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1 Introduction

Let {X, X,:}nen be a sequence of independent and identically distributed (i.i.d.) positive
random variables with a non-degenerate distribution function and EX = u > 0. For each
n > 1, the symbol S,,/V,, denotes self-normalized partial sums, where S, = Y ", X;, V2 =
3" (X; — w)?. We say that the random variable X belongs to the domain of attraction of
the normal law if there exist constants a,, > 0, b,, € R such that

Sn—by

an

LN 1)

Here and in the sequel, A is a standard normal random variable, and %, denotes the
convergence in distribution. We say that {X,,},cn satisfies the central limit theorem (CLT).
It is known that (1) holds if and only if

22P(|X] > x)

" 2
55 EX2I(X| < ) @

In contrast to the well-known classical central limit theorem, Gine et al. [7] obtained the
following self-normalized version of the central limit theorem: (S, — ES,)/V, LN N as
n — oo if and only if (2) holds.

The limit theorem of products H;’zlSj was initiated by Arnold and Villasefor [1]. Their
result was generalized by Wu [20], Ye and Wu [22], and Rempala and Wesolowski [16] who
proved that if {X,;;#n > 1} is a sequence of i.i.d. positive and finite second moment random
variables with EX; = 1, Var X; = 62 > 0 and the coefficient of variation y = o/u, then

asn — 00. (3)

n 1/(y/n)
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Recently Pang et al. [14] obtained the following self-normalized products of sums for
i.id. sequences: Let {X, X, },,cn be a sequence of i.i.d. positive random variables with EX =

> 0, and assume that X is in the domain of attraction of the normal law. Then

as 1 — o0. (4)

n /Vu
(l_[z'_l 5i>“ 4 VAN

nlu”

Brosamler [4] and Schatte [17] obtained the following almost sure central limit theorem
(ASCLT): Let {X,,} .er be i.i.d. random variables with mean 0, variance o > 0, and partial

sums S,,. Then

1 Sk }
lim — dil <x¢=®x) as.forallx e, (5)
n—00 Dn kZ=1: k { 0—\/]?

withdy =1/kand D, = Y}_, di; here and in the sequel, I denotes an indicator function, and
®(x) is the standard normal distribution function. Some ASCLT results for partial sums
were obtained by Lacey and Philipp [12], Ibragimov and Lifshits [11], Miao [13], Berkes
and Cséki [2], Hormann [9], Wu [18, 19]. Gonchigdanzan and Rempala [8] gave ASCLT
for products of partial sums. Huang and Pang [10], Wu [21], and Zhang and Yang [23]
obtained ASCLT results for self-normalized version.

Under mild moment conditions, ASCLT follows from the ordinary CLT, but in general,
the validity of ASCLT is a delicate question of a totally different character as CLT. The
difference between CLT and ASCLT lies in the weight in ASCLT.

The terminology of summation procedures (see, e.g, Chandrasekharan and
Minakshisundaram [5], p.35) shows that the larger the weight sequence {di;k > 1} in
(5) is, the stronger the relation becomes. By this argument, one should also expect to get
stronger results if we use larger weights. It would be of considerable interest to determine
the optimal weights.

On the other hand, by Theorem 1 of Schatte [17], (5) fails for weight dj = 1. The optimal
weight sequence remains unknown.

The purpose of this paper is to study and establish the ASCLT for self-normalized
products of partial sums of random variables in the domain of attraction of the nor-
mal law. We show that the ASCLT holds under a fairly general growth condition on
dr = kLexp((Ink)*), 0 <o <1/2.

In the following, we assume that {X, X, },,cx is a sequence of i.i.d. positive random vari-
ables in the domain of attraction of the normal law with EX = u > 0. Let by, = 3, 1/j,
Sk=Y%, X, V2= 3K (G - w2 Six = 8 bip(X; — ) for 1 < k < n. @, ~ b, denotes
lim,_, o a,/b, = 1. The symbol ¢ stands for a generic positive constant which may differ
from one place to another.

