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Abstract

Recently Boroczky, Lutwak, Yang and Zhang proved the Lo-Brunn-Minkowski
inequality for two origin-symmetric convex bodies in the plane. This paper extends
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1 Introduction

The setting for this article is an Euclidean space R”, n > 2. A convex body is a compact
convex subset of R” with a non-empty interior. For a compact convex set K C R” and
x € R”, the support function /g : R” — R is defined by /i (x) = max{x - y : y € K}, where
x -y denotes the standard inner product of x and y in R”. The polar body of a convex body
K is given by K* = {x e R” : x - y <1 for all y € K}. The Minkowski addition of two convex
bodies K and L is defined as K + L = {x + y : x € K,y € L}, and the scalar multiplication AK
of K, where A > 0, is defined as AK = {Ax:x € K}.

In the early 1960s, Firey [1] extended the Minkowski combination of convex bodies to
L,-Minkowski combination for each p > 1. Furthermore, he established the L,-Brunn-
Minkowski inequality which states the following: If K; (i = 1,2,...,m) are convex bodies in
R” that contain the origin in their interiors, and 1; € [0,1] satisfying Y ", A; = 1, then the
volumes of the bodies K; and their L,-Minkowski combination A, - Ki +, - - - +, Ay - K, are

related by
VA Ky 4p 4 o - Ko) > VKD - V()™ (1.1)

with equality if and only if K; are equal.

Recently, Boroczky et al. [2] defined the Ly-Minkowski combination of convex bod-
ies and proved the Ly-Brunn-Minkowski inequality, which is stronger than (1.1), for two
origin-symmetric convex bodies in the plane.
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Theorem 1.1 [2] IfK and L are origin-symmetric convex bodies in the plane, then for all
real A € [0,1],

V(A=2)-K+or-L)= V)V

When X € (0,1), equality in the inequality holds if and only if K and L are dilates or K and
L are parallelograms with parallel sides.

Our first main result of this paper is to extend Theorem 1.1 to m (m > 2) origin-
symmetric convex bodies in the plane.

Definition IfK;(i=1,2,...,m)are convex bodies that contain the origin in their interiors,
then for real A; > 0 (not all zero), the Ly-Minkowski combination Aj - Kj +¢ - - - +¢ Ay, - Ky
of K; is defined by

M-Ki+g - +orm Ky = m xeR”:x-ufnhKi(u)“}. (12)

uesn-1 i=1

Theorem 1.2 If K; (i = 1,2,...,m) are origin-symmetric convex bodies in the plane, then
Sor all real ; € [0,1] satisfying > i A; = 1, we have

V(A Ky +g - 40 b - Ki) = V(KD)M - - V(). (1.3)

However, the Ly-Brunn-Minkowski inequality in R” is still an open problem, even for
origin-symmetric convex bodies.

Now, with our second main result we focus on the volume estimate for Ly-Minkowski
combination of origin-symmetric convex bodies in R”.

In [3], Schuster and Weberndorfer established two powerful volume inequalities of the
Wulff shape W, s determined by an f-centered isotropic measure v (see Section 2 for de-

tails). Using their results, we establish the following two inequalities.

Theorem 1.3 If K; (i =1,2,...,m) are origin-symmetric convex bodies in R", then for all
real A; € [0,1] satisfying Y -, A; =1, we have
n/2 +1 (n+1)/2 ™M
VK o - v oK) = DT (

nA;
a2l sup A, (M)) .

i=1 ueSn-1

Theorem 1.4 IfK; (i =1,2,...,m) are origin-symmetric convex bodies in R", then for all
real A; € [0,1] satisfying Y -, A; = 1, we have

(n+1)(n+1)/2 m ) o
PP g uelfslnf—l (i, () ™).

