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1 Introduction
Let p be a fixed odd prime number. Throughout this paper, the symbols Z,, Q,, and C,
denote the ring of p-adic integers, the field of p-adic rational numbers, and the p-adic com-
pletion of the algebraic closure of Q,, respectively. Let v, be the normalized exponential
valuation of C, with |p| =p W = 117 and v,(0) = oo.

When one speaks of g-extension, ¢ can be regarded as an indeterminate, a complex
q € C, or a p-adic number g € C,,. In this paper, we assume that g € C, with |1 -¢g| <1,and

we use the notations of g-numbers as follows:

Wo-igl- =L and [, - D

1.1
1-¢g l+q (L1)

For any positive integer N, let
a+pNZ ={erp|an (mode)}, (1.2)

where a € Z satisfies the condition 0 < a < p" (see [1-8]).

It is known that the fermionic p-adic g-measure on Z, is given by Kim as follows:

_ 9t 1+q
PNy 1+g7"
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tg(a+pNZy) (-q)% (see[l,6,9-12]). (1.3)
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Let C(Z,) be the space of continuous functions on Z,. From (1.3), the fermionic p-adic

g-integral on Zj, is defined by Kim as follows:

p
L= [ St = Jim oo X sear (L4)

where f € C(Z,) (see [1, 6, 9-12]).
Let us assume g € C, with |g — 1| < 1. By (1.4), we get

o0 tn
[ et =Y Bt (1.5)
P n=0 :

(see [7, 8,13]) where E,; are g-Euler numbers. The g-Euler polynomials, E, ;(x), are also
defined by

[o¢]
t-n
f q7e" M dp_y(t) =Y Epqlx)—. (1.6)
Zp n=0 n!
By (1.5) and (1.6), we get
" (n
E,q(x) = Z <l>x”‘1E1’q =(x+E,)",

1=0

with the usual convention of replacing (E;)" by E,,; (see [1, 2,7, 8,13]),

e B ()L
1=0

Zp

We will give the analogue of the Lebesgue-Radon-Nikodym theorem with respect to a
weighted p-adic g-measure on Z,. In a special case, when the weight g* is 1, we can derive

the same result as Kim et al. [9]. And if g = 1, we have the same result as Kim [4].

2 Lebesgue-Radon-Nikody-type theorem with respect to a weighted p-adic
g-measure on Z,
For any positive integer @ and n, with a < p” and f € C(Z,), let us define

fif,q(a+p"Zp) = / g f(x)dp_g(x), (2.1)

a+p"Zyp

where the integral is the fermionic p-adic g-integral on Z,.
From (1.3), (1.4), and (2.1), we note that

-1
= lim ——— ) g “PIf(a+p"x)(—q)* "
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lim
mleoo [pm

Zfa+px< Qg (1)

= 2, -D* 1 nflfaﬂvx )
T e ”],q -
_ [2]q a M x n
D | g7 (a+p"x)dp_g (). (2.2)
[2]qp” Zp
By (2.2), we get
~ n [2] a " 7
Bf-q(a+p"Zy,) = 2], —= () /Zp g *f (a+p"x) dp_gpn (%), (2.3)

Therefore, by (2.3), we obtain the following theorem.

Theorem 1 Forf,g € C(Z,), we have

Pof+pg-q = AfLf,q + Bllg-q» (2.4)
where «, B are constants.

From (2.2) and (2.4), we note that

\fif—q(a+p"Zy)| < Mllfyllocs 2.5)

where ||f; [l = SUP,cz, |g~*f (x)| and M is some positive constant.
Now, we recall the definition of the strongly fermionic p-adic g-measure on Z,. If u_,
satisfies the following equation:

|t—g(a+p"Zp) = 11g(a+ "™ Ly)| < S1g, (2.6)

where §,, — 0 and # — oo and §,, is independent of 4, then u_, is called a weakly
fermionic p-adic g-measure on Z,,.

If 8, is replaced by Cp~»1=7") (C is some constant), then u_, is called a strongly
fermionic p-adic g-measure on Z,,.

Let P(x) € C,[[x],] be an arbitrary g-polynomial with ) a; [x]ﬁl. Then we see that up_,
is a strongly fermionic p-adic g-measure on Z,. Without loss of generality, it is enough to
prove the statement for P(x) = [x]’;.

Let a be an integer with 0 < a < p". Then we get

p
2le gy fim L [a+ip"],(-1'q”", 2.7)

Rlpr 0 e [ e

fpqg(a+p"Zp) =

and
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By (2.7), we easily get

2
p-q(a+p"Zy, )— [g]]q (- 1)“[a]k (mod[p”]q)
2l by (mod[p"] ). 2.8)
[2]qp” 1

Let x be arbitrary in Z, with x = x,,(modp”) and x = %,.1(mod p™*1), where x,, and x,,,1
are positive integers such that 0 < x,, < p" and 0 < x,,,; < p"*!. Thus, by (2.8), we have

|ip—g(a+p"Zp) - fipq(a+p"'Zp)| < Cpfvp(lfqpn), (2.9)

where C is some positive constant and 7 >> 0.
Let

Sip_q(@ = nli“élo fip—q(a+p"Zyp). (2.10)
Then by (2.5), (2.7), and (2.8), we get

(2]

2
fon o) = 1)Ll =

%(—D”P(a). (2.11)
Since f;,_, (x) is continuous on Zy, it follows, for all x € Z,

for o= 28

(=1)*P(x). (2.12)
Let g € C(Z,). By (2.10), (2.11), and (2.12), we get
p-1

| etdin-oo) = fim 3" glino(i+2'2,)
i=0

Zp

2q Am Zg ()91l
- [ aewistidie- o (213)

Therefore, by (2.13), we obtain the following theorem.