Our theorem is formulated in a general setting.
Theorem 1.1 Let {X, X, },cn be a sequence of i.i.d. positive random variables in the domain

of attraction of the normal law with mean . > 0. Suppose 0 < o <1/2 and set

exp(In® k) -
dy=———, D,=) d. 6
k 3 kX:I: k (6)
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Then

1 [T5,S\""™
nlg&;Zdﬂ(( kl'zkl) Ex)zF(x) a.s.x€R. (7)
" k=1 ’

Here and in the sequel, F is the distribution function of the random variable eV,
By the terminology of summation procedures, we have the following corollary.

Corollary 1.2 Theorem 1.1 remains valid if we replace the weight sequence {di}ren by
{df}ken such that 0 < di <dy, Y po, di = 0.

Remark 1.3 Our results give substantial improvements for weight sequence in Theo-
rem 1.1 obtained by Zhang and Yang [23].

Remark 1.4 If X is in the domain of attraction of the normal law, then E|X? < oo for
0 < p < 2. On the contrary, if EX? < 0o, then X is in the domain of attraction of the normal

law. Therefore, the class of random variables in Theorem 1.1 is of very broad range.

Remark 1.5 Essentially, the problem whether Theorem 1.1 holds for 1/2 < « < 1 remains

open.

2 Proofs
Furthermore, the following three lemmas will be useful in the proof, and the first is due to
Csorgo et al. [6].

Lemma 2.1 Let X be a random variable with EX = p, and denote I(x) = E(X — w)2I{|X —
| < «x}. The following statements are equivalent.
(i) X is in the domain of attraction of the normal law.
(i) 2P X — | > x) = o(l(x)).
(i) *E(X = pwlI(|X = u| > x)) = o(l(x)).
(iv) E(X — wl*I(X — n] <%)) = o(x*2I(x)) for a > 2.
(v) U(x) is a slowly varying function at oo.

Lemma 2.2 Let {§,&,},cn be a sequence of uniformly bounded random variables. If there
exist constants ¢ > 0 and § > 0 such that

\°
[E&k&;| < C<—.> Jorl<k<j, (8)
]
then
lim 1 Zn:dé 0 9)
im — = .S,y
n—oo D, = ksk a.s

where dy and D,, are defined by (6).
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Proof Since

n 2 n
E(desk) <D dBE 42 Y didj[BEE
k=1

k=1 1<k<j<n

=Y diEE+2 Y didi|BEE|

k=1 1§k<j§n;j/k21n2/‘s Dy,

2 Y ddEsg]

1§k<j§n;j/k<ln2/5 Dy,

=dpt Z(TnZ + Tn3) (10)

By the assumption of Lemma 2.2, there exists a constant ¢ > 0 such that |&| < ¢ for

any k. Noting that exp(In® x) = exp( 1x % du), we have that exp(In® x), & < 1, is a slowly

varying function at infinity. Hence,

n o o0 o
T, < CZ exp(21n® k) < CZ exp(21n* k) ‘o

2 2
P k = k

By (8),

00
Tp=<c Z dkd/(—,)
J

1<k<j<njlk=In? D,

did; 2
<c > 12le glczDD” ) 11)
1<k<j<m;j/k=1n?? D, N En

On the other hand, if « = 0, we have dy = e/k, D, ~ elnn, and hence, for sufficiently

large n,
n lkan/‘sDnl DZ
Ti<c) - = <cD,InlnD, < —2—. 12
n3 = kX_;k ;{: j_ n n_]nan ( )

If 0 <@ <1/2, then by y* — 0, y — o0, for arbitrary small ¢ > 0, there exists ny such
that for y > Inng, (1 — o)y /o < €. Therefore

Jo'" (exp() + 5y~ exp(y*)) dy

Jo'" expy) dy
o exp0F) L+ Ty ) dy + (1t ) fy exp() dy
- Jo'" exp®) dy

1<

—>1+e.

