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Abstract

In this paper, we introduce a new algorithm for finding a common element of the set
of fixed points of N strict pseudocontractions and the set of solutions of equilibrium
problems with a pseudomonotone and Lipschitz-type continuous bifunction. The
scheme is motivated by the idea of extragradient methods and fixed point iteration
methods. We show that the iterative sequences generated by this algorithm
converge strongly to the above mentioned common element under some suitable
conditions on algorithm parameters in a real Hilbert space. And also, we consider the
variational inequality problems as an application.
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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner product
(-,-) and the norm || - ||, and let f be a bifunction from C x C into R such that f(x,x) = 0 for
all x € C. We consider the equilibrium problem in the sense of Blum and Oettli [1]: Find
x € Csuch that

fl&.y) =0 EP(f)

forally e C.

We denote by Sol(EP(f)) the set of solutions of the equilibrium problem EP(f).

We know that the problem EP(f, C) covers many important problems in optimization
and nonlinear analysis. It has also found many applications in economics, transportation
and engineering (see [1, 2] and the references quoted therein). Theory and methods for
solving this problem have been developed by many authors [3-7]. Alternatively, the prob-
lem of finding a common fixed point of a sequence of finite self-mappings {S;}Y; (N > 1)
is described as follows: Find 4" € C such that

N
x e()E©S) (EP)
i=1
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where F(S;) is the set of fixed points of the mappings S; (i =1,...,N) on C. This problem
has now become a mature subject in nonlinear analysis. The theory and solution methods
of this problem can be found in many research papers and monographs (see [8—10]).

We are interested in the problem of finding a common element of the set of solutions of
the equilibrium problem EP(f) and the set of solutions of the fixed problem (FP), namely:
Find x” € C such that

N

x € () E(S) N Sol(EP(f)). 1.1)

i=1

A special case of problem (1.1) is that f(x,y) = (F(x),y — x), and this problem is reduced
to finding a common element of the set of solutions of variational inequalities, i.e., find
x" € C such that

(F(x*),x —x*) >0, Vxe(C, VI(F)

and the set solutions of a fixed point problem (see [11-17]).

In this paper, we introduce a new iterative scheme for solving problem (1.1). This method
can be considered to be an improvement of the viscosity approximation method in [15, 18,
19] and the iterative method in [20] via an improvement of the extragradient methods [3,
4,21-23].

The paper is organized as follows. Section 2 recalls some concepts in equilibrium prob-
lems and fixed point problems that are used in the sequel and an iterative algorithm for
solving problem (1.1). In Section 3, we prove the convergence theorems for the algorithms
which are defined in Section 2 as the main results of this paper. In Section 4, we consider
the variational inequality problems as an application of the main theorem.

2 Preliminaries

We first recall the following definitions that will be used for the main theorem.

Definition 2.1 Let C be a nonempty closed convex subset of a real Hilbert space H. A bi-
function f : C x C — Ris said to be

(a) monotoneon Ciff(x,y) +f(y,x) <0, Vx,y € C;

(b) pseudomonotone on C if f(x,y) > 0 implies f(y,x) <0, Vx,y € C;

(c) Lipschitz-type continuous on C with two constants ¢; > 0 and ¢y > 0 if

fy) +f(02) = f(x2) —alx-ylI* - cly-zlI*>, VxyzeC. (2.1)

We know that every monotone bifunction f is pseudomonotone, but the converse is not
true (see [24]).

Definition 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H.
A mapping S: C — C is said to be a strict pseudocontraction if there exists a constant
0 <L <1 such that

|S@) = SO)|* < Il —y1> +L| (I - )x) - T -B)|*, VxyeC,

where I is the identity mapping on H. If L = 0, then S is called nonexpansive on C.
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Now, we define the projection on C, denoted by Prc¢(-), i.e.,
Prc(x) = argmin{|ly —x[| :y € C}, VxeH.

And we use the symbols — and — to denote weak convergence and strong convergence,
respectively. The following proposition gives some useful properties for strict pseudocon-

tractions.

