWns1ttnin H
1+2+ 1 - Ao
+ay, H J/f(xn) _AWnun ” + ||uVH-1 - un”) + ” Wn+1un - Wnun”
1
+ - [1Sd,.||
1+ )\,1 + (1 - )»1)Oln+1 1+ )\,1 + (1 - )ul)Oln
_ M1 = ay) a1 — 1]
Tth+ Q- Aoy "
A1 =) M1 —ay,)
— - - | T1 U0l
1+ )\.1 + (1 — )\.I)O{,HI 1+ )\.1 + (1 — )\.I)Oln
+ el el + —————— el
Tt d+ (- T T+ A= A)ay,
1
+ o Xpi1) — AW,
T+ + (0= A)apm ( n+l ” VS (ns1) n+1Un+l ”
+ oy ” vf (xn) — AW, uy, ” + [[#t41 — un”) + | Wty — Wil
1
+ - ISd,.]l.
1+A1+(1—k1)an+1 1+)\.1+(1—)\‘1)Oln
Note that:

(1) By condition (C1), we have

A1 - o41) _ Al —ay)
1+A1+(1—A1)an+1 1+A1+(1—A1)an

—0

and

1 1
T+a+ (1= Ao 1+A+ (1= Ao,

— 0.

(2) Wyt — Wyuy|| — 0 as n — oo because of Step 2.

Therefore,
1im Sup(I[yns1 = ull = 41 = t0al) < 0.
n—00
By Lemma 2.2, we get

lim [}y, — 4] = 0.
n—0o0

Page 13 of 20
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Hence, from (3.4), we deduce

].+)\.1 1—)»1
+
2

an) lyn = uall = 0.

lim %41 — x4l = lim <
H—>00 H—>00
Step 4. Show that |lx,, — W,u,| — 0 as n — oco. Indeed, we have
e = Wattn |l < 1% — Xnaa ll + 196041 — Wt ||
= ||%n = Xpa |l + ”PC[aan(xn) + (I_anA)WnMn] = Wty ”
< % = Xpaa | + ”anyf(xn) + (I = a, A) Wty — Wiy, H

= ||%n = Xpa |l + ”_anAWnun +ayyf(xn) ”

< 1% = Xl + 0t (JAN Woas | + v £ Gx0) |)-

Then

Tim fla, — Wty | < Hm (lcy, — enl] + et (LA Wateall + ¥ [ f(x)]) = 0.

Thus, from (3.6), we obtain
lim ||x, — W,u,| =0.
n—00

Step 5. Show that ||x, — u,| — 0 as n — oco.
Let x € Q. Since T, is firmly nonexpansive, it follows

A 2 A 2
1% = unlI” = | T, % = T5, %l
< ATy, xn— Trn&:xn - %)
= (Trnxn - &;xn _&>

= (un —&»xn _55>

1
012 A2 2
E(Ilun—xll + e = &% = Nl = %)

Then

2
[

IA

Nt = &1 < ll2s = %1% = [l — 1

Since we have

[s1 = &1 = ||Pconyf @) + (I = 0uA) Wy | —PCJACH2
= |anyf @) + (I - 00uA) Wy, _;CHZ
= |[( = ) (Wt — &) + s (v (6) - AR) |

< (L= 72N Wity — &1 + 20, (yf (%) = AR, X1 — £)

< (= 0u7)?lttn = ZII + 200y {f () = f(R), X1 — X)

(3.5)

(3.6)

Page 14 of 20


http://www.journalofinequalitiesandapplications.com/content/2013/1/153

Rattanaseeha Journal of Inequalities and Applications 2013, 2013:153
http://www.journalofinequalitiesandapplications.com/content/2013/1/153

+ 2an<yf(5¢) —AX, %1 —5c)

< (L= ?)* (10 = RII* = 1% — 4 1*) + 20wy et [12 = & [ 611 — X
+ 20, || v (8) — A% 121 — ]|

= (1207 + (@u7)?) 120 = &1 = A = 2u7)* 60 — 11>
+ 20,y |ty — Xl %1 — & + 200 | v (&) — AR o001 — |

< Nlotw = R + 0,72 1260 — R = (1= 0, 7)? 1|2 — 14|

+ 20,y lly = & %001 — X + 20t || f (&) = AR 16001 — 211,

and hence

=\2 2 a2 o2 =2 o002
(1_an)/) o — ™ < [l = 2N° = %01 = 2N + @y~ Il — X||
+ 20yl = R %001 — R + 20t | f (&) = AR 16001 — &I

N N —2 a2
< |lxn _xn+1||(||xn = x| %041 _x”) + o, Y7 lxn — X||

+ 20,y @ [126, = | 1901 = X + 200, || v f (%) = AR 12001 — £I]