This implies

Inn Inn l-«
/0 exp(y“) dy ~ /0 (exp(y“) + - y o exp(y"‘)) dy

from the arbitrariness of ¢.
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Hence,

n o Inn
D, ~ / M dx = / exp(y"‘) dy
1 X 0
Inn 1 —a
~ / (exp(y"‘) +—y exp(y"‘)) dy
0 (07
Inn 1 ,
/0 — (v exp(ry")) dy

o

1 1-o o

= —In"*nexp(n“n), n— oc. (13)

o

This implies
D,
InD,, ~ 1In%n, exp(ln"‘ n) ~_ nl_a , InlnD, ~ ¢ Inlnn.
(InDy)"a

Thus combining |&| < ¢ for any &,

T3 < Ci Z dkdj

k=1 1<k<j<mjlk<(In D;)%/®

<c Xn: dy Z exp(lno‘ n) }

k=1 k<j<k(InD,)?/$

< cexp(In® #) Inln D, E dy
k=1
D%l InlnD,
<cC——m——.
— (lnDn)(l—a)/a

Since o < 1/2 implies (1 — 2w)/(2t) > 0 and &; := 1/(2) — 1 > 0, thus for sufficiently large #,
we get

D; InlnD, D} D;
T3 <c n < n = n
" ="(InD,)V/) (In D,)1-20)/20) = (In D)) ~ (InD,)*e1"

(14)

Let T, := Din Y k-1 A&k, €2 := min(1, &1). Combining (10)-(12) and (14), for sufficiently large
n, we get

2 (4
ET, < W

By (13), we have D,;; ~ D,. Let 0 < n < 1%2’ ni = inf{n; D, > exp(k'~")}, then D, >
exp(k*™), Dy, _1 < exp(k'™"). Therefore

1< D Dua
~ exp(k-")  exp(k-m)

that is,

Dy, ~ exp(kl"’).

Page 5 of 12
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Since (1 —n)(1 + &3) > 1 from the definition of 5, thus for any ¢ > 0, we have

) o0 x 1
kZPUTnk' > 8) = CkZET’?k = Ckz Je(1=n)(1+e2) < 00.
=1 =1 =1

By the Borel-Cantelli lemma,
T, — 0 as.

Now, for ny < n < ngy, by |&| < ¢ for any k,

M+l
c D
Tl < T, + Zdi5|rnk|+c<&_1)%o as.
D D,

M i=p+1

from et ~ SPUEED _ exp(k1-1((1 +1/K)177 ~ 1)) ~ exp((1 = K™) = 1, i, (9) holds.
nj €X

This completes the proof of Lemma 2.2. O
Let I(x) = E(X — u)*I{|X — u| <}, b =inf{x > 1;/(x) > 0} and

l 1
nj:inf{s;s2b+l,g§—‘} forj>1.
s J

By the definition of 7;, we have ji(n;) < r]j2 and jl(n;—¢&) > (n; - ¢)? for any ¢ > 0. It implies
that

nl(n,) ~n% asn— oo. (15)

Foreveryl <i<k<mn,let

k &
X = (X; - WI(1X; — ] < i), VE= Z)_(lfi, Sk = Zbi,k)_(ki~
-1 i=1

Lemma 2.3 Suppose that the assumptions of Theorem 1.1 hold. Then

1 & Skx —ES,
lim — del{ Shk — Zokk x} =®(x) as. foranyxeR, (16)

oo Dy iz L 2K
n k k
ngglo%de(I(U(m—m >nk)> —IEI(U(IXi—MI >nk)>) =0 as, (17)
" k=1

i=1 i=1

n

1 Vi Vi Y) L
fim, 5, 2 (f (kl(nk)) s <kl(nk)>) 0 s 19

where dy and D, are defined by (6) and f is a non-negative, bounded Lipschitz function.

Proof By the central limit theorem for i.i.d. random variables and Var§,,, ~ 2nl(,) as
n— oo from Yy, b7, ~ 2n, it follows that

Sn,n - Egn,n

V2nl(n,)

d
— N asn— oo,
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where N denotes the standard normal random variable. This implies that for any g(x)
which is a non-negative, bounded Lipschitz function,

(gn,n - Egn,n

E .
TR ) — Eg(N) asn— o0

Hence, we obtain

1 Sik — ESick
fim — dk]Eg<;> ~ Eg(\)
n> D, ; NoZon)

from the Toeplitz lemma.
On the other hand, note that (16) is equivalent to
n

.1 Sk — Egkk)
lim — Y dig| —= ) =EgV) as.
fim, 5, 2.4 ( 2w ) °

from Theorem 7.1 of Billingsley [3] and Section 2 of Peligrad and Shao [15]. Hence, to
prove (16), it suffices to prove

