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Let ) o o >, dmn be an infinite double series with real or complex numbers, with partial

sums
m n
Smn = E E (/ll']‘.
i=0 j=0

For any double sequence (x,,,) we shall define

Allxmn =Xmn — xm+1,n - xm,n+1 + xm+1,n+l'

Denote by A7 the sequence space defined by

0o oo
2 k-1 k
k= (Smn)fno,nzo : Z Z(mn) |@mn|" < O0; A = Allsm—l,n—l

m=1 n=1

for k > 1.
A four-dimensional matrix T = ({ : m,1,i,j = 0,1,...) is said to be absolutely kth
power conservative for k > 1,if T € B(A,Z(), ie.,if

o0 o0
k-1 k
Z Z(Wl”) [A1Sm-1n-1]" < 00,
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where

oo o0
Lynn = Z Z LinnijSij (mn=0,1,...).

i=0 j=0

A double infinite Cesdro matrix C(w, 8) is a double infinite Hausdorff matrix with entries

B-1
E (rxn ltE n—j
h mnij = 7/3
ESEl
where

m

_(m+a)  Tl+m+1) — m"
m

By, = "TTm+)D(@+1) T(+1)

The series > )" a,uy, is said to be summable |C(e, B) |k, k > 1, &, B > -1, if (see [1])

SN ) Anogty [ < 00, Q)

m=1 n=1

where a,f,ﬁ denotes the mnu-term of the C(«, 8) transform of a sequence (s,,,,); i.e.,

cxﬁ_ alﬁl‘
mn_EaEﬁ ZZ szn/ (2)

n =0 j=0

Quite recently, Savas and Rhoades [2] extended the result of Flett [3] to double summa-
bility. Their theorem is as follows.

Theorem1 Leta >y >-1,8>8>-1,and ), Y, dun be a double series with partial
SUmSs Sy If Y, >, s |C(y ,8) |k-summable, then it is also |C(o, B)|x-summable, k > 1.

It then follows that if one sets y=38 = 0, then C(«, 8) € B(.Ai) for each «, 8 > 0. In this
paper, we consider some further extensions of absolute Cesaro summability for double
series.

We shall use the following lemmas.

Lemmal If0>-1,¢>-1,0—-¢>0and ¢ - >0, then

ii%ﬂ’ 1 3)
mlnlmnE9E¢ z]E9¢1E¢‘pl

Proof For « > -1, n>1 since

1 1
— = / (1-x)%""dx
E;  Jo

and

(0]
(L-x)“=) B«
n=0
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we obtain
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m=i WIE n=
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For single series, Lemma 1 due to Chow [4].
Lemma2 Letl<k<r<ooanda,B >-1. Fori,j>1,let
|E%- 1|r/k|Eﬂ 1|r/k

A,] —AL/(Ol /3) = ZZ = la r/k Eﬂ)r/k (4)

m=i n=j

Then, ifk =r,

O Y+F™1), ifa,p<0,
oY1), ifa<0,8>0,

Ay = OGP,  ifa>0,B<0, )

oYY, ifaf>0.
Ifk <r< oo, then

o(i‘%‘lj‘%‘l), ifoo<1—ki/r,p<1-klr,
O~ % Y % log)), ifa<l-kir,B=1-kir,
O(i‘%‘lj‘%), ifa<l-kir,B>1-klr,
O("(ﬂ‘1 e logi), ifa=1-kir,B<1-klr,

Aj=1 0@ kj klogllog]) ifa=1-ki/r,p=1-k/r, (6)
O(i~ %Y % logi), ifo=1-k/r,>1-kir,
O(i"E}"ﬂT_l) ifa>1-kir,f<1-klr,
O Fj Fog)),  ifas>1—kirp=1-kir,
O(i*%j*%), ifa>1-kir,B>1-klr.
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Proof Since |E%| < K(a)n* for all o, and EX > M(a)n* for a > -1, where K(«) and M(x)
are positive constants depending only on o, if k < r < 0o, then

o0 oo
ar r )}’
= O(I)ZZM"T"IW%‘I(M i+ 1) et (m—j+1) % e

m=i n=j
2i-1 ( )
=O(1)<Zm‘7‘1(m j " Zm T 1(m—z+1) )
m=i m=2i

2j-1
<Zn k3 +Zn % - ]+1)(ﬂkl))

n=2j

2i-1
=O(1)<i_akr_12( —l+1) +Zm ;_)

m=2i

2j-1 )
_Br_ NV, _r
X |j - K+ E n k
n=j n=2j

i
ar Br (a=Dr r (a=D)r
:O(l)i_T‘lj_T‘lz m &k n e +0Q)i % ’/kZm 13

j
+ O E S n '+ o)),

n=1

g B

According as = -1, < -1 or > -1, we have (6). The case k = r is proved

similarly. O

For single series, Lemma 2 due to Mehdi [5].
We now prove the following theorem.