Proposition 2.3 [25] Let C be a nonempty closed convex subset of a real Hilbert space H,
let S: C — C be an L-strict pseudocontraction, and for eachi=1,...,N, let S; : C — C be
an L;-strict pseudocontraction for some 0 < L; < 1. Then we have the following.

(a) S satisfies the following Lipschitz condition:

1+L
[S6) - 501 < T le =3l VxyeC:

(b) (I—S) is demiclosed at zero. That is, if the sequence {x*} is in C such that x* — x and
(I - S)(x*) — 0, then (I - S)(%) = 0;

(c) The set F(S) is closed and convex;

(d) Ifr;>0(i=1,...,N) and Zf\il A; =1, then Zfﬁl AiS; is an L-strict pseudocontraction,
where L :=max{L; |1 <i<N};

(€) If 1 is the same as in (d) and {S; | i=1,...,N} has a common fixed point, then

N N
F(Z )\isi) =[ES)).
i=1 i=1

Many authors studied the problem of finding a common fixed point of a finite family of
mappings. For instance, Marino and Xu [26] constructed an iterative algorithm for finding
a common fixed point of N strict pseudocontractions S; (i = 1,...,N). They defined the
sequence {x*} starting from x° € H and taking

N

A = o + (1 — o) Z AeiSi (xk), (2.2)
i=1

where the control sequence of parameters {A;} was made in order to get the guarantee for
the convergence of the iterative sequence {x*}. And they proved that the sequence {x*}
converges weakly to the point x € ﬂf\il F(S)).

Recently, Chen et al. [20] introduced a new iterative scheme for finding a common el-
ement of the set of common fixed points of a sequence of strict pseudocontractions {S;}
and the set of solutions of the equilibrium problem EP(f) in a real Hilbert space H. Given
a starting point x° € H, three iterative sequences {x*}, {y} and {zX} are generated as the

following scheme:

Compute y* = ox* + (1 — ) Sk (65);
Find z* € C such that f(z*,y) + i(y— 2,25 -y >0, Vye C; (2.3)

Compute x*1 = Pr¢, (x°), where Cy := {v € C|||zF = v|| < [|«* - v||}.
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Here, two sequences {o} and {r¢} are given as control parameters. The authors proved
that the sequences {x*}, {y*} and {z¥} converged strongly to the same point x*, under cer-
tain conditions on {a} and {r¢}, such that

x € Prsoiep()nE(s) (xo),
where S is a nonexpansive mapping of C into itself defined by
S(x) = lim S;(x)
j—oo

forallx € C.
The methods for finding a common element of the sets Sol(EP(f)) and ﬂf\ilF (S;) in a
real Hilbert space have been studied in many research papers (see [7, 17, 21, 22, 27-30]).
We need the following assumptions for the main theorems.

Assumption 2.4 The bifunction f satisfies the following conditions:
(i) f is pseudomonotone and weakly continuous on C;
(ii) f is Lipschitz-type continuous on C;

(iii) for each x € C, f(x,-) is convex and subdifferentiable on C.
Assumption 2.5 Every S; is an L;-strict pseudocontraction for some 0 < L; < 1.

Assumption 2.6 The solution set of (1.1) is nonempty, i.e.,

N
() E(S:) N Sol(EP(f)) # .

i=1

Note that if C C ri(dom(f (x, -))), where ri(dom(f (x, -))) is the set of relative interior points
of the domain of f(x, -), then Assumption 2.4(iii) is satisfied. Now we construct the new

algorithms as follows.

Algorithm 2.7
Initialization: Choose positive sequences {Ar}, {ax}, {Br}, {vx} and {Ag;} satisfying the

following conditions:

ar+ P <1, Vk=>0,

liminfy_ o Bi € (0,1),

liminfy_, o akaTkﬁk €(L,1), whereL:=max{L;|1<i<N},
liminfi_, oo (i + (1 — y) (o + Br)) >0,  {yx} C(0,1),

{*¢} C la,b] for some a,b € (0, %), where L := max{2c, 2¢,},
P dki=1 forallk>1.

Take an initial point x° € C and set k := 0.

