Watanabe Journal of Inequalities and Applications 2013, 2013:137 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/137 a SpringerOpen Journal

RESEARCH Open Access

On a relation between Schur,
Hardy-Littlewood-Pdlya and Karamata's
theorem and an inequality of some products
of ¥ — 1 derived from the Furuta inequality

Keiichi Watanabe”

“Correspondence:

wtnbk@math.sc.niigata-u.acjp Abstract

Department of Mathematics, . . . D . .

Faculty of Science, Niigata We show a functional inequality of some products of X — 1 as an application of an
University, Niigata, 950-2181, Japan operator inequality. Furthermore, we will show it can be deduced from a classical

theorem on majorization and convex functions.
MSC: Primary 26D07; secondary 26A09; 26A51; 39B62; 47A63

Keywords: inequalities; fractional powers; convex functions; majorization; matrix
inequalities; Furuta inequality

1 Introduction
It is easy to see the inequalities

595(x° —1) (" = 1)° (x* —1) <1728(x> = 1) (+° = 1) (" = 1) (x"" 1)
48(x% - 1) (x* 1) (8 = 1) (" - 1) (x™ = 1) < 385(x — 1)?(x* —1)* (' - 1)

for arbitrary 1 < x if they are provided as the matter to be proved. However, if we would
like to estimate functions of the form

l_[(xp/ -1)
by simpler ones, how can we guess what forms and coefficients are possible?

Example The following inequality does not hold on an interval contained in 1 < .
225(x% —1)* (x* - 1)* < 256(x - 1)(x* —1)*(* - 1).

In Section 2, we prove a certain functional inequality as mentioned above, although
the efficiency and possible applications to other branches of mathematics are still to be
clarified.
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In Section 3, we show that the functional inequality derived in Section 2 can be easily
deduced from Schur, Hardy-Littlewood-Pdlya and Karamata’s theorem on majorization
and convex functions. Although the proof presented in Section 2 looks like a detour, one
should note that it naturally arises as a byproduct of the Furuta inequality, which is an
epochmaking extension of the celebrated Lowner-Heinz inequality [1, 2]. It seems wor-
thy to compare various ways to derive fundamental functional inequalities, for it might
contribute to clarify relations between their background theories and to suggest further
developments.

2 Aninequality of some products of x” - 1

The proof of the following theorem is based on an operator inequality by Furuta [3] and
an argument related to the best possibility of that by Tanahashi [4]. The main feature of
the argument is applying an order-preserving operator inequality to matrices which con-
tain variables as their entries. It might be a new method to obtain functional inequalities
systematically.

Theorem 2.1 [5] Let0 <p,1<qgand 0 <rwithp+r <(1+r)q.If0 <x, then

+r- 22T +r
xlﬁi (»* —1)(xpT -1) < p

(& -1)(x - 1).

BN

Proposition 2.2 Let1 < p, 0 <r. Then, for arbitrary 0 < x,
P+ -1)(x"" -1) <pl+r) (" -1)(x-1). 1)

Proof Put g = 2. Since 1 < p, we have 1 < ¢, and hence Proposition 2.2 immediately

follows from Theorem 2.1. g

Theorem 2.3 Let0<p, <p1,0<q2 <q1,p1+p2 = q1 +q> and py < qi. Then, for arbitrary
O<wx,

Nq2 (# = 1) (x> 1) < pipa (T - 1) (x2 - 1). (2)

Proof For a moment, we add 1 < p;,p,, 41 and ¢, =1 to the assumption. Apply Proposi-
tion 2.2 with p = py, r = p; — 1, then the inequality (1) implies

@ (@ =1) (% =1) < pipa (x” ~1)(x - 1).

In general, note that g < p,. Dividing by ¢», we have

124

SV N n_a

<, 1 and — < —.
q2 92 q2 2 492 92 1 92

By the first part of the proof,

D —1)(xB —1) <22 P2 (ki —1)(x—1
qz( ) (x )—q2 q2<x )@ -1)

for arbitrary 0 < x. By substituting x72 to x in the above inequality, it is immediate to see
the inequality (2). O
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Definition 2.4 For a finite sequence py, ..., p, of real numbers, we denote its decreasing
rearrangement by ppj > - -+ > pp,.

For two vectors p = (p1,...,pn) and q = (q1,...,qx), p is said to be majorized by g and
denoted by (p1,...,pn) < (q1,--.,qu) if the following inequalities are satisfied:

k k
Zp[i] =< Zq[i]; k=1,...,n-1,
i=1 i=1
n n
Zp[i] = Z‘I[i].
i=1 i=1

Theorem 2.5 Let n be a natural number. Suppose 0 < pj,q;, j=1,...,n and (p1,...,p,) <
(q1>---,qn). Then, for arbitrary 1 < x,

[Tat-1) <[[z(x7 -1). 3)
j=1 j=1
If n is even, the inequality (3) holds for arbitrary 0 < x < 1. If n is odd, the reverse inequality

of (3) holds for arbitrary 0 < x < 1.

Proof The case n = 2 is exactly Theorem 2.3. Suppose that the case # is valid. We may

assume 0 < p <pp <---<p1,0< g1 < gy <--- <q1 and

n+l n+l

q; (k=1,...,n) and Zpizqu,
i=1 i-1

pg»
LM~

There exists a number k such that 1 < k < and
ni1 = =Gkl SPn1 =G = S 1.
Take a real number g’ which is determined by gi + gx+1 = Prs1 + ¢'- Then
Gkt =4 = Gk + Gks1 = Pust < G-
By the case n =2,
G (@1 =1) (87 = 1) < praaq (6% — 1) (x%1 - 1). @)

Since

L4 AP =@t e =paa v+ Y 4
j#kk+1

we have

prtotpa=q+ Y g ®)
k4l
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and

Note that

P+ AP =ttt qu

P1=q

by the assumption of the induction.