Theorem 2 Let P(x) € C,[[x],] be an arbitrary q-polynomial with ) a; [x . Then [ip_gq is
a strongly fermionic weighted p-adic q-measure on Z,, and for all x € Z,,

2
Jin g = (—l)x%l’(x). (2.14)

Furthermore, for any g € C(Z,), we have

/ ¢ dfip.o(x) = / 47 )P dpt_y(), (2.15)

Zp Zp

where the second integral is a fermionic p-adic q-integral on Z,.


http://www.journalofinequalitiesandapplications.com/content/2013/1/15

Pak et al. Journal of Inequalities and Applications 2013, 2013:15 Page 5 of 7
http://www.journalofinequalitiesandapplications.com/content/2013/1/15

Let f(x) = Y 0, an,q(’;)q be the g-Mahler expansion of a continuous function on Z,,

where
(x) = [elgle =g - lx—n+ 1l (see [4]). (2.16)
n/, [n],!
Then we note that lim,,_, » |,,4| = 0.
Let
“ x
Sin(x) = Za,,,I(i) € C,[[xl,]- (2.17)
i=0 q
Then
”f _fm”oo = sup |an,q|~ (2.18)

Writing f = fi, + f — fin, we easily get

’llf:—q (“ +P"Ly) ~ fif,—q (“ +pn+1zp)’
= max{ |/1fm:*q (d + anP) - ﬁ’fm’*q (ﬂ + pn+1ZP) |’

| —fonq (@ + D" Zp) = g (a + 2" Zp) |} (2.19)

From Theorem 2, we note that

\i—pp-a(@+ ") | < IIf — finlloo < Cip™ 702", (2.20)

where C; is some positive constant.
For m > 0, we have ||f|loo = |[finllco-
So,

|[Lfm,,q (a+p"Zy) - fif,—q(a +p"+1Zp)| < Cgp’“”(l’qpn), (2.21)

where C, is also some positive constant.
By (2.20) and (2.21), we see that

\f(@) ~ fif,q(a + P"Zy)|
< max{|f(a) - fiu(a)
< max{|f(a) - fin(a)

) Vm(“) = Wfoniq (‘l +anp) f g (‘l +anP) |}
’lfm(“) - ﬁfm,—q(“ +P”Zp)|’ I _fm||°°}‘ (2.22)

’

If we fix € > 0 and fix m such that ||f — f,,|| <€, then for n>> 0, we have

V(a) - ff—q (a +p”Zp)’ <e. (2.23)
Hence, we have

2],

5 (=D (a). (2.24)

Ju (@ = lim fiy_g(a+p"Z,) =
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Let m be a sufficiently large number such that ||f — f,,[|cc <p™".
Then we get

Af~q (“ +anp) = Mfn—q (“ +l’an) + [f g (‘l "'Pan)
= fin—q (“ +anp)

= (-1)* %f(a) (mod[p”]q). (2.25)

For any g € C(Z,), we have

fZ 2@ dily, o) - f 0 F g () dptg () (2.26)

Zp

Assume that f is the function from C(Z,, C,) to Lip(Z,, C,). By the definition of ji_,, we
easily see that fi_, is a strongly p-adic g-measure on Z,, and for n > 0,

iy (@ = fig(a+p'Zy)| < Cop 02", 2.27)

where C; is some positive constant.
If fi1,—4 is associated with strongly fermionic weighted p-adic g-measure on Z,, then we
have

|la’1,—q(61 +anp) _fll—q(ﬂ)| S C4p_u‘p(1_qpn), (2.28)

where z >> 0 and C, is some positive constant.
From (2.28), we get

|/lfq(“ +P"Zp) —1,q (‘l +anp)|
< |fq(a +p"Zp) _fﬂ—q(“)} + V/l—q (@) = fir-q(a +p"Lp)| < K, (2.29)

where K is some positive constant.
Therefore, ji_; — fi1,4 is a g-measure on Z,. Hence, we obtain the following theorem.

Theorem 3 Let ji_, be a strongly fermionic weighted p-adic q-measure on Z,, and assume
that the fermionic weighted Radon-Nikodym derivative f;_, on Zy is a continuous function
on Z,. Suppose that [i,_4 is the strongly fermionic weighted p-adic q-measure associated
to fu_,. Then there exists a qg-measure (i, on Z, such that

la—q = ﬂl,—q + /22,—q' (230)
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