Theorem 2 Letr >k >1.
(i) It holds that C(a, B) € (A2, A2) for each o, B > 1~ kr.
(ii) Ifa, B =1—k/r and the condition Y o 52 (mn)k'log mlog n|a,,|* = O(1) is
satisfied then C(a, B) € (A2, A?).
(iii) If the condition y 1 > 2, 0 e 2k 0=P5=2 Ik = O(1) is satisfied then
Cla, B) € (A2, A?) for each —kIr <a, B <1 —kIr.
(iv) If B =1-k/r and the condition ) . | > o2, k-0 =2 k-1 log 11|, < = OQ) is
satisfied then C(a, B) € (A2, A2) for each —k/r <a <1—k/r.
(v) If the condition o | >, m O DE2pk 1 5K = O(1) is satisfied then
Cla, B) € (A2, A2) for each —kIr <o <1 —k/r and B >1—k/r.
(i) Ifa =1~ k/r and the condition y o | > >7) w1 P E210g may, |k = OQ) is
satisfied then C(a, B) € (A2, A?) for each —k/r < B <1—k/r.
(vii) If the condition Y e | 3o, m*nkLlog m|ay,,|* = O(1) is satisfied then
Cla, B) € (A2, A?) for each a >1—k/r, B <1—k/r.
(viii) If the conditiony o | > 22, L P20, k= OQ1) is satisfied then
Cla, B) € (A2, A2) for each a > 1~ k/r and —k/r < B <1—k/r.
(ix) If B =1~ k/r and the condition Y o 320, mK " nk 1 log nla,|* = OQ) is satisfied
then C(a, B) € (A2, A2) for each a >1—k/r.
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Proof We shall show that (o) € A2, ie.,

oo o0
ZZ(WM”MHG 1n1| < 00.

m=1 n=1

Let t2¢ denote the mn-term of the C(a, B)-transform in terms of (mna,,), i.e.,

- O Y

noj=1 j=1

For «, B > -1, since
w8 = mn(of o8~ +a ),

m,n—1

to prove the theorem, it will be sufficient to show that

Z Z(mn) [t28]" < co.

m=1 n=1

—_

Using Holder’s inequality, we have

S LSl

m=1 n=1 n=1

o-1pp-1;
o S B

noi=1 j=1

0o 00 rlk
o {zzw et |
}1

m=1 n=1 Wll’l i=1 j=1

m n (k-1)r/k
x {Z B | } :

=1 j=1

—_

Since

> eet| - (1) e ) 1 +§|E5_;<)

=1 j=1

n-1
(|E“ "+ E;’nj. )<|E§1| + ZEfjl)
j=1

o—1 o—1 o—1
Em—i_Em - EO

(E“ 1{+
x (|Ef:-1|+ )

= (|57 + [Ena —E5 D (1S |+ |En - B0

)

n
B-1 -1 p-1
> ES -E-E
j=0

)

and using the fact that
o B
E = O(l) and EE = O(l),

7)
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we obtain

D) BRI

m=1 n=1

- 00 i(Egn)(kfl)r/k(Eg)(k*UV/k
- mn(E2) (ES)"

m=1 n=1

m n rlk
ﬂl k
{z BB )

o X r/k EIS) —rlk
=y y BB T

m=1 n=1

{ZZ{EQ 1||E |(])1 k/r+k2/r|all|k2/r(l]) r—k)+k(r— k)/rm |kr K)/r

i=1 j=1

Applying Hélder’s inequality with indices r/k, r/(r —

> 1 (E —/k(Eﬂ
2.2 ol =y B

m=1 n=1 m=1 n=1

—_

mn (r—k)/k
X [Z (l])k 1|“z]|k} .

i=l j=1

Since (s,u1) € A%, we have

ZZ | mn| _O(I)ZZ(l])k 1|"l/| (l])r/kzz

—_

m=1 n=1 i=1 j=1

(i) From Lemma 1, if o, 8 > 1 — k/r, then

ZZ Eoz l)r/k(Eﬂ 1)r/k (i.)_l 1
Wl}’l(Ea )r/k(Eﬂ)r/k / Ei—l 71

m=i n=j i E]

— O((l])—r/k)

Therefore, for the case «, 8 > 1 — k/r, we have

ZZL‘ mn’ - DZZ”“'“' (i)™ i)k

—

m=1 n=1 i=1l j=1

k 1 k
l] |ﬂt1|

Mg
Mg

1)

I
—_

~.