If k = n, then the n-tuples {ps,...,p,} and {q1,...,g,-1,4'} satisfy the assumption of the
case 71, SO we may assume k # n by using the inequality (4).
Equality (5) and gy41 < p,, yield

p1+..-+pn_1§q/+ Z qj.
J#k,k+1,n+1

If k = n — 1, then the n-tuples {p1,...,p,} and {q1,...,g,-2,9 , qu+1} satisfy the assumption
of the case n, so we may assume k # n,n — 1. For kK < n -2, we have
Lt AP 1 =qittqna

7 /
=Pn1tq + E q4j=Pn1+q + § : ),
j<n-1,j#kk+1 j<n-Lj#k,k+1

and hence

/
P+ +pp2=q+ E 4qj-
j<n-Lj#k,k+1

Similarly, we have

/
bi+--+pp3=q+ Z qj>
j<n=2,j#kk+1

k-1
p1+...+pk§q/+2q,',

j=1

Pt AP =qi+-+ g1,

pr+pr=q1+qo,

1 =q.
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Therefore, n-tuples {p1,...,pu} {q1,---»Gk-1, 9> Gk+2> - - -»qus1} satisfy the assumption of
the case 7, and so we can obtain

7 [] qfli[(x”’—l)Sl%[P/(xq/—l) [T -1 (6)

jEkk+1  j=1 j#kk+1

for arbitrary 1 < .
From (4) and (6), it is immediate to see that

n+l n+l n+l n+l

[To [T - [T 16 -

j=1  j=1 j=1  j=1
for1<x.

The last assertion of the theorem can be easily seen by substituting }C for 0 <x<1and
multiplying x”1**## to both sides.
This completes the proof. d

Remark 2.6 Each following example of the case # = 5 does not satisfy one of the condi-

tions for parameters in the assumption of Theorem 2.5, and the inequality does not hold

foralll < x.
@ p>a

4.6-8(x*—1)°(x* —1)*(#'° - 1) <2232 10(x - 1)*(x* 1) (x° = 1) (+* - 1).
(i) pr+p2>qi+qn

6-8-12(x* 1)’ (a1 - 1)° <2° - 112 (x = 12 (x® - 1) (x® - 1) (x> - 1).
(iii) pr+p2+p3s>q1+q2+4qs

52.102(x* - 1)°(x* —1)° <22 P - 1)(»* - 1)* (x'* - 1)".
(V) pr+pa+ps+pa>qi+qa+qs+4qa

34 9(x—1)(x° -1)" <54(x* -1)" (x* - 1).

Remark 2.7 There exists an example of the case # = 3 such that p; > g1, but the inequality
holds for 1 < x.

5-6(x* -1)(x® -1)(x" -1) <2-3-7(x - 1)(x* - 1) (x° - 1).
Indeed,

2:3-7(x-1(*° -1)(x° -1) =5-6(x* - 1) (x> = 1) (+" - 1)

=6(x-1)(x+ 1)(962 +x+ 1)(2962 +3x + 2).
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3 A proof by Schur, Hardy-Littlewood-Pélya and Karamata'’s theorem
Theorem 2.5 is a special case of a more general theorem on majorization and convex func-

tions.

Theorem 3.1 (C.1. Proposition in [6], Theorem 108 in [7], Karamata [8]) Let n be a natural
number and pj, q; be real numbers from an interval (o, B). If (p1,...,pn) < (91, ..,4qn), then

Y fe) <> flg)
j=1 j=1

for every real-valued convex function f on (o, B).

Proposition 3.2 Let 1 < x be a fixed real number. Then

£ - 1og<xt - 1)

is convex on the interval (0, 00).

Although it is definitely elementary to prove this proposition, we will give it for the sake

of completeness.
Proof One can calculate the derivatives of f with respect to ¢,

x*(logx)t —x' +1

f@)= )
o —x(10gx)* 8% + a7 - 24" + 1
f(@) = 2 17

The signature of f” is the same as g, where
g(t) = —x'(logx)*t? + x* — 2x" + 1.
It is easy to see
g (t) = x*(logx) (—£*(log x)* — 2t log x + 2x" - 2).
The signature of g’ is the same as g;, where
a(t) = —t*(logx)* - 2tlogx + 2x' — 2.
It is also easy to see
g, (t) =2(logx)(~tlogx — 1 +x*).
The signature of g| is the same as g, where

&(t) = —tlogx —1+4a'.
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Now we have
&(8) =—logx +x‘logx = (x* —1)logx>0 (0 <)

Therefore, g; is increasing on 0 < £ and g>(0) = 0 so that 0 < g»(¢) (0 < ¢), and hence 0 < g{(¢)
(0<t).

Again, therefore, g is increasing on 0 < t and g1(0) = 0 so that 0 < g1(¢) (0 < £), and hence
0<g'(t)(0<t).

Once again, therefore, g is increasing on 0 < ¢ and g(0) = 0 so that 0 < g(¢) (0 < ¢), and
hence 0 < f”(t) (0 < £), namely, f is convex on the interval (0, 0o). This completes the proof
of Proposition 3.2. O

The completion of the proof of Theorem 2.5 by using Schur, Hardy-Littlewood-Pdlya
and Karamata’s theorem.

For arbitrary 1 < x, f(£) = log(Lt‘l) is a convex function on the interval (0, 00), so we can
apply Theorem 3.1 to obtain

- x¥ -1
)= 2nes(57)

j=1

p

. (xpf -1
Z log
=1 4

and hence we have

n

[Tt -1 <[ [ -

j=1

The rest is identical to the proof of Theorem 2.5. This completes the proof.
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