Therefore, we have ||x,, — u,|| — 0 as n — oo.
Step 6. Show that limsup,,_, .. (vf(x*) - Ax*,x, —x*) <O0.
We can choose a subsequence {x,,} of {x,} such that

lim (yf (x*) — Ax*, %, — x*) = lim sup(y.f (x*) — Ax*, %, — x*).
1—>00

n—00

Let

Alxy,) = {x € H : limsup |, — x| = inf limsup [}y, — ] }
i—00 yeH o0

be the asymptotic center of {x,,}. Since {x,,} is bounded and H is a Hilbert space, it is

known that A(x,,) is a singleton; say A(x,,) = {¥}. Set
L= sup” VS n;) = AWy, sy, ”
ieN

and for every x € H define

Wx = lim W,x

11— 00

and

1
T,(x) = {zeH:F(z,y)+ ;(y—z,z—x) EO,VyGH}.

Note that

”xm - W‘;C” < ”xnﬁl _xn,'” + ||xni+1 - W&”

= ||xnl-+1 _xn,-” + HPC[aniyf(xni) + (I_OlniA)Wniun,-] - W;C”

well

3.7)
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= ”xnﬁl _xn,'” + ||aniyf(xn,') + (1 - aniA)Wn,'uni - W&”

= Notner = 2, || + || Wit — W& + 0, (v () = AW,10,) |

< ln = %l + ” Withn; = W, || + | W, — W X[l

+ [| Wy, x — Wi + o, L

=< oot = Kl + Ntk = %, | + 1%, = XU+ | Wak = Wil| + ct L.
By Steps 1-5, condition (C1) and (3.7), we derive

limsup [lx,, — Wx|| < limsup |lu,; — %, || + |26, — X|| + | Wi, % — W

i—00 i—00

< limsup ||x,, — X]|.
i—00

That is, Wix € A(x,,). Therefore Wi = x. Next, we show that x = T}x.
Note that for any x € H and a, b > 0, we have

1
F(Tyx,y)+ —(y-Tox, T,x—x)>0, VyeH
a
and
1
F(Tpx,y) + 50~ Tox Tpx—x) 20, VyeH,
then
1
F(Tx, Tyx) + —(Tpx — Tyx, T,x —x) >0
a
and
1
F(Tpx, Tyx) + Z(T,,x— Tyx, Tox —x) > 0.

Summing up the last inequalities and using (A2), we obtain

Tpx—x Tux-—x
Tax — Tbx, - > 0.

b a

Hence we have
b
0 <(Tux—Tpx, Tpx —x— —(Tox —x)
a
b
=\ Tx—Tpx, Tpx — Tyx + Tyx —x — —(Tx — x)
a
b
= Tux—Tpx,(Tpx — Tyx) + [ 1 — — )(Tux —x)
a

< =1 Tux - Tpx|® +

b
1=~ Tax— Tyx| (I Tax ]l + llx]l).
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We derive then

|b—al

I Tox — Tpx|| < (I Tax ]l + llxll)-

It follows that

A

”xn,- - ri” ||xn,-+1 — Xn; ” + ||xnl-+1 - T,JCH
= o1 =% || + [ Pt v (o) + (I = 00, A) Wiyt ] = T
= ||xn,~+1 — Xn; I+ ”an,v)/f(xni) +( - O‘n,'A)Wniun,v - Tric”

= ||xn,'+1 - xni ” + || Wniuni - T,JC + an,- (Vf(xrl,) _AWVliuVIi) H

IA

141 = % 1+ Wy th; = %, | + 1 T,y 2, = Ty XN+ 1%, = T, 20l
+ 11Ty, %~ T3l + L

< Wmer = o ||+ ok, = 2 ||+ 112, = %N+ 11960, — 2, |l

+ 11Ty, &~ T2 + L

=< ”xnﬁl — Xn; I+ ”um _xni” + ”xm —x| + ”xm - un,'”

|rni - 7'| ~ ~
+ f(llTrxll + 1) + oy, L.
By Steps 2-5, conditions (C1) and (C3), we obtain

limsup ||x,,; — T <limsup ||x,, — X||
i—o00 i—00

and ¥ = T,x. Thus x € F(W) N F(T,) = Q by Lemma 2.3 and 2.9. Fix t € (0,1), x € H and
set y =% + tx. Then

~ 2 ~ 2 ~
1, =% = £x[|7 < ||, — X[I7 + 28(x, % + £x — %y,).

By the minimizing property of ¥ and since || - ||? is continuous and increasing in [0, 00), we
have

lim sup ||x,, - %||* < limsup [l — % — tx|)?

1— 00 11— 00

< limsup [lx,, — %[> + 2¢ limsup(x, & + tx — x,).

11— 00 11— 00

Thus,
lim sup{x, X + tx —x,,) > 0.
i—00

On the other hand,

(X, % — %) = (0, % + 12— 3,,) — E]lx]|
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Hence we obtain

lim sup(x, X — x,,) = hm<hmsup(x,x + X —Xy,) — t||x||2> 0.