V(- Ky +0 -+ +0 A - Kin)¥) =

Furthermore, inequalities of mixed volume and normalized Ly-mixed volume (given in
this paper) for Ly-Minkowski combination of not necessarily origin-symmetric convex
bodies in R” are established in the following theorems.
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Theorem 1.5 IfK; (i=1,2,...,m) and L; (j = 2,...,n) are convex bodies in R” that contain
the origin in their interiors, then for all real ; € [0,1] satisfying Y -, A; = 1, we have

V()\l . I(l +0 - +o )\m . 1<m,L2,...,Ln) f V([(i,Lz,...,Ln)Ai.

s

I
—_

If K and L are convex bodies in R” that contain the origin in their interiors, then for
p #0, the L,-mixed volume V,,(K, L) can be defined as

1 _ h \?
Vo(K,L) = Z/ ) hih}(pdSK =f 1<h_1L<) dVi,
sn- -

where Si and Vi are the surface area measure and the cone-volume measure of K, re-
spectively (see Section 2 for the definitions).
The normalized L,-mixed volume VP(K ,L) is defined by

- (VK D\ m\' o\
wn=(5) (L Gr) o)

where V is the cone-volume probability measure of K (also see Section 2 for the defini-
tion).
Note that when p converges to zero, the normalized Ly-mixed volume Vo(K, L) can nat-

urally be given as

_ h _
Vo(K,L) = exp < f log — de). (1.4)
o1 hg

Theorem 1.6 Suppose that K, L and Q are convex bodies in R" that contain the origin in
their interiors, then for real ) € [0,1], we have

Vo(Q (1=1)-K +o A L) < Vo(QK)' Vo (Q,L)".

Combining the famous variant (proved in [4]) of Aleksandrov’s lemma and the repre-
sentation of (1.4), we obtain a limit form of V(K L) in the following theorem.

Theorem 1.7 Suppose that K and L are convex bodies in R" that contain the origin in their
interiors, then we have

- VI(Q-A) - K+oA-L)-V(K
nV(K)log Vo(K, L) = lim (@=2) Ko d-L) = VIK)
A—0 A
The paper is organized as follows. In Section 2 some of the basic notations and prelimi-
naries are provided. Section 3 contains the proofs of the main theorems. Some properties
of normalized L,-mixed volume and Wulff shape are discussed in Section 4.

2 Notations and preliminaries
Good general references for the theory of convex bodies are provided by the books [5-9]
and the articles [2, 4, 7, 10-25].
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The group of nonsingular linear transformations is denoted by GL(n); its members are,
in particular, bijections of R” onto itself. The group of special linear transformations of
R” is denoted by SL(#). These are the members of GL(n) whose determinant is one.

For ¢ € GL(n), let ¢*, ™' and ¢~* denote the transpose, inverse and inverse of the trans-
pose of ¢, respectively.

For x € R”, then

hi(Ax) = Mg (x), for A >0,
and
hy(x) = hi(¢'x), for ¢ € GL(n).

Recall that for a Borel set w C §"7, the surface area measure of a convex body K in R”
Sk (w) is the (n — 1)-dimensional Hausdorff measure of the set of all boundary points of K
at which there exists a normal vector of K belonging to w.

Let K be a convex body in R” that contains the origin in its interior. The cone-volume
measure Vi of K is a Borel measure on the unit sphere S"! defined by

1
dVi = ZhK dSk. (2.1)

Obviously,
1
V(K) =1 / e (0) diSic ().
n Jsn-1

The cone-volume probability measure Vi of K is defined by

- 1
Vi = WK)VK' (2.2)

Let S"! and B denote the unit sphere centered at the origin and the unit ball in R”,
respectively. The n-dimensional volume «,, of B and the (# — 1)-dimensional volume w, of

S"1are
n
T2
Ky = )
n
and
Wy = 0Ky,

IfK; (i=1,2,...,n) are convex bodies in R”, the mixed volume V(Kj,...,K,) is given by
(see [5], [8, Theorem 5.1.6] or [26, Section 29])

1
VK. K,) = - / D () dS(Ks ..., Koy 1), (2.3)
n Jgn-1

where S(Kj,...,K,, ") is the mixed area measure of K; (i = 2,...,n).