Iteration k: Carry out three steps below continuously.
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« Step 1. Solve two strongly convex programs:

oK = argmin{f (x5, ) + 1 lly — xX||% | y € C},
o= argmin{kkf(yk,y) + %HJ’ Ak lyeCl

« Step 2. Compute the iterations

7= (1 - yi)ak + yth,
25 i= (Lo = BFF + aut® + B o, hiSi(Eb).

« Step 3. Set

Cii={z e C 12"~ 2I? < I — 2> - B2 ~ D)ISe(t) - )12,
where S¢ := 3N, Az:8i(x5),

Qr:={ze C| & -zx°—x*) > 0}.

Compute x**! := Pr¢, nq, (x°).
Increase k by one and go back to Step 1.

3 Convergence of the algorithms
In this section, we study the convergence of Algorithm 2.7. We need the following useful

lemmas for the main theorems.

Lemma 3.1 [2] Let C be a nonempty closed convex subset of a real Hilbert space H, and let
g: C — R be subdifferentiable on C. Then x" is a solution of the following convex problem:

min{g(x) |x e C}
if and only if
0€dg(x) +Nc(x),

where 3g(-) denotes the subdifferential of g and Nc(x') is the (outward) normal cone of C
atx eC.

Lemma 3.2 [8] Let C be a nonempty closed convex subset of a real Hilbert space H and
%% € H. Let {x*} be a bounded sequence such that every weakly cluster point % of {x*} belongs
to C and

”xk -x° ” < ||x0 —Prc(xo) , Vk>0.

Then {x*} converges strongly to Prc(x°) as k — oo.

Now, we are in a position to prove the main theorem.

Page 5of 16
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Theorem 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Suppose
that Assumptions 2.4-2.6 are satisfied. Then the sequences {(x*}, {y*} and (Z*} generated by
Algorithm 2.7 converge strongly to the same point x € ﬂf\il F(S;) N Sol(EP(f)), where

* 0
x :PrﬂﬁlF(Si)ﬂSol(EP(f))(x )- 3.1)

Proof The proof of this theorem is divided into several steps.
Step 1. Suppose that x” € ﬂf\il F(S;) N Sol(EP(f)). Then we have

e Bt e e L

— (1= 2| =5, Vk=o. (3.2)

Since f(x, -) is convex on C for each x € C, by Lemma 3.1, we see that
k |1 k|2 k
t" = argmin EHt—x ” +kkf(y,t)‘teC

if and only if

0€ed, (Akf(yk,y) + %Hy—xk“z) (£*) + Nc (), (3.3)

where N¢(x) is the (outward) normal cone of C at x € C.
Since f(y*, -) is subdifferentiable on C, by the well-known Moreau-Rockafellar theorem
(see [31]), there exists w € 3, (%, t¥) such that

FO5 ) —f05 ) = (wt 1), veeC.
Substituting £ = x” into this inequality, we obtain
FO52) =05 ) = (wa” - £5). (3.4)

And also, it follows from (3.3) that 0 = Atw + tX — x* + w, where w € 82f(yk, t*) and w e
Nc(t5). By the definition of the normal cone N¢, we have

(=t —t) = ap(w,tf 1), veecC. (3.5)
Substituting ¢ = x” € C into the last inequality, we obtain

(£ = ok, a” — ) = aifw, £ =), (3.6)
Combining (3.4) and (3.6), we have

(5= x" = 5) = M (F R, £5) = £ (55, %)) (3.7)

Since x” € Sol(EP(f)),f(x*,y) >0 for all y € C, and f is pseudomonotone on C, we have
f(¥,x") < 0. Hence, (3.7) implies that

(£ =¥ x" = £5) = mf (05, £9). (3.8)
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From Lipschitz condition (2.1) for f with x = x, y = y* and z = ¢¥, we have

FOA ) 2f (658 = f (50 — el =2 - ea e = (3.9)
Combining (3.8) and (3.9), we get

(- = )2 M) @) —aly - P -ald D). 610)
Similarly, since y¥ is the unique solution of the strongly convex program

minf 3= s 69) |y,
we have

M (f (5 9) = (65, 05)) = (F =259 —9), wyecC.
Substituting y = £X € C into the last inequality, we have

M (F (65, 2) —f (5 95)) = F = ab ok = 2). (3.11)