L Skk — ESix Sk — ESix
lim — dk(g(;> —]Eg(’g‘)) 0 as. (19)
n=oe Dy ; v/ 2kl(nc) 2Kl(ni)

for any g(x) which is a non-negative, bounded Lipschitz function.
For any k > 1, let

- g(Sk,k - ESk,k) ~ Eg<sk,k - ESk,k)
v 2ki(ni) v 2ki(n)

Six-ES 5 i-ES; -3k b, (X -EX; .
kk—_2kk ) and g( 24— Z‘il iy Xji ”))are independent and
2k (i) 2jl(ny)

g(x) is a non-negative, bounded Lipschitz function. By the definition of 7;, we get

Forany1 < k <, note that g(

Six —ESix S;; —ES;,
|E&xéj| = |Cov <g< >,g( ‘
' V2kl(ng) 2j1()
S'k,k - Egk,k S’J} - ESM
= Cov(g( ),g( :
‘ 2kI(nx) V2jl(n)
g< jj ES// Zz’kﬂ bili()_(ii - E)_(jt))) ‘
v 2jl(n;)
< CE| Zf:l bi,/'()_(ji E_ \/E(Zz 1 bl/ X EX \/Zz 1 bzszXZ
B Vil(n)) jl(n;) jl(n;)

/ ki + b)) Sl P+ Dby
<c ,
V]l 77/ \/}

=)
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By Lemma 2.2, (19) holds.
Now we prove (17). Let

Zi =1(0(|X,- -ul> nk)> —EI(LkJ(|Xi -l > ’7k)) for any k > 1.

i=1 i=1

It is known that I(A U B) — I(B) < I(A) for any sets A and B. Then for 1 < k < j, by
Lemma 2.1(ii) and (15), we get

(n,) o(1)

l

P(1X = el > 1) = 0(1) =5~ (20)

Hence

|EZiZj| =

COV(I(Q 1X; = 1l > >1<U1 = md > ))‘
U

J
Cov<1( (1 = el > e )J(U X = ] > )
i=1 i=1

By Lemma 2.2, (17) holds.
Finally, we prove (18). Let

(W V2
=/ (kzm)) - (kl<nk>) forany k=1

For1l<k<j,

[Egrgl =

C0V<f<kl‘;/5k)>’f<jl‘?;))>‘

_ Vi > < v )_ (%Z—Zf_l(xi—u)21(|x,-—u|sn;)»\
) C°V<f <kl(nk) i) ™ i)

E(Zl (G = 10X = <)) - KEX = ) I(X - pf <mp) _ Kly)
jl(n)) jl(n)) jl(n))

By Lemma 2.2, (18) holds. This completes the proof of Lemma 2.3. d

Page 8 of 12
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Proof of Theorem 1.1 Let U; = S;/(ip); then (7) is equivalent to

k
lim — del Zln U <x)=dkx) as.xeR. (21)
n—oo D, f Vi p=y

Let g € (4/3,2), then E|X| < oo and E|X]|? < oo from Remark 1.4. Using the Marcin-
kiewicz-Zygmund strong large number law, we have

Sk—uk

Upg-1=
k k,bL

— 0 a.s.

Si — k= o(kl/q) a.s.

Hence let a; = /2(1 + &)kl(n;) for any given 0 < & < 1, by | In(1 +x) —x| = O(x?) for |x| < 1/2,

k k k
1% 1% 1 2
— InU; - — (ul—l) <c (Ul_l)
“ ZE o 21: v Al(ni) 21:

kl nk Z 2(1/g-1)

1

C—
— k32-21q \/m

from 3/2 - 2/q > 0, l(x) is a slowly varying function at oo, and nx < k + 1.