Page 4 of 15
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If K is a convex body in R”, the quermassintegrals W;(K) of K are defined for 0 <i<n
by

‘Vl([() = V(I<’ n-1iB, l)y

where the notation V(K,n — i; B, i) signifies that K appears (n — i) times and B appears i
times.
The mean width W(K) of a convex body K in R” is defined by

2
W(K)=— / Iy () dH"(u),
Wy Jsn-1
where ! denotes the (n — 1)-dimensional Hausdorff measure.
It can be shown that

2
— Wy (K) = W(K). (2.4)
Kn

Throughout, all Borel measures are understood to be non-negative and finite. We write
supp v for the support of a measure v.

Suppose that v is a Borel measure on S*! and f is a positive continuous function on
§"-1. The Wulff shape W, ; determined by v and f is defined by

W, s ={xeR" :x-u < f(u) for all u € suppv}. (2.5)
Obviously,
hw, () <f(u) forall u e suppv. (2.6)

Let f be a positive continuous function on S"7!. A Borel measure v on S"! is called
f-centered if

f@udv(u) =o.

sn-1

The measure v is called isotropic if

/ u@udv(u) =1,
Sn—l

where u ® u is the orthogonal projection onto the line spanned by u and I,, denotes the
identity map on R”. Thus, v is isotropic if

/ lv-ul?dv(u)=1 forallves™t
Sn—l
The displacement of W, is defined by

disp Wy p =cd W, s / (u),

u
Sn—l fm dv

where cd W, s denotes the centroid of W, .

Page 5 of 15
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3 Proof of main results
The following lemma will be used in the proof of Theorem 1.2.

Lemma3.1 IfK;(i=1,2,...,m) are convex bodies that contain the origin in their interiors,
then for real A; € (0,1) and y " A; = 1, we have

)"1'I<1+0"'+0)"m'1<m

A A
L -1<1+()---+0 -l
—m _)"m

) (1 - )‘m) : (1 : I<m—l> +o )\m . I(m

Proof Since K; (i =1,2,...,m) contain the origin in their interiors, thus it is easy to see that
the Lo-Minkowski combination

py A m e
Koo K= [ YreR i u<[[@Ta},  (31)
1= 1= tl ]

also contains the origin in its interior.
Letx e (l—km)-(l_’\T‘m Ky 4o+ +o
(3.1) we have

fj"—a - K1) +0 Am - Ky, then combining (2.6) and

x-u<h iy ) b, (1)
I-2,

Am—1 (
S Kiro+o 14, K

m-1 . 1=Am
< (]‘[ hﬂu)ﬁ) i, (1)
i=1

= l_[hK,»(M)A"
i=1

for all u € S™1.
Hence, by (1.2), we have x € A1 - Kj +¢ - - +0 Ay - Ky, which yields the lemma directly.
d

Proof of Theorem 1.2 We will prove Theorem 1.2 by induction on m.
Obviously, it is true by Theorem 1.1 when m = 2.
Suppose that the result holds on (m —1). Thus, for real A; € (0,1) satisfying > " A; =1,

we have

Al Am-1 M -1
Vv -1 Ky +o -+ 1 Ky | = VI - V(K)o

—rm _)‘m

We now consider the situation on m. In fact, since K; (i = 1,2,...,m) are origin-

symmetric convex bodies in the plane, then by (3.1) we have 1}_>1m Ki+4g-++0 ff;;i K,

is also an origin-symmetric convex body in the plane.
Then by Lemma 3.1, Theorem 1.1 and the induction hypothesis, we have

V()\l . 1(1 +o0 - +o )\m . 1(,,,)

A Am-1
>V(A-4i,)- ) 'K1+0"'+01_)L K1 ) +0 A - Ky
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v

A A
V( L '1(1+()---+0 ml

1-Am
K, V(K,,)"
1—)»,,, l—km m 1) ( m)

rm-1

> (VI F - V(Kopy) oo ) 77V (G
=V

(K™ - V(K V(K )

Note that Theorem 1.2 also holds when 1, = 0 and A,, = 1, respectively.
Thus Theorem 1.2 holds for all 2; € [0,1] satisfying > /" A; = 1. O

In [3], Schuster and Weberndorfer established a sharp bound for the volume of the Wulff
shape W, s determined by an f-centered isotropic measure v as follows.