1l
—_

since (sym) € A7

k), we deduce that

)rk

|Ea llr/k|Eﬂ 1|r/k

n(E2)k( EPyrik’

rlk

ZZ|E¢1 1 rik Eﬂ__jlir/k(l']')kflJrr/k'dij'k
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(ii) If o, B =1 — k/r, from Lemma 2, then
Eoz llr/k|El3 1|r/k
el M _o(i kR logilog
;; mn(E2, yrlk(EEyrik (5 j)
Hence,

oo o0 1 00 0
22 lmnl = 0m Y @) ogilogjlaylt = 01).

m=1 n=1 i=l j=1

—_

(iii) If —k/r < o, B <1 = k/r, from Lemma 2, then
Eoz 1|r/k|El3 1|r/k

._ﬂ_l._ﬂ_l
2 s T

m=i n=j

and then

0o 00 1 00 00 ”
ZZ % T;:,ll’flr _ O(l)zz(ij)kw/k—l —7—1]—7(— |ﬂz |k

m=1 n=1 i=l j=1

—_

_ O(I)ZZ k+(1- a)k—z k+(1-B) ¢ ——2|a |k (1)

i=1 j=1
(iv)If B =1-k/rand -k/r <a <1—-k/r, from Lemma 2, then

0o 00 |Eoz—1 |r/k|Eﬁ—1|r/k o .
YOy 2 =0(i k' k logj),
mn(ES, )r/k(Eﬂ)r/k

m=i n=j

therefore, we have

S5 L e = 0 S0 S 6y o

Wll’l
m=1 n=1 i=1 j=1

:O(I)ZZiM £‘2}k110g1|al,|k oQ).

—_

00 00 1 o o
ZZ%‘.KZZ’V_ )ZZ 1|ﬂ1 (l])r/kv_T_]_E
m=1 n=1 i=1l j=1

— O(l) Z Z lk+(l—a)£—2}~k—l |aij|k — O(l),

by using Lemma 2.
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(vi) Ifa =1—k/rand —k/r < B <1-k/r, then

330 Ll = 00 30 3l

m=1 n=1 tl]l

=0() Y > " F P2 logilayC = O),

—_

by using Lemma 2.
(vii) Ifa =1-k/rand 8 >1 - k/r, then

=0 )Y i ogilay| = O(),

by using Lemma 2.
(viii) If @ >1 - k/r and —k/r < B <1 —k/r, then

o0 [o¢] o0 o0
ZZ [zl = 0m )Y G ayl" () ik
m=1 n=1 i=1 j=1
o0 o0
=0() ) Y F P gk < 0),
i=1 j=1

by using Lemma 2.
(ix) Ifa >1-k/rand B =1 - k/r, then

oo oo 1 oo X pr
Z Z o 8" = 0(1) Z X:(ij)k‘lIoli,«Ik(ij)’/ki*Fj*T*1 logj

m=1 n=1 i=1 j=1

(o @] o0
=0() )Y i logjlayl* = O),

=1 j=1
by using Lemma 2. 0

The one-dimensional version of Theorem 2 appears in [6]. By (5), Theorem 2 includes

the following theorem with the special case r = k.

Theorem 3 Let k > 1.
(i) It holds that C(a, B) € B(A%)for each o, B > 0.

(il) Ifthe condition Y o | 20 m—*1ukF1q,,, |k = O(1) is satisfied then
Cla, B) € B(A2) for each -1 <a <0 and -1 < B < 0.

(iii) If the condition Y oo | >0, mk*"1n*a,,,|* = OQ) is satisfied then
Cla, B) € B(A?) for each -1 <a <0 and > 0.

(iv) Ifthe condition y oo | 322 m*1n*F1a,,, [k = O(1) is satisfied then
C(a, B) € B(A?) for each a > 0 and -1 < B < 0.
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Remark 1 Theorem 3 moderates Theorem 1 of [7]. Since Holder’s inequality is valid if
each of the terms is nonnegative, it should be added the absolute values of the binomial
coefficients in the proof of Theorem 1 of [7], when —1 < & < 0 and/or -1 < 8 < 0. Therefore,
if we replace the binomial coefficients with their absolute values, then the inequality (15)
of [7] will be true. So, we should add the conditions, given above in (ii), (iii) and (iv) of
Theorem 3 in the statement of Theorem 1 of [7], for the cases —1 <« < 0 and/or -1 < 8 < 0.
Corollary 1 Let 65, = 5o > Egyisin = C(@t, 0)(Smn)-

(i) It holds that C(«,0) € B(AZ?) for each a > 0.

(ii) Ifthe condition Y oo | 302 m*~*1u* 1 a,,, |k = O(1) is satisfied then C(a,0) € B(A?)

foreach -1 <a <0.

Corollary 2 Let 65, = EL'S Z;l:o Ef__jlsm/ =(C, 0, B)(Spm)-
(i) It holds that C(0, B) € B(A2) for each f > 0.
(i) Ifthe conditiony o | > o0 m*1nkF | a,,, [k = O(1) is satisfied then C(0, B) € B(A2)
foreach -1< B <0.

Corollary 3 Let 0, = % I Z;’:o s = (C,1,1)(Syn). Then C(1,1) € B(A7).
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