—0 as.k— oo,

Therefore, for any § > 0 and almost every event w, there exists ko = ko(w, §,x) such that
for k > ko,

k k
s s
I(a_k izl(Ui_l)Ex_8)§I<a_k - anlfx)
1 k
1 —E u-1)< 8. 22
= (ﬂk i=l( )<x+ ) ( )

Note that under the condition [Xj — u| <, 1 <j <k,

L
MZ(U -1)= Z Z(X L)
i=1 i=1 =
Z Z Xk} = Zb, kX = Sk (23)

j=1 i=j

Thus, by (22) and (23), for any given 0 < ¢ < 1, § > 0, we have for k > ko,

(\/_VkZIHU <x) < (2(1+k)kl(nk) §x+8>+1(\_/,3>(1+8)kl(nk))

i=1
k
+I(U(|Xi—,u| > Uk)) forx >0,

i=1

Page 9 of 12


http://www.journalofinequalitiesandapplications.com/content/2013/1/129

Wu and Chen Journal of Inequalities and Applications 2013, 2013:129 Page 10 of 12
http://www.journalofinequalitiesandapplications.com/content/2013/1/129

(\/—Vk Zlnu ) (2(1+k)kl(nk) <x+ 8) +1(VZ <1 -e)ki(ny))

i=1
k
+I(U(|X,- —ul> r]k)> forx <0,

i=1

and

S‘k,k ~
Inll; < Ok 5) IV < -k
<ka;n N )‘ < 2 Okl ) (Vi < A= e)k(no)
k
_1<U(|Xi—ﬂ|>nk)> for x > 0,

i=1

k —_
uw Sk.k o2
x| s i s) - Kl
1<ﬁvk z Inl <x) >1( eSS <x 3) 1(V2 > (1+ &)ki(ny))

—1<ij(|xi —ul> m)) for x < 0.

i=1
Hence, to prove (21), it suffices to prove

n

o1 Skk
lim — dkl(—’ < 1:|:8x:|:81> =®d(W/1Ltex£8) as, (24)
n—>o0 Dy, ; V2ki(nx)
1 n k
lim — Zd,J(U 1X; — 1] > me ) =0 as., (25)
n=>00 Dy k=1 i=1
1 & _
lim — dld(V2> 1 +e)king)) =0 as., (26)
00 D, ; WI(Ve K)
lim D— dez (V2 <@-e)kiny)) =0 as. (27)

foranyO <& <1landé; >0.
Firstly, we prove (24). Let 0 < 8 < 1/2, and let 4(-) be a real function such that for any
given x € R,

Iy<V1Eex+8-p)<h@) <Iy<V/1Eex+8 +p). (28)

By E(X; — ) = 0, Lemma 2.1(iii) and (15), we have

k k

ESkil = {E Y bix(X; = p)I(1X; = sl < )| < Y bigBIX; = I (1X; = el > )
i=1 i=1

ko
ZZ X - 11X =l > m¢) ZZ; o((m))

zl/z j=1 i=1

= o(/kl(ns)-
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This, combining with (16), (28) and the arbitrariness of 8 in (28), (24), holds.
By (17), (20) and the Toeplitz lemma,

n k
1
0<— deI(U X =l > m)) ~ o deM(U(m —ul> nk))
i=1 7 k=1 i=1
1 n
= dekIP’(lX—/Ll >m) —> 0 as.
" k=1

Hence, (25) holds.
Now we prove (26). For any A > 0, let f be a non-negative, bounded Lipschitz function
such that
Ix>1+1) <f(x) <I(x>1+A/2).
From EV? = ki(nk), X, is ii.d., Lemma 2.1(iv), and (15),
- A - -
]P’(sz > (1 + 5)kz(nk)) = P(V¢ - EV > Akl(ni)/2)

E(VZ-EVR? _ E(C-m)*I0X -l < )

KRR ¢ k()
(1)77k
kl(nk) =o0(1) = 0.

Therefore, from (18) and the Toeplitz lemma,

V2
05— did (V> 1+ Mkl(nk)) <— kf( )
D, kXE Z kl(nx)

~— Z " f(kl(n )) <— deIEI ViZ > (1+ A/2)kl(nk))

1 & _
= o > dP(VE > (1+ A/2)kl(n)
" k=1

— 0 as.

Hence, (26) holds. By similar methods used to prove (26), we can prove (27). This com-
pletes the proof of Theorem 1.1. d
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