Lemma 3.2 [3] Suppose that f is a positive continuous function on "' and that v is an
isotropic f -centered measure. If disp W, s = 0, then

(I’l + 1)(n+1)/2

with equality if and only if conv supp v is a regular simplex inscribed in S"™! and f is con-
stant on supp v.

Proof of Theorem 1.3 Let dv = -~ du and f (u) = []}%, hi, ()" for all u € $*! in Lemma 3.2.
Obviously, f is a positive continuous function on $”~! and v is isotropic. By (2.5) we have

W= xeR”:x.ufnhKi(u)M for all u € suppv ;.
i=1

Combining it with (1.2), we get
Wos=h1-Ki 4o+ +0 o - Koo (3.2)

Furthermore, since K; (i = 1,2, ..., m) are origin-symmetric convex bodies, then we have

1
—_— hKl (lxl))\1 .. th (u)’\mudu =0,
Ky Jsn-1

and

1 / u d
il u=o.
Kn Jsn-t g (W) - - - e, (u)m

Thus v is f-centered, and

1 u
disp W, s =cd W, - - du=0.
1Sp f ¢ f Ky /Sn—l h[(] (u))\l e th (u)km ¢

Combining (3.2) and Lemma 3.2, we have

(l’l + 1)(n+1)/2
VO Kb -+ 4 o Kon) < o (3.3)

Page 7 of 15
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Since A; € [0,1] satisfying > ", A; = 1, then from Hélder’s inequality (see [27]) we have

1
”f”iZ(‘,) = — f(u)z du

Ky Jsn-1
1 m
_ 2X;
L T
nJS i=1
m

< nl_[ sup hKl.(u)>2Ai. (3.4)

i=1 uesn-1

Combining (3.3) and (3.4), we obtain
nn/Z(n + 1)(n+1)/2 m
VO -Ki 4o +0hm - Kp) < 00 (

n!

h Vl)»i
sup 1<i(u)) . 0

i=1 uesn-1

A natural dual to Lemma 3.2 is also given in [3], which provided a sharp lower bound
for the volume of the polar of the Wulff shape W, .

Lemma 3.3 [3] Suppose that f is a positive continuous function on S"' and that v is an

isotropic f-centered measure. Then

(n+1)/2
- (n+1)

V(W) = W13

n!
with equality if and only if conv supp v is a regular simplex inscribed in S"™ and f is con-
stant on supp v.

Proof of Theorem 1.4 Letdv = é du and f (u) = [, h,(u)* for all u € S”! in Lemma 3.3.
Similarly, from the proof of Theorem 1.3, we know that f is a positive continuous function
on $" ! and v is an isotropic f-centered measure.

Thus, combining (3.2) and Lemma 3.3, we have

(n+1)/2
- (n+1)

V(()\l . 1<1 +o - +o )"m . I<m)*) - ”f”zg(v) (35)

n!

Now, combining (3.4) and (3.5), we obtain

(n+1)(n+1)/2 m(

V(- Ki+o -+ +0 A - Kin)*) = T

—nA;
sup K, (M))

i=1 ueSn-1

(n+1)/2 ™M
_ e D77 [T inf (g ()™).