Since

2

’

R P iy T

from (3.10), (3.11), we have

R B L B L B e e R s

— 20 kC) ||tk —yk||2.
Hence, we have

[ = | = ok =" = ek = o] - 20k - b - )

+ 2ArC1 ||xk —yk”2 + 2AiCo ||tk —yk”2

= o =& P [ (¢ =4 + 0F =) | - 204 -2 - )
+2AkC1 ”xk —yk ”2 + 2AkCy H £~ —yk Hz

e P R e R P Py P R e el

= ok =" * = (@ = 20pe0) [ = 5P = (1 = 200e0) | ¥ - £

The implies that the inequality (3.2) holds.
Step 2. Next, we show that

N
[\ E(S:) N Sol(EP(f)) € Cx

i=1

for all k > 0.

Page 7 of 16
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Using Step 1 and 7 = (1 — y)x* + yx2*, we have
|7 -2 " = @ -y -x) + (=) |
A L A e

< W-m o =" + el -2 - - 200e0) [ - 5[
- (= 20y - £]7)

= ot = | vt = 20400 [ = 5[ - i1 = 2200 [ - £,

(3.12)
where x~ € Sol(EP(f)).
Set
. N
Sk = Z)\.k,l’sl‘.
i=1
Let x” € (", Fix(S;) N Sol(EP(f)), using Proposition 2.3(d), (3.12) and the relation
|26+ (L= 2y |* = Allell> + @ = D)yI2 =20 - W)l =3I Vay € H A€ [0,1],
and zF = (1 — o — ,Bk)jzk + ot + BrSi(tF), we have
| -«
e s 1 P N
= H(l—ak B =) + (o +/3k)ak B {ar(£" = x7) + B (Sk(t") - x7)}
<@ - - B 7~ |* + (@ + Bo) X (f—x)+ it (Se(t) —) 2
ok + P o + P
- e - B [ e = o B Se(e) | - 5, (64) - 4
ar + Pr
< (- O -+ + e - 2|

# (e = P+ L]0 -30() - 1= 30(x)|*) - afkffsk [8(e) 27

<(-ar =o' +(ou+ O =2 + (ﬁkz_ %) Se(#) - £)°

< (- - (|« -« ||2 — e = 2hgcr) | = o H2 — Y@= 200) |F - £ ||2)

+ (o + ﬂk)(ka —x ”2 -(1- 2)»/<01)ka —ysz -(1- 2Akcz)“yl‘ - tk”z)
7 a Bk T (kY k|2
(AL 2P 5 -
< [l = ||* = a1 = 2aken) [ = | = e = 2200) | - £

Ok 7\l (4k k|2
- - T 15 -]
< (1) 1) -

2
)

(3.13)
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where m; = v + (1 — yx)(ax + Bx). This means that x” € Cy. Hence
N
(\E(S:) N Sol(EP(f)) € Ci,  Vk = 0.
i=1
Step 3. Now, we have to prove that
N
() E(S:) N Sol(EP(f)) € Ck N Qs

i=1

for all k > 0.
We show this assertion by mathematical induction. For k = 0 we have Qy = C. Hence by

Step 2, we obtain
N
mF(S,») N Sol(EP(f)) S Py N Qo.
i=1
Assume that for some k > 0,
N

F(S;) N Sol(EP(f)) € Ci N Q. (3.14)

From x*+ =Prcng, (x0) it follows that
(xk“ —x,x° —xk”) >0, VxeCiNQ.

Using this and (3.14), we have
(xk*l —x,x° — k+1 0, Vxe ﬂF ) N Sol( EP(f))
Hence we have
N
[ E(S:) N Sol(EP(f)) S Qe
i=1
Then it follows from Step 2 that
N
[ E(S:) N Sol(EP(f)) S Caa N Qi
i=1
Consequently, we have
N

[)E(S:) NSol(EP(f)) € CkN Qi Yk > 0.

i=1
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Step 4. Next, we claim that

lim ”x’”l —ka = lim ||xk —zk”
k—o00 k—o00
_ 1 k
= Jim [#* - 5|
= lim ||xk —t ||
k— o0
i [5() - ¢

=0.