I—00 0 11— 00

Set x = yf(x*) — Ax*. Since x € €2, we obtain

0 < limsup(yf(x*) — Ax*, % — x,,)
i—o00

<(yf(x*) - Ax*,% —x*) + lim (pf (x*) - Ax*, 2" — x,,)

< lim (yf (%) — Ax*, 6" — x,,).

1—>00

So that

limsup(yf(x*) — Ax*, x, — &) = — lim (yf (x*) - Ax*, x,, —x*) < 0.

n—0oQ

Step 7. Show that both {x,} and {u,} strongly converge to x* € 2, which is the unique
solution of the variational inequality (3.2). Indeed, we note that

||xn+1 —x* “2 = (xn+1 - dmxn+1 _x*> + (dn _x*¢xn+l _x*>-
Since (%41 — dy, %1 — %) <0, we get

[na = 2" [* < (= 22001 - 27)
= (@ f (@) + (I = 0y A) Wiytty, — 6%, 2,11 — x7)
= {0y f () — anyf (6*) + Wtty, — 0, AW, 14, — x°
¢ A" + ey () = an A" g — )
= (any (f ) —f (%)) + U = 0y A)(Witty = 5*), K1 — 5¥)
+o(yf (x) — Ax*, 1 — &%)
< (any [f @) =f @) | + 1 = ctnll | Wt = 7 ) 1 = 27
+ oy f (5") — Ax*, 1 — &%)
< (U=l = 7)o =3 [t = + a5 - A 50— )
) [ e

oy () - AF e )

It then follows that

||xn+1 —x || [1 a(y - ya)] ||x,, —x || + 2an(yf( ) Ax*, %01 —x*). (3.8)

Let a, = ||%, — x*|12, ¥u = 0u(¥ — ya) and 8, = 20, (¥ f (x*) — Ax*, %01 — x*).
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Then, we can write the last inequality as
Aps1 = (1 - Vn)ﬂn + 5;1'

Note that in virtue of condition (C2), Y2, ¥, = 00. Moreover,

lim sup on = — 1 limsup2(yf (x*) — Ax*, %1 — x*).

n—oo Vn Y0 nsco

By Step 5, we obtain

)
limsup — < 0. (3.9)
n—oo Vn
Now, applying Lemma 2.6 to (3.8), we conclude that x, — x* as n — oo. Furthermore,
since ||lu, —x*|| = | T, %0 — Ty, x*|| < %, — x* ||, we then have that u, — x* as n — oo. The
proof is now complete. d

Setting A =1 and y =1 in Theorem 3.1, we have the following result.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F:C x C— R be an equilibrium bifunction satisfying the conditions:

(1) F is monotone, that is, F(x,y) + F(y,x) <0 for all x,y € C;

(2) foreach x,y,z € C,limyo F(tz+ (1 — t)x,y) < F(x,);

(3) foreach x € C,y+> F(x,y) is convex and lower semicontinuous.

Let {T;}?°, be an infinite family of nonexpansive mappings of C into C such that
N E(T:) NEP(F) # 0. Suppose {a,} C (0,1) and {r,} C (0, 00) satisfy the following condi-
tions:

1) lim, 000, =0and o) o, = 00;

(2) liminf,_, o 7, > 0 and lim,,_, oo (r,41 — 1) = 0.

Let fbe a contraction of C into itself, and let xy € H be given arbitrarily. Then the sequences
{x,} and {y,} generated iteratively by

F(ymx)"'i(x_ynryn_xn) 207 VXEC,
Xn+l = ar(f(xn) + (1 - an)Wnym

converge strongly to x* € (o) F(T;) N EP(F), the unique solution of the minimization prob-
lem

1
min — %1 - (),
x2S, F(T)NEP(F) 2

where h is a potential function for f.
Setting F = 0 in Theorem 3.1, we have the following result.

Corollary 3.3 ([11]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {T,};2, be a sequence of nonexpansive mappings from C to C such that the common
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fixed point set 2 = (2, F(T,) # 9. Let f : C — H be an a-contraction and A: H — H be a
strongly positive bounded linear operator with a coefficient y > 0. Let y be a constant such
that 0 < ya < y. For an arbitrary initial point x, belonging to C, one defines a sequence

{xn}ns0 iteratively
Xp+l = PC[aan(xn) + (1 - anA)ann} Vn >0, (3-10)

where {a,} is a real sequence in [0,1]. Assume that the sequence {«,} satisfies the following
conditions:

(C1) lim,— oy = 0;

(C2) >0 oy = 00.
Then the sequence {x,} generated by (3.10) converges in norm to the unique solution x*,

which solves the following variational inequality:

x* € Q  such that <(A —yf)x*, x* —5c> <0,Vxe Q. (3.11)
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