L Legi 0

Proof of Theorem 1.5 Since A; € [0,1] satisfying > ., A; = 1, then by (2.3), (2.6), Holder’s
inequality and again (2.3), we have

V()\l 1(1 +0 - +o )\m ~I(m,L2,...,Ln)

1
== / hk1~](1+o---+okm-](m(u) dS(LZ)“'anr I/l)
n Jen-1
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S

b, @)™ - hie,, () dS(La, ..., Ly, 1)
sn-1

1 . A
(_ h](i(u) i dS(LZr-«chmu))

n Jsn-1

IA
:|§ I s 3=

I
[

V(K Loyeoos L), .

Letting Ly =-+- =L, = A1 - Kj +¢ -+ +0 Ay - Ky in Theorem 1.5 gives the following in-

equality of mixed volumes.

Corollary 3.4 IfK; (i=1,2,...,m) are convex bodies in R" that contain the origin in their
interiors, then for all real 1; € [0,1] satisfying Y -, A; = 1, we have

V(A Ky 4o o 40 A - Ki) < ]_[ ]_[ V(Ky,...
=1 in=
Letting L = --- = L,, = B in Theorem 1.5 gives the following inequality of quermassinte-

grals.

Corollary 3.5 IfK; (i=1,2,...,m) are convex bodies in R" that contain the origin in their
interiors, then for all real 1; € [0,1] satisfying Y -, A; =1, we have

Wit - Ky 40 -+ +0 Ay - Kppy) < l—[ 1)
i-1

In view of (2.4), we also obtain the following inequality of mean widths.

Corollary 3.6 IfK; (i=1,2,...,m) are convex bodies in R" that contain the origin in their

interiors, then for all real 1; € [0,1] satisfying Y -y A; =1, we have

m
W (k- Ky +o -+ +0 A Ko) < [ WK

i=1

Proof of Theorem 1.6 Since K, L and Q are convex bodies in R” that contain the origin in
their interiors, then from (1.4), (1.2), (2.6) and again (1.4), we have

Vo(Q(1-2)-K+gA-L)

haoiykvorl -
_ exp( / log -1 KroiL dVa)
sn-1 hQ

hl Ahk
< exp(/ log X —L 4V, )

sn-1 hQ

h 1-x _ h _
/ 10g<i) A0 +/ 10g< L) dVQ]
sn-1 hQ sn-1 hQ
/ log

SVI

-
(L) are]es] [ (i) o]
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he 1-4 oo s
= |:exp (/ log h_K dVQ)] |:exp (/ log h—L dVQ)j|
sn-1 Q sn-1 Q

= Vo(Q K)'™ Vo (Q,L)". O

The following variant of Aleksandrov’s lemma (see [28, p.103]) will be needed in proving
Theorem 1.7.

Lemma 3.7 [4] Suppose that q;(u) = g(A,u) : I x "1 — (0, 00) is a continuous function,
where I C R is an open interval. Suppose also that the convergence in

aq()" u) li 61()\ +V, M) - 51()&, Lt)
— = l1im
oA y—0 y

is uniform on S". If {Q; hrer is the family of Wulff shapes associated with q,, i.e., for fixed
rel,

Q= ﬂ [xeR":x-u<q(u)}

uesn-1

then

V(@) _ / %40-1) 4o
sn-1 » ’

di o

Proof of Theorem 1.7 Since K and L are convex bodies in R” that contain the origin in

their interiors, let g(A, u) = hx(u)*~*h ()" in Lemma 3.7, then the convergence in

(W) (u)*) . P ()= by () @) — Iy ()= g ()
oA - VI—IR) 14
) hw)\,  hw)
- hK(u)(hK(u)) log hic(u)

is uniform on ", and

Q= [ {xeR" 1x u < hx(w) " hy(w)}. (3.6)

uesn-1

Observe that ¢(0, u) is the support function of K, hence Qg = K.
On the one hand, from Lemma 3.7, (2.1), (2.2) and (1.4) we have

dv(Qz)
d

_ / dhx ()" hy(u)*)
2=0 Sn—l Bk

dSq, (1)
A=0
by (u)

u
- [ ctwtog E R dsiw

=nV(K)/ logh “ dVi(u)
sn-1 hy(u)

=nV(K)log Vo(K,L). (3.7)

Page 10 of 15


http://www.journalofinequalitiesandapplications.com/content/2013/1/133

Liu and Leng Journal of Inequalities and Applications 2013, 2013:133
http://www.journalofinequalitiesandapplications.com/content/2013/1/133

On the other hand, by (3.6) and (1.2), we have

Qi=(1-2)-K+gA-L.