It follows from Step 2 and x**! = Prc,no, (x°) that

||xk+1 _x0 H < ”Prﬂﬁ\il R (x()) -x°, Vvk=o. (3.15)

Hence, we get that {x*} is bounded. By Step 1, also the sequences {¢¥} and {z"} are bounded.
Otherwise, we have

(xk —x,x° —xk> >0, VxeQ,

and hence X = Prg, (x°). Using this and #**! € C; N Qx € Qx, we have

k+1 _ ,0

o =) = " -2

, VYk=0.
Therefore, there exists

A= lim |«F - 2°|. (3.16)

k— 00

Using X = Prg, (x°), #5*! € Qx and the property of projections
2 2
||Per(x) —x|| <|lx-y]*- ||Per(x) —y|| , VYxeH,yeQ

we have

2

e ) P vy
Combining this and (3.16), we get
Jim [l51 - o] = 0. (3.17)

It follows from x**! = Pr¢, nq, (x°) that 1 € Cy, ie.,
% — | < [k — 251
Hence

[ 2] < [ s+ -] <2, ez,
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Then, by (3.17), we have
Jim [« - 2] = 0. (3.18)

Step 2 and (3.16) imply that {£*} is bounded, and hence {S;(t*) — t*} and (X} are also
bounded.
By (3.13), we have

(5 L))~ = [ - - -
= (J# = |- [ - (1 -]+ |2 -5 )

= [l = (o -] + " =)

From this and (3.18), we obtain

Jim 1Sk (£%) = ] = 0. (3.19)
Using (3.13), we also have

(1= 20| — | < o | (= | + [ -],
and hence

Jim [« -y = 0. (3.20)
Similarly, we have

Jim 1€ =5~ =o. (3.21)
Combining (3.20), (3.21) and [|x¥ — £X|| < ||a% — y*|| + |y* — £X], we have

Jim [« ~ £ = 0. (3.22)

This completes the proof of Step 4.

In Step 5 and Step 6 of this theorem, we consider weakly clusters of {x*}. It follows from
(3.15) that the sequence {x} is bounded, and hence there exists a subsequence {x%} con-
verging weakly to ¥ as j — 00. By Step 4, also the sequences {y¥}, {£¥} and {Z} converge
weakly to x.

Step 5. Claim that % € (Y, F(S)).

Foreachi=1,...,N, we suppose that {4} converges Miasj— cosuchthat Y7 ;=1
Then we have

N
S x) — S(x) =Z (asj— 00),Vx € C.

Page 11 of 16
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Since YN, A; =1, from Step 4 and

5~ S(6)1] = 154 ()| + 34 () ()]

N N
< 1S ()] | () - D 2 (44)
i=1 i=1
- N -
= [ =S (£9) | + | D — 20)Si(£9)
i=1

N
= (69 =S ()] + D asa = Rali(eY)

i=1

’

we obtain that limy_, . [|£8 — S(£%)|| = 0. By Proposition 2.3(b), we have

N
XeF(S) = F(Z i,»sl).

i=1
Then, it implies that x € ﬂﬁl F(S;) from Proposition 2.3(e).

Step 6. Now we prove that if x5 — X as j — oo, then we have % € Sol(EP(f)).
Since y* is the unique strongly convex problem

min{%”x—xknz Hf ()| ye c},
from Lemma 3.1, we have
o€ (3 (549) + 3 o) ) # Nel?).
It follows that
0=nw+y —xk+w,
where w € 3,f (%%, 5*) and w € N¢(5¥). The definition of the normal cone N implies that

=2y = oF) = a(wyf —y), Wyec. (3.23)

On the other hand, since f' (x*,.) is subdifferentiable on C, by the Moreau-Rockafellar the-
orem [32], there exists w € d,f(xX,y*) such that

F@9) —f (5 55) = (wy ), wyec.

Combining this with (3.23), we have

Mm(f(@y) = (1) = =  —y), WyecC

Hence

)"kj(f(xkj’y) —f(69,54)) = (9 —x4,95 - 9), vyecC.
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Then, using {A+} C [a4,b] C (0, %), Step 2, 25 — & as j — oo and weak continuity of f, we
have

fxy) =0, VyeC.