Therefore
av(Qy) . V({(@-2)-K+oAr-L)-V(K)
= lim . (3.8)
ar |, A0 A
Hence, combining (3.7) and (3.8), we obtain
_ VI(A-X)-K+oA-L)- V(K
nV(K)log Vo(K, L) = lim @=2) - Krod 1) VIK) 0

A

4 Other results and comments
Firstly, we prove that Lo-Minkowski combination and normalized Ly-mixed volume are
invariant under simultaneous unimodular centro-affine transformations.

Proposition 4.1 Suppose that K and L are convex bodies in R" that contain the origin in
their interiors, and A € [0,1]. If ¢ € SL(n), then

¢((L-2)-K+gAr-L)=(1-1)-¢pK +o 1 - L.

Proof For x € R" and u € §"7L, let y = ¢px and ¢~"u = |¢*ulv, then y € R” and v € §" L.
Thus we have

p(A-1)-K+g L)

= ¢>< ﬂ {x eR":x-u< hK(u)l‘)‘hL(u)’\}>

uesSn-1

= ¢( ﬂ {¢p7yeR ¢y u< hK(u)l’\hL(u)*}>

uesn-1

ﬂ {yeR" 1y ¢~ u < hc(w) " hy(w)}

ueSn-1
= ﬂ {y eR":y.v< h1<(¢tv)17AhL(¢tv)A}
vesn-1
= () P eR" 1y v < by P hy ()}
vesn-1
=(1-X)-¢K +og A-@L. O

Proposition 4.2 Suppose that K and L are convex bodies in R" that contain the origin in
their interiors, then for ¢ € SL(n) we have

Vo(oK, pL) = Vo(K, L).

Proof From Theorem 1.7, we have

Vo(K,L):exp{ V((l‘)‘)'KJro)»-L)—V(I()}

1
lim
nV(K) »—0 A

Page 11 of 15
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Then, by Proposition 4.1, we obtain

- 1 V(L-X) - ¢K +9 1 - ¢L) - V(K
Rk, o) - exp| L i @3 $Kwd 8D~ Vg )}
1 . V(@@ -2A)-K+gAr-L)) - V(qbl()}
= exp lim
nV(¢K) »—0 A
1 ) V((I—A)~I<+0A~L)—V(I()}
= exp im
nV(K) 1—0 A
= Vo(K, L). O

The following proposition shows the property of weak convergence of the cone-volume
probability measure.

Proposition 4.3 If K; is a sequence of convex bodies in R" that contain the origin in their
interiors, and lim;_, o K; = Ko, where Ky is a convex body that also contains the origin in its
interior, then lim;_, 4 I_/Kl. = ‘_/Ko weakly.

Proof Suppose that f € C(S"™). Since K; — Ko, by definition, /g, — hk, uniformly
on §"L. Since the continuous function % K, i8 positive, the /ix; are uniformly bounded away
from zero, and thus
fhi, = fhg, uniformly on st
But K; — Kj also implies (see [8]) that

S(K;,-) — S(Ko,-) weakly on S".

By the continuity of the volume, that is, if K; — Kj then V(K;) — V(Kj), we have

1
nV(K;) Jon

S @h,(w) dS(Ki, u) — S @)hiq () dS(Ko, )

n V(I(o) sn—

or, equivalently,

S@dVigw) — | f)dVi, @), 0
sn= s

The continuity of the normalized Ly-mixed volume is contained in the following propo-
sition.