This means that x € Sol(EP(f)).
Step 7. Finally, we claim that the sequences {x*}, {y*}, {z} and {¢X} converge strongly to
the same point x', where

0
x :Prmﬁ.\:’l F(Si)ﬂSol(EP(f))(x ).

From Step 5 and Step 6 it follows that for every weakly cluster point X of the sequence

{4,
N
x e )F(S;) N Sol(EP(f)).
i=1
On the other hand, using the definition of Qx, we have
xk = PI‘Qk (xo)
Combining this with (3.15), we obtain

P = 40 -4

|«
for all x € (Y, F(S;, C) N Sol(EP(f)). For x = x°, we have

[ =) = |5 -

By Lemma 3.2, we know that the sequence {x'} converges strongly to x” as k — oo, where

. 0
x = Prﬂ?ilf(s,-,CmSol(EP(f)) (x ) )

We also have that y*, z¥, t* — x" as k — oo by Step 4. O

4 Applications
Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a function
from C into H. In this section, we consider the variational inequality problem which is
presented as follows:

Find x” € C such that

(F(x*),x—x*)zo, Vx e C. VI(F)
Letf : C x C — Rbedefined by f(x,y) := (F(x),y—x). Then problem EP(f) can be written

in VI(F). The set of solutions of VI(F) is denoted by Sol(VI(F)).
The function F is called
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« strongly monotone on C with 8 > 0 if
(F®) - F),x—y) = Blx—yI>, VxyeC;
« monotone on C if

(F(x) —F(y),x—y) >0, VxyeC;

.

pseudomonotone on C if

(F(y),x—y) >0 = <F(x),x—y> >0, Vx,yeC;
o Lipschitz continuous on C with constants L > 0 if
|Fx) - FO)|| <Lllx-yl, VxyeC.

Since
Y= argmin{kkf(xk,y) + %||y—xk||2 ‘3’ € C}

= argmin{kk(F(xk),y—xk) + %Hy—kaz ‘y € C}

= Prc(«* - AkF(xk)),

from Algorithm 2.7, we obtain the algorithm for finding a common element of the set of
fixed points of p strict pseudocontractions and the solution set of variational inequality
problem VI(F).

Algorithm 4.1
Initialization: Choose positive sequences {Ar}, {ak}, {Bk}, {vx} and {Ax;} satisfying the

conditions:

ar+ P <1, Vk=0,

liminfy_ o Bi € (0,1),

liminfy_, o a:Tk,sk €(L,1), whereL:=max{L;|1<i<N},
liminfi_ oo (v + (1= ) (ox + Br)) >0, {y} € (0,1),

(A} C [a,b] for somea,b € (0, 1),

Zﬁl Ai=1 forallk>1.

Find an initial point x° € C.
Iteration k: Perform the three steps below.

« Step 1. Solve two strongly convex programs:

¥ := Pre(x* — ME (X)),
k= Pl‘c(xk - )\.kF(yk)).
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« Step 2. Compute the iterations

7= (L= y)at + pidk,
2= (- = B + ath + B Yo AiSilE).

» Step 3. Set

Cri={ze Clllz" —2I” < llo* = 2I1” = Be(G 45 = DISk(E) - 4117},

og+Bi
Qr:={ze C| (xf —zx% —xk) > 0}.

Compute x**! := Pr¢, nq, (x°).
Increase k by one and go back to Step 1.

Now, we can prove the following convergence theorem with respect to VI(F) from The-
orem 3.3.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F be a function from C into H such that F is pseudomonotone, weakly continuous and
L-Lipschitz continuous on C. Ifeach i=1,...,N, S;: C — C is L;-strict pseudocontraction

forsome0 <L;<1and

N
[\ E(S) N Sol(VI(F)) #9,

i=1

then the sequences {x*}, {y*} and {Z*} generated by Algorithm 4.1 converge strongly to the
same point x € (Y_, Fix(S;) N Sol(F, C), where

. 0
X = Prﬂ?:ll F(S;)NSol(VI(F)) (x )
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