Proposition 4.4 Suppose that K; and L; are two sequences of convex bodies in R” that
contain the origin in their interiors, and lim;_, oo K; = K, lim;_, o L; = L, where K and L are
convex bodies that also contain the origin in its interior, then lim;_, o Vo(K;, L) = Vo (K, L).

Proof Since K; — K and L; — L, by definition, hx, — hx and h;, — hy, uniformly on $".

Since the continuous functions /x and /; are positive, the /g, and /;, are uniformly
h, .
bounded away from zero. It follows that ﬁ — Z‘—f{ uniformly on §”~!, and thus that

hy, h
log RN log = uniformly on S,
hi; K
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By Proposition 4.3, K; — K implies that
Vi, — Vi weakly on ™.

Hence

hp, - ho -
exp / log —Li dV, | = exp / log L avy ). 0
sn-1 hKi sn-1 hK

Next, we show some properties of the Wulff shape in the following propositions.
Proposition 4.5 [8] Suppose that v is a Borel measure on S"™' and that f;, f are pos-
itive continuous functions on S"'. If lim;_, o fi(u) = f(u) uniformly on u € suppv, then

lim; 00 Wy = Wiy

Proposition 4.6 Suppose that v is a Borel measure on "' and that f, g are positive con-
tinuous functions on S*L, then W minf,g) = Wi N W, g.

Proof Assume that x € W), ninis g}, then

x-u< min{f(u),g(u)} for all 4 € suppv.
Thus

x-u<f(u) and x-u<g(u) foralluesuppv.
Hence, by (2.5), we get

xeW,r and xeW,,.

Then x € W, s N W, ,. Therefore, W, minirgt © Woy N W, 4.
Conversely, assume that x € W, s N W, ,, then

x-u<f(u) and «x-u<g(u) foralluesuppv.

Fix ug € suppv, then x - uy < min{f(uo),g(uo)}. By the arbitrariness of uy, we have
x - u < min{f(u),g(u)} for all u € suppv. Hence x € W, nin(r,q)- Therefore, W, N W, , C
Wv,min{f,g}~ O

Proposition 4.7 Suppose that v is a Borel measure on S"™ and that f, g are positive con-
tinuous functions on S"', then Womaxifg) 2 Wy U W

Proof Assume thatx € W, s U W, ,. Fix ug € suppv, then x - uy < f(uo) or x - ug < g(uo),
thus x - g < max{f(uo),g(uo)}. By the arbitrariness of u,, we have x - u < max{f(«),g(u)}
for all # € suppv. Hence x € W, max(r.g)- g

Proposition 4.8 Suppose that v is a Borel measure on " and that f, g are positive con-
tinuous functions on S", then for real number ). € [0,1] we have W, fioigr 2 (1-2)-Wyr+o
e Wig.
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Proof Letx € (1—1)- W,s +9 A+ W,,. By (1.2), we have x - u < thzf(u)l‘Ath’g(u)* for all
u € supp v. From (2.6), we know that hWVJ(u) <f(u) and hWU’g(u) < g(u) for all u € suppv.
Since f and g are positive continuous functions on §”~!, then

b, @)™ B, () < f ()~ g()".

Hence x - u < f(u)'"*g(u)* for all u € suppv. Therefore, by (2.5), we have x € W, s1: 4.
O

Proposition 4.9 Suppose that v is a Borel measure on "' and that f, g are positive con-

tinuous functions on S", then Wisig 2 Wos+ W

Proof Letx € W, s+ W, 4. Assume x = x1 +x,, where x; € W, s and x, € W, 4, then by (2.5)
we have x; - u < f(u) and x; - u < g(u) for all u € suppv. Thus x; - u + x5 - u < f(u) + g(u)
for all u € suppv. That is, x - u < f(u) + g(u) for all u € suppv. Therefore, x € W, r,,. [
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